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This is the second volume of "a course in celestial mechanics" and must be
regarded as an immediate continuation of the first volume. This volume
is8 concerned with the general theory of perturbative motion, the methods
of evaluation of the perturbations of planets and comets and principles
on the theory of the motion of the Moon.
This book may serve as a text-book for undergraduate and post-
graduate students and being a sufficiently complete monograph on celestical

mechanics, it may be of interest to all scientists working in this field.
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PREFACE

Whereas the first volume of this course was entirely devoted to the
two-body prcblem and to the methods for determining the orbitals, this
volume is mainly given to the perturbation theory and its application in
celestial mechanics.

In this book, it has been my aim to give beginners an orientation in
modarn celestial mechanics and to introduce them to the periodic literature.
Secondly, T hope that this bock will be accepted as a comprehensive and
practical treatise on the solution of some of those problems which
usually meet astronomers.

The material of this hook 1s mainly based on the general and special
courses 1 gave in the University of Leningrad during the past six years.
The book 1s divided into four sections. The first section is devoted to
the study of the general properties of motion of material points mutually
interacting according to Newton's law of gravitation and, in particular,
to the most important properties of perturbative motion. This secttion
may be considered as an introduction to the ensuing sections, in which
the actual determination of the perturbed coordinates is discussed.

The second section is given to the determination of the perturbed
coordinates using nethods baseé on the numerical intergration of dif-
ferential ..quations. Here, as well as in volume I, I alm to give an
exhuastive manual for carrying out these operations. 1In volume I, I did
not deal with a detailed account of the theory of numerical integration of
differential equations, I gave but a brief summary of this important
subject in an appendix to volume T in order to fill as soon as possible

one of the most important gaps in our literature. In volume II, I developed
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the subject to the necessary degree, and gave only pertinent examples. I
preferred not to bother the reader by referring comntinuously to the above
mentioned appendix and I found it better to expose all the theory of
integration of the equations even at the cost of repeating a number of
pages. This allowed me to exclude the above mentioned appendix from the
new edition of volume I, which is being prepared at the przsent time,

After explaining in detail the methods of the numericel integration
of the equations and illustrating this by means of several examples on how
to use these methods, T considered in detail the application of the numerical
integration wethods to the study of the unperturbed motion. I then applied
these methods to the evaluation of perturbations, and here I could not
forego the illustration of examples, but the reader who stucled in detail
the preceeding two chapters will not find a need for these examples.

The third and fourth sections of the book are concerred with the
analytic methods of evaluating perturbations. In these sections, 1 do
not attempt to give a comprehensive account of the methods to be applied,
as they arc already found in special monographs which I am not trying to
replace and thus restricted myself to the complete presentation of the main
points of each of these important methods. Considerable spnce 1s devoted
to the study of the motion of the Moon. This is not only one of the most
well-developed areas of ®lestial mechanics, but is also considered not
less important than the motion theory of planets. I do not need to
mention that the theory of the motion of the Moon is used in star astronomy
in the study of multiple stars. We do not forget that the work by Hill is
considered to be one of the most important reference sources in celestial

mechanics during the past decade.
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Volume II is hence mainly devoted to the study of the methods of
celestial mechanics. More details on the results, namely the comparison
between theory and observation, will be given in volume III. There, wmore
special methods (periodic orbitals, :.thods of Gulden and Brendel) and also
the theory of the mction of stars will be given.

I tried to make the standard of presentation suitable for the gelf-
study of the subject and I avoided complicated mathematical methods as much
as possible. I hope that lecturers will be able to choose from this book
various topics according to the standard and the degree of completeness
they reocuire.

I have carefully chosen notations for quantities, for which no
standard notations exist and I would like to point out that the introduction
of a complete set of notations is not only difficult, but also not alwavs
useful. For example, T used different notations in the motion theory of
planets and in the theory of motion of the Moon. This should not cause the
reader any trouble and should help kim in reading the special literature.

I do not claim a complete and systematic bibliography and more details
on the available bibliography could be found by investigating the well
known literature.

Finally, I note that the chapters devoted to the determination of
orbitals obtained from the various observations, which I had planned to
include in volume 1I, were included in the new edition of volume I, thus

allowing the contents of the present volume to be more homogeneous.

M. Subbotin
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PART ONE

PRINCIPLES OF THE THEORY OF PERTURBATIVE MOTION “
CHAPTER I

THE n-BODY PROBLEM -

1. The integrals of the n~body problem

Let us consider n materlal points of masses Myos My 5 cen Mo o

We denote by !-"- s Yt and zl. the coordinates of point m, relative to an

arbitrary system of axes. Let ‘xij be the distance between points my

and mj , 80 that

8 B el G
The force of gravitation by which innt mj acts on point L is equal to

kzmimj Pay ;i , Where k2 is the coefficient of gravity (vol. I, SS 3 andl6).

The projections of this force on the coordinate axes are
L —, Tk

- Y e,
" N X ., Iy oy I f
/t".'n‘”ll.—A-:'—-— k l”‘”l, '—'Tr— , k III,III/ -—S'—-_”
i y L

The equations of motion of point m

4 are then given by
d:: Dot
* h . -
m -—-'i T (" \ nmm -—J—-——'—v
Cdrt —~— N
! " F
4.:1" 1 [ 1
R X ') K
m = =0 N M e (1)
1 ot
‘j_l' - L
. h | . v
mo—t Ny, [
ol MM, =,

[ K

where terms with i = j should be dropped in the summation. Fquation (1),
with 1 =0, 1, ..., n-1 form a system of the 6n-order, the integration of
which gives a complete solution of the n-body problem. These equations

may also be written as

ara ol d-y ol d M R
m‘-‘:-l-‘-- i ""7,'_..:'7:" m, - 3 )

once the force function

T 2NN e G )

[ T
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is introduced.

Since we are dealing with a system on which no external force
acts, the general equations of mechanics allow us to derive for the
system 6 integrals of motion of the centre of mass, and 3 integrals
of area. These integrals can be easily obtaired from equation (1).

Substituting i in each of equations (1) where 1 = 0 to i = n-1 to obtain

0, Yo O, Nm,ooU,

I St

where the dots denote differentiations with respect to time.

Then

s N A e .
Smio-or, Nmy, 5. Xm.,
i - ] {
: . - . Y AR '
Xmi--ad-eoa,, YXmy oo S0, X

i 1 ‘

~ R
"

where =, , £ Y, )1, @, and J, are arbitrary constants. Equations
(4) and (5) show that the entre of mass of the system moves with a
linear and uniform velocity. These relations are called the integrals

of motion of the centre of mass,

In order to derive the integrals of area, let us consider the

following velations, which can be easily obtained fiom equations (1):

=S =) 0
!

\' vz

- ,"c (‘Rl M1 ‘:) -0
'

\ gy gt Ty o
2165 =3 =,
{

Integrating these equations and denoting by Cl ’ C.2 and C3 the new

arbitrary constants, we obtain the integrals of area

e B
AL B2
o QORI
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L m, (r‘l"'l :l;ll) o Cl
i

! ml(:c.;l ‘:‘l"'l) = (:u (6)

Xnyﬂﬁ”-—néi—zcg.
ORIGINA], PAGE |g

POOR QUALITY
The left-hand side of equations (6) are the projections on the coordinate

axes of the aangular momentum of the system, which equals the sum of angular
momenta of all the points. In this manner, equations (6) show that

the magnitude and direction of the angular momentum of the system are

conserved. The plane perpendicular to the sagular momentum of the

system is given by the following equation

Oy =) | Caty e 1) Ol -2 %00, (7)

and called Laplace's invariable plane.

Each of the terms of the sums in the left hand side o° equation (6)
can be interpreted a- the projection of the areal velocity of a given
point m on the respective coordinate plane, multiplied by the mass
of the particle. In other words, the left hand side of each of these
equations 1s the sum of the mass projections of areal velocities of all
particles of the system ou one of the coordinate planes., If the sum of
mass areal velocities is projected on an arbitrarily chosen plane, the

projection will evidently be equal to
VeI €y 01 cos,

wherej& is the angle between the normal to this plane and the angular
momentum of the system, From here, it follows that the invariable

plane may be defined as the plsne for which the sum cf mass projections

of the areal velocities of all the pcints of the system is maximum.

sty



-4 -

The remaining integral of motion cwes its existence to the situation
that the force function, given by equation (3), does not depend explicity

- ,
on time. 7o obtain this integral, we multiply equations (2) by d;;’ ?%'

andgn'respective]y, and by adding the resulting equations, we obtain

A Ju
;\_m,(:,:, Fnm,-4 %) g’
P

The integration of this equation directly leads to the following

integral of kinetic energy

1\ i et e -
g w4 = U4, (8)

where h is a new constant. The quantity

s A ra 7"0 ;;‘
ey Nm e

.

o —

is actually the kinetic energy of the system. The potential energy is

equal to - U. Then, :the total energy is

M =T - U
and the integral (8), assurming H = h, expresses the law of conservation
of energy for the system under consideration.

We conclude that the general theorems of mechanics lead for the
n-body problem to ten integrals of motion. Various attempts to find
other integrals have not been successful. Tn the yesar 1887, BRruns
has shown that any first integral, algebraic with respect to the

coordinates E"‘, > ¢ and .;' ¢ and their derivatives E & ?,- and ?,'d-

should be a consequent cf the ten integrals obhtained above even for three

body problem. In the year 1889, Poincare also found that for three
body problems there exists no other first integrals that could be
definitely expressed by single valued analytic functions. We shall not

stop on the proof of these theorems. Knowing that they exist, we shall

PRI S R
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not search for other integrals of motion, other than the above mentioned
ten. If other integrals of motion were obtainable, they would be too
complicated to bne of practical use.

2. Reduction of the n-body problem to the integration of a system of

order 6n-12 and two quadratures

The 6 integrals of motion of the centre of mass, the 3 integrals
of area and the integral of kinetic energy found in the previous section
reduce the order ofsystem (1) by ten units. We can reduce the order
of the system by one more unit when we make use of the time independence
of the gravitational forces. For thils purpose, we have to exclude from
the equations of motion the increment dt. The system of equations
obtained in this manner is then integrated, while time is determined by
evaluation of a quadratare. The problem is then reduced to the
soluticn of a system of the order én-l11 and one quadrature.

We can again reduce the crder of the system ty one more unit by
making use of the property of the forces that they depend only on the
interpoint distances. To do this, we introduce the generalized
coordinates in the following way. Ve draw a straight line passing through
one of the points of the system and fix its direction. We then draw a
plane through this line passing by another point in the system. We
denote by Cfthe azimuthal angle of this plane with respect to an
arbitrary direction and let this angle be one of the generalfzed
coordinates. The motion of the whole system will be defined by the
coordinate Cf and the coordinates which define the position of the
system relative to the plane. We then prove that the coordinate is
cyclic, 1.e. that the Lagrange equations of the system involve only the
tine derivative ﬁpbut not the coordinate({ itself, We choose the z-axis

in the direction of the fixed straightline and let the x-axis be in the

rotating plane. We denote by x , ¥) cud 2z the coordinatee of point

2
S
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PR

in thepgtating coordinate system. The components of velocity of
"

point m, will then be:

“‘fk—yk'-?' -"’n'}‘xk'.F- /.
The kinetic energy of the system will be given by ‘s

r l ‘ Tan ' .
I 2 ‘\_‘ m, [("'L VA':')"‘Y"(.V,,‘*“\','H"*‘ ;"I.

K

and will thus depend on ‘F but not on Lfﬁ Similarly, the Lagrangian

of the system

L = T +0U0, gRIGIA]AL
will not depend on , 8o that the Lagrange equationlhl%lQR }23J .
- » W4y
d (d/. A 0 7.
dr u‘_'.) Wz
will yield
.

Jy

COnsg.,

This equatjion allows us to exclude ﬁp from the remaining equations
of motion. Integrating the system of equations cbtained in this
manner, ¢ will be able to know the motion of the material points
relative to the rotating plane. From the last equation, we obtain
an expression forﬁ? as a function of the other coordin: :es of the
systen, Solving one quadrature, we obtain the value of th angle ef
which defines the position of the rotating plae.

The above procedure for the exclusion of the angle (_f from the

equations of motion has been named "method of elimination of nodes"

py Jacoti in bis study of the three-body problem.
The integration of the system (1) is finally reduced to the
integration of a system of 6n-12 equations and two quadratures. We

re not going tn do this reduction here since it is only necessary for
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the complete solution of the n-body probleml. We shall only consider the

reduction of the order of the system by ( units, using integrals (4) and
(5), which is of practical importance.

3. Equations of relative motion

Let us return back to equations (1) wlich describe the motion of n
bodies relative to an arbitrary system of fixed axes. Let us make use
of the integrals of motion, given by equations (4) and (5) to exclude
from equations (1) three arbitrary coordinates, say go ) 70 and € o
as well as their derivatives with respect to time. For this purpose,

we introduce the new coordinates »,

R and z, so that

5 Sl x;; ’o, "U ' }’,. ol":‘-'..,’: 7, (1-~A1. 2, e e, ﬂ—*l)

These are the coordinates of point m, relative to three axes passing by

i
point m parallel to thefixed axes. Noting that X =Y, TE, < 0,
we rewrite equations (1) as follows
d= 4 H
i - \\ V] 5,
ar k -
1 ' ¢ i
X, — X X, — A X —X
:"»’(”] U_ ! i_ m ! LA .. . m n 1 i .
R ! a7, ¢ M '3:,'.-.," =
X, ’ X. - X
= - &m, | Ny !
A‘:’ avnd _S"l
;lf-'ﬁﬂ .t \1 . 3)—" " . X . \‘, .\',
dt’ i ko, A ! & m, i

J ' ) " w [

1Details on thedifferent methods of reduction of the order of the
system of differentlal equations mentioned above can be found in

the article: E.T. Whittaker, Prinziplen der Storungstheorie und
allgemeine Theorie der Bahnkurven in dynamischen Problem, Enzyklopadie
der mathem. Wiesenschaften, Bd. VI,, 512-556, and also in the book
"Analytic dynamics' by the same autﬁor where a whole chapter is
devoted to the above problem. The reduction of the n-body prcblem

to a system of 16 n-12 equations has been done by T.L. Bennett
(Messenger of Math. (2), 644, 1901).

g TIPS,

..st_;,&.

e N
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\
Where 3 denotes a summation over j in which terms with j = 0 and

j = 1 are dropped. Introducing the notation Ao; = » we obtain the

3

following equations for the motion of point m, relative to point m

i

dix X \\{' v, —x X
L. . ; I m ! !
P k- (m, ,lq)l’ ' R r, Y C'}
0['_\', , .\', ) \" yl-~ ’vl "‘I i L
ok ! A2 n . i
o ke, omy Soml ) )
: i} 7
JJZ‘ Z 1 ' A; ’I Jl
e Am N nx( ).
Jt . ”ﬁ’,: o\ A "

((EN AL I A 2
where

.\;'

C AR A
RN ! ’ ) (10)

we rewrite equations (9) as follows

4NN O,

o R '( i (”"l ' ,”l) f‘.‘. ().‘-l

d'y, o y; OR, ,
d,’.: -14 k. (,"1{ !- ,”1) ,-‘fl = ‘)y‘ (l l )
d'z ; . z, ()/\’l

ae R mY e

i {

Let us assume that the masses of all points except points m and mi

equal zero. 1In thiscase Ri = 0 and equations (1) turn out to be

the well known Kepler problem of two interacting bodies (vol. I, Ch. II).

In Astronomy, the Kepler problem is usually referred to as the

nonperturbative motion, and all deviatious from it are called perturbative.

For this reason, the functions R, will be referred to as perturbation

i
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functions. The derivatives of these functions with respect to the
coordinates of m, are equal to the components of the relative acceleration
aquired by the body L from its interaction with the rest ¢ the particles
of the relative acceleration acquired by the body m, from its interaction
with the rest of the particles of the system, except the central body m .

When we solve the (6n-6)-order system, given by equations (11),
we have a complete information about the motion of all points of the
system relative to point m . After that, it is easy to obtain the

absolute motion of all bodies of the syvstem. Actually, equatinns (5)

lead to
n 1
M™Mi,+ L mxc-al fa,
n-t
My, + X mlytnﬁlt’**pz (12)
1 OQ,
a-1 G
MG - .\;, m,z, =10}, OF&%;Q 24,
. “g ’\ .
where

n i
A’:':mo_;- 3 m

i
1 .

From these equations, we can find the values of }io, 7: and %ﬂ,.
We can find four integrals of motion for the system (11) which corres-
pond to the integrals (6) and (8) of the absolute motion. The first

of equations (6) gives

H=1 R . . , R
Y mln,t v 2)—=(1-2) (u, Pl my(n, — o) = €
1

or, in cther words

. . EEPI - ,
TR ISR A

v + \Y . ’ Y] -
oNmeoe, N s Ly v )
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We determine the values of EL, 1& and §, from equations (12).
Substituting here these values, we obtain the following integrals of

equation (11)

RIBS - [V 2N . . ,
W¥m (v aX) L Xma Xmy — N my St

v & . ! \ ' ' . .
MY (zx x@)‘L%me;A~2m4;@ﬁ « (1)
SRS Yy . . . . ..
”—WMJ[}pﬂﬁlﬂxlﬁﬁwlﬂﬂhmxrﬂ.
where
ar Y _L‘r - [3
("l I”L.l h "l I ;127,

C:! o l“C:.' —{" YI 1‘.5 - .{241
Cye= MG, {-af, —a,B,.

carrying out similar transformatioms on the integral of kinetic energy
given by equation (8), we obtain arother integral for the equations of
relative motion.

Equations (11) are widely used in celestral mechanics, especially
in the study of the motion of planets and comets. In these cases, the
central body m is usually taken to be the sun. With this choice, each
term of the perturbation function (10) is proportional to the mass mJ of
one of the planets. Therefore, the right-hand sides of equations (11)
are so small that their influence can be treated as a perturbation.

4. A second form fcr the equations of relative motion.

The form of equations of relative motion obtained in the previous
section is not always convenient since thesc equations inveive a

particular perturbation function R, for each body. Sometimes a

i
different form of equations of relative motion is used, which is
based on the following choice of relative coordinates:

(1) TCraw three coordinate axes through the first point m s parallel

to the fixed axes and define the position of point my in this
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system by the coordinates X 9 Y,y and zZy -

(2) Draw three other axes through the centre of gravity G, of points

1

L and m, parallel to the previous axee and define the position

of point m, relative to these axes by the coordinates Xy 5 Y, and Z,.

(3) Define the position of point m, by the coordinates x, , ¥y, and z
3 3 3

3
relative to a system of axes parallel to the previous ones and
having their origin at the centre of gravity of points moos Wy and
mz; and so on.

In this way, every subsequent point LIPS is related to the centre of

gravity Gi of all previous points Dy o5 By 5 eeo My

Let Xi s Yi and Z, be the coordinates of point Gi s, o that
MX =mi4-mi |- . . . -mf,
where
Mymyem L4 m, .

By definition

A, ':..&"—'w\v‘-

.
so that

Moxg = Mo = L tom

o) F
ﬂ%(@—-hj! N S I T I 2 R A | (14)
In order to express the old coordinates, EE ,’? and'2; , in terms of
the new ones, x, y and z, we note that
MX - M X e
or

MX =X (M) (15)

Hence,

(M =AM X ) Mo G ),

T

[ SN
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so that
i . - )
TS “x:'»u—’"/. M

Adding these equations term by term in successive order of index,

we cbtain

51:“_5(;-’:.\’“ )
i mx, 4 My X o m,,\l'
T L A M,

{ it

(16)

[
3
~

We now write the differential equations of motion in terms of
the new variables. Differentiating equation (14) twice, and using
equations (2), we obtain

@x, Mo AU U oU ol

Al o= : .- .
=1 ap: m.J : s c o;

On the other hand, the followlng relations follow from equations (14)

o N ) iy ot} m, ol m, ol
%, ox,  AMoOx, T ox, T oy,
9 . o o my el m, N
o3, X, Moo M oy, MooLex,
ot ol m, ot} s m. ¢4 o
o, X, ST . -
. ox, M, ox, M, 0x, ‘%‘%é
w ol %%
OE” 1 o ' &
v €
tt CAVO
E A
NN
so that )
M, oU  M,_, ol Al ol -
m, o mooa, AL ey T ek,
VU M e o Mool
‘;d o, Mo ox AN I S T TA Y

Finally, we obtain the following differential equations for the

relative motion of the system
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. dix, ol Wy, JU dév, ]
teodr oxt e Tz vy’ Moo ue’ (7)
where
mal
'

R "

Equations (16) allow us to express .he force function U in terms of

the new variables. Equations (17) are successfully applied in the
study of the motion of satellites and systems of multiple stars. In
order to study the motion of the Moon, for example, it is convenient to
1 the Moon and point 2, the Sun.
Denoting by X s Y and 2y the coordinates of the Moon relative to the

choose point LN to be the Earth, point m

Earth, and by X9 s ¥y and z, the coordinates of the Sun relative to

the centre of mass of the Moon and Earth, and putting

mym, . my(my ;f. m;)

¢"| = : sl .
my-{-my my-\- my - my'

we obtaia the following equations of motion

N dx, . ati . dx, oty
e ox,t T dr T ox,
" @y, s . iy, ol
Y oar dy, ' B g = oy (18)
n, d-2, o I
“todre oot Mg oy

where

U--An"(m' m, m,m, Lm‘,m‘)_
VY, oy,

[N} [T

It has been already pointed out (vol., T, 3' 7) that the motioun of the
sun relative to the centre of gravity of the grsten earth-moon is

approximately elliptical. Therefore, the coordinates Xy 5 Yy and z,
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zan appro:imately be found by solving z two-body problem., This approximat-

ion essentially simplifies the scluci~.. .f the system [18]
We finally show how to express ti. ..inetic energy in terms of the
pew coordinates. We substifute % +77 , for E:i in equation (15) and

Jhtaln
(M=M= X

Squaring boiar sides of this v ¢ ..on and of equation (15) yields

(;"i/ - ,‘fj"_ .»}" "'1: = '“."' (“"4 = '\’. 1)2
('"l - A’r l)‘: .: ('411 '\,l - Ml A Xl l)'.'i

Eliminating here the product XiXR_l, we get

P oo ‘
i ! [ X ! ' ] . "y o

L - o 4
my =" ) M X

Sumning this equation from 1 = 1 to i = n-1, we obtain

e Wt '
m i

. [ )

\ m.?, \‘ cr

w— —~i

R T A T e

or, since Mo =m and xo =éi, R

":5'/;1, % :“ woxt A AT
Adding this equation term by term to the corresponding equations for
the other coordinates, we find
LI n

Tom (o P DoV M A Yo u o 4y )

1] ¥
This relatiom has been obtained owing to rhe linear relations between
the coordinates 5,7 and & and the coordinates x,y and z. Hence, a

similar relation holds for the derivatives of chese coordinates, such

that
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T R

' We note that equations (17) have the same form as equations (2).
Therefore, we may obtain from equaticns (17) the integrals of : real
and kinetic energy by replacingithe masses m, by /Ail'in the corresponding
integrals obtained for the absolute motion.
The most general linear transformations of coordinates, which
preserve the form of the integrals of motiou in the three-body problem
€))

are given by Hopfner ™7,

5. Jacobi's formula ORIGINAL PAG:
OF POOR QUA... -

The Zforce function for the n-~body problem, given by equation (3),

is a homogeneous function of ccord.inates. .Jacobi made use of this
property to show . hat the kinetic energy integral may re obtained Jn a
very simple form.

Since U 1s a homogeneous f:mction of ]54.7’?2- and g, of the

(-1)th order, then

n

'
\‘(EI’U , ay ':‘”/)-‘“G*—U.
pusy

R}
1y b U
m ) Y (}1" U.l

Therefore, multiplying both sides of equations (2)respectively by

G ’74' and Cv' and adding, we find
N -' . v oroy
3; LACR AR EL P TR R

Adding this equation to the kinetic energy integral (8) ylelds

a | . . . i \
? m, 3, - 74,"2,"" C,5,~|- G + w8 U-t2h,
or
' LI
l;‘l ::d,“‘(z‘ :'l ; "4 ,‘l i :( ‘l! t 'lh'
1)

Hopfner, Uber eine Verallgemeinerung der relativer kunonischen
Koordinaten von Jac.pi, Astr. Nachr., 195, 1913, 257-262.
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or, finally

d: \\ -
nx( -1 rz x) DL g a
¢ s ! (1

The sum involved here

J = \n1(

o)
1]

is the polar moment of inertia of ouxr

system, It is well known that

J can be expressed in terms of the squares of the interpoint distances
as well as the quanti-y

VTR S S )

where M is the sum of all masses o, and ¥, Y and Z are the coordinates

of the centre of mass of the system. Makirg use of the following identity

) 3 i gy Ty o\ RN ez
Lmlm" (Xm 3y — Xmm (34

f AR Y “";l ‘-I)'
1 { [ )

where each combination of the symbols i

and j in the right-hand side

appears only once. Adding this

identity to two similar identities for
the variables ‘7 and 75', and noting that

MX=XYm3, MY-=Ymw, MZ=Zm’, (20)

we obtain

MI—MSy ==X m, m A’/
L

Hence, using the integrals (5), characterizing the motion of the centre
of gravity of the system, we obtain

ez

M=t o Gl ] Rk Gt ) 4 S,
i,
Substituting this expression for J in equation (19) and denoting by h'

the new constant, we obtain
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‘(fhf =2U-|- 4, @n
where:
ORIGING: . - .
1\ . AL LgR 7Y
Ry }_‘ m m A3 OF POOR QU rm-

Ly

This formula is known as Jacoti's formula. A particular case of this

formula was obtained by Lagrange (1772) for the three-hody problem.
However, the general case was obtained by Jacobi in 1842.

The following results of equation (21) was obtained by Jacobi and
was probably the first application of the qualitative methods in celestial

mechanics. Let us irtegrate equation (21) from O to t and obtain

qR

dr R, +(2ay-4n)t,

SI: at t = 0, and ¢ for the lower limit of the

furction U. Fvidently o can be set equal zero. Another integration

where R(', stands for

in the same limits yields,

R, PR (20

This inequality shows that the mntion of the system is stable omnly

if h'g 0. Actually, if &' > 0, thea X+ 2h' > 0 and the right-hand
side of this inequality indefinitely increases as t —%¢ ., 1In this case,
at least one of the mutual distances A‘J should tend to infinity.

In the two-body case, equation (21) becomes

d-r .| |
O he O
At SN Ill.)( , . a>‘ (22)

where r is the distance between the two bodies and a is the semimajor

axis of the relative orbital. If a< 0, the relative motion proceeds:

L4
through a hyperbola so that r oo when t —» 00 ,

B e
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6. Laplace's invariable plane

It was shown in 9 1 that when n material points are entirely under
the action of their mutual gravitation, there exists a plane which
conserves its direction in space. The plane is determined by equation (7),
where the coefficients Cl’ C2 and C3 are given by equations (6). However,
equations (6) are not of practical use since they require the knowledge of
the absolute motinn of all points of the system. Also, the integrals
of area of the relative moticu, given in the form of equations (13)
are not useful since they involve the quantitieés- °‘n7°‘z; ﬂu - T
which characterize the absolute motion of the centre of mass.

We shall see now that the direction of the invariable plane may be
found in terms of ounly the relative coordinates and velocities of the
points of the systom. The reason for this is very simple. Equations
(6) or (13) determine the values of the quantities C1 , C? and C3. However,
it is sufficient to the ratios C1 : C2 : C3 in order to define the position
of the invariable plane.

Let us introduce a new coordinate system having its origin at the
centre of mass of points Mo, Wy, e LR and the directions of its

axis in the space fixed. The coordinates of point m, in this system

i
are denoted by LI A and Zg s and the absolute coordinates of the

centre of mass by X, Y and Z.. Using equations (5) and (17), we obtain

X ottar. MY -Bit4By, MZ=Yt4

so that
X =Y =372 =0
We now express the old coordinates in equations (1) ia terms of the new

coordinates using the following relations

e e v e W AR Wumermer saam rwe wo s o ae e cm roewmems e o o o e e el - o e eas
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:éi=)f+x“ \;:)I;“—_y'” z;taz :-Zl.

We then obtain the following equations for the motion of point m, relative

to the centre of mass of tbe system

\‘ ‘\‘ A .\: I
mx, kim, e m \
I i
Y Y, Y ’
.- ] .
my, - km ‘\_‘/Iz‘, s ¢ (23)
7 i

mi -
‘

Since these equatfons have the same form as equations (1), we can

immediately write for them the integrals of area

\J , ,' N ’ Pa
Em(v,g,—z2y) -C

.

Sm(2,x,—x, 7)=C,

}; m.' (\'l Yl - Yi xv_’ o= C‘l"

The constants '1' ’ C.:Z' and C'é fix the position of the Laplace's plane
passing through the arbitrary point x° ’ y° and z° such that its

equation is
Cylx—x) Gy —yo) ! G (—2) =0,

Thus, to determine the position of Laplace's plane, it is s-fficient

to know the coordinates x, , Yy and 2

-

1 and the components of velocity
X0 ¥y and zi' for all points of the system at any time.

Tn vrder to study the motion of the bodies In the solar system, it is
more natural to choose the Laplace plane as a basis rather than use the

ecliptics of a given epoch (1750.0, 185C.0, or 1900.0). However, the

application of the Laplace plane is met with certain difficulties. The

e
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position of this plane depends on th: masses of the planets which are

only approximately known. Consequently, it is only possible to
approximately know the position of the Laplace plane. When new and more
exact detercination of the masses of planets are made one must cansequen..y
change the basic plane. Another difficulty comes from the fact that the
sun and planets are not material pecints. The angular momentum, defined

by the quantities Cg , Cg and C; may be changed by the values of angular
momenta acquired by individual vcdi:e of the system, for example during
tidal processes.

Relative to the ecliptic and equinox 185C.0 the position of the

invariable plane is given by the elements

P }Hn°l}', TN LN T

As expected, this plane slightly differs from the plane of the orbital

of Jupiter and is situated between this planc and the orbital plane of

Saturn,
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CBAPTER 11

THE_EQUATIONS OF MOTION EXPRESSED IN POLAR COORDINATES

Y. The equations of motion expressed in cylindrical coordinates

It 4s well known that rectangular coordinates are used side by
side with polar coordinates for the determination of the positions of
material points. In the following, we express the equations of motion
in different polar coordinates. We start by the simplest case of a
stationary spherical polar coordinate system.

Let us consider the motion of a material point P, which we shall
call-planet, relative to other point S, which we shall call-sun. We
choose the origin of the coordinate system at point S, and call the plane
xy the ecliptic. We denote by r and tF respectively, the radius vector
of point P and its projection in the plane xy, and by v the longitude of

this plane as measured from the x-axis, In this case

AURd nCos v Lo,

In order to express tke equations of motion of point P in terms of the
pelar coordinates P , vané &, it is best to start with the Lagrange
equation

l/{ 1’7'\. .()/' ‘)

ut dy, / Hq". 4
Let us put 9 =f , 9 =V and 9q = % and note that the kinetic energy Is

given in terms of these coordinates by

S T
,‘ N ”)(-,. !.‘v'."n'.:'..:.)‘

where m is the mass of point P. Let us denote by P, T and Z the components

of accleration of point P in the direction of the projection of the radius
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vector in the plane xy, in the direction perpendicular to this projection

in the plane an.' on the z-axis. We thus obtain

O=mP, Oy T, 0,-omz.

O,
(QFIEZMAL
In this manner the equations of motion will be given by %R PAG’
& (du 2_7_'[). QQ{LE@
arr ¥ fﬂ) e , 1737
d(  dv i
Zli(’" d!)_ 7 (h
diz
dr -

When the force functior is given by ml, then the previous equations

nay be written as

2 /l-'v 2 3/’
— - i A
w0 Ol 75
o JL' e )
227 th
254 (P Gl J
2

Equations (1) have been used by several authors to study the motion of
the Moon. 1In this case, instead of coordinate z, the following quantity

is introduced
VA

A -
"t

which represents ihe tangent of the MOON"S LATITUDE.

I¢ the perturbation of motion of point P is taken into account, then

R (3)

r

Hare the first term corresponds to the attraction by the sun and the
second term to the perturbation .unction. We notice here that the
coefficient k2 must be replaced by kz(l 4+ m) if mass m of planet P cannot
be neglected in comparison with the mass of the sun, which 1s assumed to

be equal to unity., Substituting equation (3) into equations (2), we obtain
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d [, dl:’ \ — ‘,/\)

dt (‘ d(/ o (Y
d’z I IR
dr: b r’ (A

These equations are appiied in vhocalculation of the perturbation of
the planets and comets using the methods of numerical integration of
differential equations.

8. The Clepo-Laplace equacions

Let ue consider the case when the perturbaticn function R in
equations (4) vanishes. In this case, the unperturbed motion takes
place in the invariable plane passing by S. Choosing this plane
as the xy-plane, we set Z = 0 and J° = r. Then, the equations of

notion read

u-r /:/!’ : X
I —7 ) Ak =0
- :

\ dt
l! {,,: (!«" ) 0
u’n' W

The gen2ral solution of these equation is given (vol. 1, Ch. II) by

(1)

the well-known formulae

L S
I pecove- o)’

where a, e, v, and t° are arbitrary constants. The inspecticn of these
formulae indicates that it is easier to express r and t by functions of

v rather than express r and v by functions of t. It 1s therefore

advisable to choose the longitude v as the independent variable in

Ty
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equations (4) instead of the time t. Assuming that the perturbed motion

ig slightly different from the unperturbed, we expect that this replace-

menut will also simplify the solution in the case of perturbed motion.
when the radius vector r is expressed by a function of v, it
satisfies a rather difficult equation, obtained by excluding t from'

equations (4'). On the other hand, the inverse quantity

1 1 ‘
g-- = {1-1-ecos u'-—uu]

satisfies a very simple equation, namely

du 1

do: VU gl em ey

Taking this into consideration, let us rearrange the equations of

wotion given in the previous section, choosing

and t as the unknown quantities and the longitude v as the independent

variable, Assuming

dv
ar

so that

dv

p e,

we easily replace the derivatives with respect to t by derivatives with

respect to v. Since

dp d /o d o
' : 2 €
dn dt <l”> Hu v (Hu dv)

Ju
o — My (// dl') -

du dit du
= 2 — 2.
Iu g - Hu dv dv’

[ S
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the first of equations (1) becomes

/ N : 1./,1 ! u’l’o’ ,
//.-,,." /‘u),‘ll " -1 i)

di o n

The second of these equations gives

d'I/ .

" do M

“I/" )

Substituting into the third of these equations z = su"l, and noting that

d:(su ') ol ( Cd{su ")) _
- ~Hu i 1 o =

XY Vi ds /
=/l-‘u‘-'(u g4 ) i'/ld,”u-’ (lf - h’l/”) :
4 an

Jod (i

we obtain

s JH ;
Hout | s’ syl s cm A Py,
dus ! dv e

where the second derivative with respect to u is eliminated using
equation (4"). Applying equation (5) to exclude the derivatives of H,

we finally obtain the cquations of motion in the orm

& fu-:ll u ”(--_ yL— ’d”)

dus dy
N TA I P Ty L Z (0
dut v do
H LU )
dv

Integrating these equatlons, we exptess the quantities u, s and H in
terms of functions of v. We still have to determine the time t, For

this purpose, we use the following equation

dt \ .
dn "ouo (7



- 26 - [
1t is easy to exclude the auxiliary function H from the above equations. ,

Actually, it follows from equation (5) that
Hr=:pr2f Tu ‘dv,

where h is a constart of integration. Then equations (6) and (7) may

be replaced by 5
(-2 Tu " av) (Z: —I-u) =u "(.‘-P--— Tu .Z:)
(W2 [ Tu * o) (“‘,f: +s) cay” ’(—Ps-——TZZ -{-Z) (8)
j;_ =u (II'-{'?]‘T“‘ ’d;') : .

We finally rewrite the equations obtained for the case when the

force function U is present., In this case

0,
, ol R Y TN, 7
/ !,"’ ' { : o i, P @ %
It follows from the euqality b@ .
&%
s
| ¢
o(u, sy -l (\ o -il)
that
ol —_n Jt . oll ol e
du ou - os e Mgy

Hence, we condlue that

AN T J R Y B . JU . du ol ol
o a0 -1 il i su!
( i j n “w \dn‘-‘ F l) cn i dve Jo tsu A

{ s ol s ol ds oll .. ol
n40 deg Y ey ! —_y | : u
\‘ }- f” Jo du) o | .s) e SY ou u doon (r]o» )05

|
(” 4 N (}l}
: 29 :
w Y (I: f ..fu o dv')

(9
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These equations were first obtained by Laplace, although the principal
idea of using the longltude as the independent variable was due to Clepo.
Clepo derived equation (9) for the particular case of 8 = 0. He
applied them to study the perturbation produced by the Sun on the
motion of the moon assuming that the moon 1s moving in an ecliptic plane.

Equations (6) were widely used by Adams in his contributions to the
theory, of the.moon's motion.

9. Application of the Clepo-Laplace equations to the study of mction

in a resisting system.

Let us assume that a planet moving around the sun is subject to
a resistance of magnitude & mVr—z, where m is the mass of the planet,
V 1its velocity, r its distance from the sun and Ox_is a small coefficient
constant. Let the direction of this resistance be aleng the tangent to
the trajectory of the planet and opposite to the direction of its motion.
Th2 motion of the planet is evidently in a plane. Choosing this plane to

be the xy plane, we rewirte equations (6) as follows

du s y -t Al
S usH (——/-I‘u du),
H gH S Tu!, dv == Hue, (10
dv dt
where
-1
reuy

Let us evaluate the components of ascceleration caused by the
resistance of the medium in the direction of the radius vector and along
the perpendicular to the radius vector in the orbital plane. The cosines
of the angles between these directions and the positive direction of the

tangent to the orbit are respectively equal to

rV-l and er.1
where
’ TN
‘-\I :,’(:
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Then, the components of acceleration will be

a- 1
ar “r=-i-alfu- '
dy

and

—ar v -—aMy,

Consequently

. \ . du
Pe=—Rk(1-}-m)u }allu iy
[ = —affu,
Substituting these expressions in equations (10), we obtain

dH

. —1
dv

and thus
¢ H=h -av, ‘)
where h is a constant of integration. Furthermore, the first of equations

(10) gives

du . o
2 da R my 1,

When the coefficient o is sc small that terms of order Nlare negligible,
we obtain

d=u | ] -1
g U SRR 2ahT Ty,

We have dropped the factor (| + m) in writing the above equations,
since this factorcan always be included in the coefficlent kz.

The general integral of the last equation takes the form

uewkh (Lo 28 e dicos(u W), (12)

where e and ¢w are arbitrary constants. We can compare the orbit
given by this equation with the elliptic orbit

u=p,” "t |1 eqeos o —r)l, (13)

e L
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which describes the motion of the planet in the absence of the resistance .
of the medium, Evidently, we can replace the coustant elements P, 2, and

75 in equation (13) by functions of v so that this equation becomes g
identical to equation (12). This can be ac’iieved in the 7ollowing ways
Let the coordinates and their velocities take the values Uy s Vs Uy
and v, at time t - to. We then avaluate the elements o’ the elliptic
motion in terms of these values (vol. I, ch. IV). This would be the
motion of frhe planet if the resistance of the medium was absent & the
mcment to. Such a moticn is called osculator ‘i.e. touching) relative
to the motion under consideration. The elements P, s &, and 778
corresponding to this orbit are called osculating elements for moment t.

Let us derive expressions for the osculating elerents as functions

of v. We note that; ian the moment to the quantities

"o du ..
- ro -t !
H dn nuy

should have the same values for both the real and osculating motions.

For the osculatory (elliptic) motion we have
H=FkYp,y,

whereas, for the motion in a resisting medium, H will be given by

equation (11). PFence Rp, :(h-:avw%

ki gy - 2ah7 'y, (14) .

du

Substituting here the values of u and it at v v, given by

equations (12} and (13), we obtain

bh cll- 20 o, C 208 (ty—w)] == p, || -k egeos(vy — 7))

L h }th ! -cshl(M,—-WH-”IM_|[”"o%”(uo“:0”1
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Taking equation (14) into account, and limiting ourselves to the first

powers of © , we obtain

€uC0s g - r))=:(1 =23k "b)zc0s (0= w)

Cosin(ty - ®mo)— (1 =224 'v,)e sinly,  w)—ap~!t,

Corbining these equations, we finally obtain

CoCOS(Ry—w)=—€— 22/t lell‘, ~—2ah " sin (1, — )

€y st ('.'0 —_— w) =z 21/;-7 ! cCOS {1y — w),

When o = U, these relations become

ly== 8, Ty = w,
Therefore, within accepted accuracy limits, the above relations may be
replaced by

¢ ¢ — 2" fetrg -}- sin (vg — w))

w==w }-2ah" e cos (vo— w).

These formulae show that the peribeiion longitude 7/ of the osculating
orbit is a periodic function of Vo and consequently of t:o. The
element e, will vary not only periodically but also secularly, owing
to the presence of 2 term proportional to v

Increasing A by 277 , the eccentricity e, is increased by

, 1t . !
AV U €l ST/ (1)

In other words, in the presence of a resisting medium acting according
to the above mentioned law, the eccentricity will decrease after each
revolution of the planet by a quality equal to bTuxh_l.

In tbe same way we can obtain from equation (14) stating that

Do o8 (==t ey,




-

-

gy e

-~ 31 -

that after each revolution of the planet the parameter P,

by
Apzz—dzzb A,

since

p., = dy ( l : ":.’l

then, assuming that these elements are infinitesimal, we ebtain

Dy a, 1 —ef
Therefore
Aa -11'1 l (".':
o, /S BRI

_Concluding, let us find the correspondiag variation of the a

daily motion defined.by

We obtain

n REERY timz

1y L P

ey el

| — ¢

Thus, if 4 planet or comet moves in a medium whose resistance is

(1)

is changed

linearly proportional to the velocity and inversly proportional to

the square of the distance from the sun, then the eccentricity of the

osculating orbit decreases and the average daily motion increases.

The magnitudes of these changes are given in the first approximation

by equations (15) and (16).

A PO

»r
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CHAPTER TII

THE METHOD OF VARTATION OF ARBITRARY CONSTANTS

10. The osculating elements

Let us denote by x, y and z the heliocentric elliptic coordinates

of a planet (or comet), P, having mass m. If the only force acting on

this planet is the gravitational force of the sun (whose mass is set

equal unity), then the equations of motion, derived in J 3, are given by

X
y-

t
[}
+
i

k(L -fmyxr " 20

RO --myr~: 0 0
Z-p k(1 myar =0,

In order to simplify, we shall replace the term k2 (1 + m) by kz. Due

to the fact that the factor (1 + m) is always accompanied by kz, it can

always be included when necessary.

If a force, mF, having components mFx, wFy and sz, acts on the

planet in addition to the sun's gravitational force, equation (1) should

then be replaced by the following equations of motion

yo

Loyt
Ripr =

AoktarT

o,

The motion determined by equations (1) is called the uperturbed or

KXepler motion, whilst the motion described by equations (2) is called

the perturbed motion.

In the perturbation theory, one usually deals with

motion along an approximately elléptic orxbit. This is why the unperturbed

motion is sometimes called the elleptic motion.

The complete salution of equation (1) is well known. In order

to be precise we will limit ourselves to a motion along an ellipse.

We then express the solution in the following way:

B
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Mo=n(t=- 1) i, ()
3
A YR .. (1)
E—esink .- M )]
r=a(l—ecos L) {u)
v 1 ¢ £ -
tg2~—=\/i_(lg2 a
U-v-f-w:
) o,
\ 7O~ L s - L e N I OJ)‘?[G .
et oant o adcost oo ) (~: pe w‘ff
) {eosiooan s G PRREIEY I I ) %& ;!

VRN BN TN ARNTY B ! .“w .t

These equations express the unknown coordinates x, y and z in functions
of time and six arbitrary constants a, e, M ,w, & and i,

A similar integration of the equations of perturbed motions,
egs. (2), in terms of known functions is not possible. Therefore, one
has to soclve these equations in a different manner. One often makes use of
the fact that the perturbing acceleration is in most cases considerably
less than the acceleration caused by the gravitation of the sun. One can
then study the perturbed motion using the method of successive
approximations. The unperturbed motion is taken as the first approxim-
ation, then, by adding corrections ("perturbations' or "inequalities')
to it, one gradually approaches the correct description of the real
motion, The application of this method simplifies essentially the
appropriate - choice of thefunctionc of time that determine the motion.
It usually happens that it is more useful to use instead of the unknown
functions x, y and z, other quantities that can determine the position
of the planet. Tn partlcular, the osculating elements of the orbit can
be used for this purpose.

Equations (3) - (8) giving

RY "'/l (". a, e, '”Uv w2 ") l
y. /.‘ (’. a, v, -”x-s wy “‘" ”

(h
o a e, M0, l
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represent an elliptical:motion when the quantities a, e, ..., 1 are

considered to be constant numhbers. However, these equations can

reprecent any arbitrary types of motion when the quantities -,
are considered to be properly chosen functions of time,

a(t), e(t), ..., 1(t) representing the perturbed motion in equation (9),

€, .0sy 1

The functions

are called the instantaneous elements. The totality of these elements

determine the instantaneous orbit of the planet P.

orbit is known, one can evaluate the coordinates of P for any subsequent

Once the Instantaneous

moment using the formulae that describe the elliptical motion.

We have only the conditions, given by equations (9), to determine the

six functions a(t), e(t), ..., i(t). Thus, we require that these functions

satisfy another three supplementary conditions. It is required that not
only the coordinates but also their derivatives x, y and z should be

expressed in terms of the instantancous elements by the expressions

obtained for the elleptical motion. These conditions can easily be obtained

from equations (3)~(8) in the form of

besine
VP

[
__\/'r.n

v
1
X r v kea ! Ceoloonttoo)
Yoorr N e (- kst s Cosicos Y eus i

A A TR SN I

where

uo-rgow, pood(l-=e)

Equations (9) and (12) define the quantities a(t), e(t), ... in

functions of time. We call thesge functions the osculating elements and

(1)

(i)

|
|

')

the corresponding orbit, which continunusly changes its direction and

form, the osculatiag orbit. The solution of equations (2) and (12)

relative to the elements is given in Vol. 1 Ch. IV.

One sees here
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that these equations have one and only one solution,

We see that we can apply the equations of the unperturbed motions
to express the asculating elements for any moment t in terms of the values
of x, y, 2, %, ;, and ; in this moment. Therefore, the osculating
elements can be interpreted as the elements of that unperturbed motion
which would replace the perturbed motion if the perturbing acceleration
vanished at this moment,

In the following, we recall ¢heformulae which lead to the solution
of equations (9) and (12) relative to the elements. From the following

relations

kyp sinisin.=yz -zy
k«p*miumw XZ—2X (13)
R/ pcosio=xy — yx

we find the parameter p and the longitude of node £LL , together with the

slope of the:grpit i, The kinetic energy integral

¥ pye ;2=--4:(“" ') (11

r d

gives us the semi-major axls 2 and allows us to Find the eccentricity e’

from the following relation

p: a(l—e), (15)
We obtain the true anomaly v from equation (10) and then find the
perihelion distance from the ncdedd using the relations

rsin(v {-w) zcosecd
recs(v-p w). acusl o ysind,

(16)

which can easily be obtained from equations (8). Finally, we find the

average anomaly of the epoch M using equations (7, (5) and (3).
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11, Differential equations for the determination of the osculating elements

In the previous section we have seen that, in order to study the
motion of planet P, it is possible to use instead of coordinates x, y and
z, the six elements a, e, MO,CAJ,.ﬂ_and i. This change of variables 1s
useful because the elements, which remain constant during the unper-
turbed motion, slowly vary during the perturbed motion, at least if the
perturbing acceleration is small as compared to the acceleration produced
by the sun. For this reason, the determination of elements a,e, ...
using the mathod of successive approximations is more convenient than the
determination of coordinates x, y and z.

Let us now derive the differential equations which determine
elements a, e, ..., 1. For this purpose, we substitute in equations (2),

and rewrite them as

“It N ‘!J‘ “" ‘
a T Ty
/v
Pl S
(17
dy .
dr —Ayr T4 r
de .
d c kT

the expressions, given by Eqs. (9) and (12), that express x, y, 2z,

;, § and z in terms of the new unknowns a, e, Mo,«u »~L and i. However,
direct substitution will lead us to a series of complicated calculations and
we therefore choose an indirect method which leads us more easily to

our target.

Let us assume that the following relation holds
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et e . et "

‘,;,’,_-W,q-www,:w»m'*mm,w-»» < rp - - ety o, ..

Wia, 0 o o 0, x0N, 2, l., ¥, ",' 1y -, (18

This relation can be deduced from equations (3)~(8), (10), (11) and (12).

Differentiating equatio. (18) with respect to time gives

oM da e o dy .
da dt B Nt ot ' ' !
M dy "
oy oL & ‘ T (19)

oy M

We now consider that an unperturbed motion results when the perturbing
accleration F vanishes at moment t. We denote the corresponding coordinates

and components nf velocity by €'7 , Z/E s /Z and €. The differential

equation (1) describing this motion can be written, in anology to equations

(7), as
d: ) dn ol .
dt "t o g
di ST d’i Y Il‘
= - p ’ R &2 A7 ‘:—';'0-’
dt K7 dt kv a s e
where
‘11’ :‘ﬂ ! 5 :3.

and hence

. . . . (e
Jv ,{ £ ‘/.‘.' :/7 /z e

Jt we ~ We ! /
We now return back to equation (18), which evidently takes part in

the urpeturbed motion. Differentiating this cquation, we ottain for

the case under considevation
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o di /L T H L N '
N £ CE -t == (),
ox dr Coax dt o

Subtracting this equality, term by term from the equality given. by

Eq. (i%), we finally obtain

o da N L L )

) L ; -y =0, ‘)
Jdu :!l.r b dr+ dy F dy v d:/" Q (21

and we thus arrive tc the following important conclusion:

Any relation, Eq. (18), between the elements, coordinates and
components of velocity leads to a relation of the type of Eq. (21)
between the derivatives of the elements and thecomponents of the perturbing
acceleration.

The transition from equation (18) to equation (21) will, in short,
be called the basic operation.

The longitudie of the node and the slope

Let us apply the basic operation to equations (13) and for
abbreviation the following notation is introduc-d

_!__:.,“' ,,-I _‘_‘_; r=Fr , ..I. /7] _‘_Fl"

"p %!

We then obtain

it ) i

l [ . "‘[f . Lo oY= S0 '/.., N
E—p ﬂnlﬂu«‘” sinfcos U g cosisint - RIANET AN
- N (f} - ‘oh...‘ . ‘1-’ gt
-% P “Sinfcos ! i st fsin " -ansJCUwEJ‘” AVA-
o u !
l 1 dp i N )
— : - 7 AN 7 A
2 P con dt dt v

Taking equations (8) into consideration, we find
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dp v . .
dl:ﬁ”ruupnmnuawu»‘u»umuUcmdr{

- 0 sinusm 2 cosucoseosi) §- #cosusin ]

T . . .
in i . gy & i . ; :
i, = esinu|lF s ani— 1 cossmi &4 cosil )

di 1 : ‘ :
dar s rcosult smsimi—-Focos i Focos i,

In order to simplify these expressions, let us introduce the
components of the perturbing acceleration along the radius vector, in
the direction perpendicular to the radius vector in the plane of the
osculating orbit and along the normal tc the plane of the orbit,

Denoting these components by S, T and W and assuming, as before,

gy, by e w»_.u",! |
Ry P~ Fyp ky p '

we obtain

N Focosucos 2 —sinusin cos )

)
oS sin s e dcost) /S sanusing :

77 Pt smucos? cosuaneos - (e
Pl smusim 2o cos w0 Leos ) {-7  cosusini

W= SIS — 7 cos Daind r, cwsi..

The coefficients that multiply Fi s F}" and F; in the expression of S'
are evidently equal to xr-l, yr'l and zr T,
The corrcsponding coefficients in the expression of T' are obtained

from the previous ones by the replacement of u by u + 90° and, we

therefore finally obtain
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d)
‘Z==2pr7” 23)
Y 1 .
sini == rsinu W (24)
di
g =T cos uWw’, (25)

ORIGINAL PAGF, IS
The semimaior axis and the eccentricit}OF POOR QUALITY

Applying the basic opera.ion to the kinetic energy Integral, given

by Eq. (14), we obtain

dy . . -
S N U T 2 Iy WA &)
= 2XE v E 2 F

ok

Taking equations (10), (11), (12) arnd (22) into account, we find that

‘ da . N4 LY A4 )
dt T 2% sin vy |-2apr 7 7. 1209
Substituting in eugation (15) we obtzain

!( W u"”
et (1 Ut
ul { ¢ 'dl dt

Taking into account equation ( 6) as well as the following equation

Drl::l-ifL'Usu. @n

(

which follows from the equation of the orbit, we obtain

e
Jr "EIMUS - p(cun e dcos E) T (28)

The perihelion distance from the node

We now apply the basic operation to the second set of equations

and we obtain

n oy 1y

N T T  ovan e oyeoa )
at ] ‘ Wi’

Where (dv/dt) denotes the derivative corresponding to the dependence
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of v on time that enters only through the osculating elements(l)

Substituting here expressions (8) for x and y, we obtain.
w (."I) du
(1/ ° \df ) COx al

In:order to find (dv/dt), we turn to equation (10).

Excluding the eccentricity e from this equation, we rewrite it as

r clp = k ¢ cos v,
Ve

or, by using equation (27), as

rete o tVe — } ;‘

We apply the basic operation to this equation and due to the fact the

r is defined by the factor

rr R 4 . yy S 2T

we obtain

' .{n w\ b/ r\do
Sc"wu—,i;in’u(,l“) “!t'/pr\’* p.>dl'

Using equation (23), we obtain
/v
tk&t>u=pcusub'--U-}p)sth?ﬁ

Consequently

1

Tt is necessary to note that, in contrast to the radius vector r,
the true anomaly v cannot be considered as a coordinate. In fact,

v not only depends oun x, y and z but also on x, y and z.

S
e b
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v - (d0
= —pcosv S - (r|p)sino I’ —e cos L (29)

dw
¢ dt

The mean anomaly of the epoch

Let us now apply the basic operation to equations (5) and (6). We

obtain

Ay oA de @
((”)* (l—(u).s/)(‘”) —~>ml:dt oi'ﬁ;{c@
rda Me AR ; % £P
gy —acos I Jp ouesin f:(‘”) 0, R

by
HRere, we denote by (j—g and ( gf ) the derivatives of the parts of

M and E which depend on the variations of tl.e osculatin~ elements.

Eliminating (%), we obtain

¢ 11! ¢ !
(l :\ ety b e r 1z

i

‘,/} et hodr dé gt s dt

Substituting here the values of fAderivatives of the eccentricity and

semimajor axis, obtained above, we find

¢ 41.11) . P ‘
o 1 | P W . . ] )
l/]"‘ e\ dt (P eosv~ leny' N fcusin cosvens s 9y

In order to simplify the coefficient T', we use the following equaticas

rsinv- a1l esin &
_ (30
rcosv==qa(cos - e).

Substituting equation (6) in the second set of these equations, we

obtain
reosvcosE.-acodE-—aecosl o r—g sin? &,

Ellimipating sin F by means of equutions (30), we obtain

. r
COs 0 COy . | sin? o,
p

e
4
5
¥
4
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Using these relations, we finally obtain

e dal ‘.
;/l__(:(dt)“_ (p COS - - ’{f) s —_— lf * p’ c," " 7v

We now apply our basic operation to equation (3). We find
d/" dﬁ’o {[” H
(dl) +(— '0)‘11 (31)

The complete differentiation of the same equation gives

am dM
d’ +( UI d, ,' n,

Therefore

dM fd

Integrating this equation from tO to t1 we obtain

!

Ny :
M(1) - Moltg)- [( J,l>‘” ! /”‘”.
4 IS

or, expressed as

Ay () ! /n e (o)
where

. {4!U
Mytty -~ M, (1) |- / (w)m. (.

1

The osculating elements Mo(t) and n(t) are functions of time.

R T L PR P

fo
q,
,P‘Q

%40
2%

We

use .he notation Mo(to) to stress that the quantity Mb(t) corresponds

to the epoch of osculation to.

If we evaluate the position of the planet for an arbitrary nomeat

t. we can {ind the corresponding mean anomaly M(t) using the equation

of elliptical motion

M= () 4-n () (1 ) ' (31

PSS
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12 follows from equation (31) that the derivative of the osculating

element M is given by

dst,  (dM dn
7/ dt)-— fo) 4y

where, on the basis of equation (4),

dn_ 3 % da 3 naa
at 2ayqadt™  2au

or
:;' =— 3nae sinv S'— 3napr ‘7",

We see that thederivative of the element Mo(t) includes terms
relative to time. Hence, this element varies rapidly regardless tc the
degree of smallness of the S' and T' factors. This situation leads to
a great deal of difficulties in the evaluation of perturtations. It
obliges us to use equation (32) and nct equation (34) in order to
evaluate the mean anomaly., The function Mo involved in this formula is
defined on the basis of equation (33) by the following relation

Ve

dM, __ ‘/l—.('. (p cos v— 2er) §' — ¢

- ' p) uine 7 a5
At ¢ (r i-p)emov ™", (35)

Equations (32) ard (35) a2re in practice ccommonly used., To simplify

rhelr final forms, we shall deuote'ﬁo simply by M‘J ag far as this does not
cause any confusion, and once and for all agree to use equation (32) to
evaluate the mean anomaly,

12. Comparison between the different formulae

In most practical cases, the slopes of the orbits, 1, are very
small. Ta this case, some of the formulae derived in the previous two

sections are preferably replaced hy others. CE\‘S

T
ade
»
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Instead of the peribelion distance from the node, we introduce here

the perihelion longitude T by the following equation.

" w . .,
X ""; 4
N 4
Then, equation (29) gives (Jﬁ'};}r;:['}L;GT,Ik
. iy Yoy, Jo7 &L
Wr e ' . g TV
R N R N N NI A

Using equation (24), we transform the first term on the right-hand side

of the previous equation into
i

- .2

S
)

Srsmp "
S

- i
[P ST | fo ”
0 s u tp " W

This term can only decrease if the value of i decreases, whereas the
corresponding term in formula (29) will still be large.

Furthermore, we introduce the mean longitude in the orbit by

which will siwply te called the mean longitude. We denote tie mean

longitude corresponding to the initial epoch t_ by Qb , 8o that
'0 T i "'"Uo
NS
Taking into account equation (32), we obtain

t
oo jadi, 1.30)

where

« =-vMon,

Hence

de de | dV,

dt I e
The quantity ¢ will also be called the average longitude of the epoch,

hoping that this will not lead to any misunderstanding.

© e B U — o'

- A%
b



e — . o PO BTt B T AN IS T T LT ST ST S B e —

- 46 -
We now combine together all the differential equations which determine

the osculating elements:

dr . .
g ==aesinu 8§ 2 gy
de . v ;
g =P SINY S -{-plcosv f-con &) I :
i
.4 . |
Sind srsinuy 124 :
di . :
g =T Cosu 11724 (37
dz . §Qd2 v
€ = 2esin 9 g PN fr | p)amo T
Jd: TR ¥ A
2 n? -' R ¢ Y
a Way Tl-e Y sy
Srbpsma 1y,
¢
!
| " ! . ‘
where S = S / b W= W,
NV qop broa

and § , T and W denote the components of the perturbing acceleration.
Since the average longitude is given by equation (36), the following

equation should be adde¢ to the previous ones

dn . , V eger ,
dnge s S Gagpr 1 (R
dt

The Integration of this system of differential equations gives the values
of the esculating elements in moment t, The position of the planet in this

moment is obtained by the usual formulae. Starting with equation (36) and
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L -esink )z
r—=a(l—-ecoxt)

v Neje, E
wy <)yl

U=vfr—u

(39)

- —————— e ——

one finds r and u. Then, using equations (8), one obtains x, y and z.

13. The Lagrange equations

In the previous - ction we did not impose any limitations on the
perturbing acceleration F. We now assume that the accleration is caused!
by a force for which a potential exists. In other words, we assume that .

there exists a function R such that

5 R ,:UNJQ : R
. [y "x ’ v - (’.'.’ [ 2 d.,

For example, in equation (1) of Chapter I, the perturbation to the motion
of one of the planets, caused by the presence of the others, is expressed,
by the perturbatjon function.

let us transform the basic equations (37) so that they inciude the
partial derivatives of the function R instead of the components of the
perturbing acceleration S, T and W. For an arbitrary element a, the

folloving relations hcld

O ol oy , ANy WANIA

dy oy da Jdy e R,

. dx 0o e o
Y !

Vil ! fag’

where equatious (22) expressed ar
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Py S(usucos Q- s cos 2 cos iy
+T(-s>nuc0.2 cosusncos-F W an® sing
I~" Swovusinl sinn coy Y cus 1) -
G st en eo 2 coad)y Woeos W oo

Fooo Ssmnsamt D Voon s o Wegar,
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can be used to express F_, Fy and F, in terms of S, T and W. The

evaluation of the derivativies of the coordinates with respect to the

elements, % ,%%: s oo ,%% s seoe« , i8 straightforward. ‘We first

find the derivatives of r and u, namely

or / 4 I
T T e -~ t) '
AN ! ‘i i
g 4 Sl e s T N i
- dCas o, e = o | —— .

p \ L i ; .7 ) , ton
|
o ue A A I S i

-- - vy -

' | | Y ot ’ i
I

We then differentiate equations (8) with respect to the elements. In
doing so, we should remember that each of the coordinates depends explicity
on L, together with the relationship u = v +7 - L, Similarly, whilst
differentiating with. respect to 7 , we must take into account that u

depends explicity on 7l and to v, since v is a function of
t
11{ ',"U‘If‘:-—-f’.
[

Therefore,

We finally obtain

Ak
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= nJr l/ |—er§’

Ju

) . i
“’)‘: =na?{ pcosvN3-(r-} pysineT|
IR - .
o = na Vi—ersina W
IR —_ , .
ou Qrypsin®y 17— ndt y l--c7 sindircos u iV’

) “
‘(’)" cagt(esimo 8- pr 1)
) "R .
R R v

= de

It remains to substitute the values of S', T' and W' obtained by these

equations into equations (37). 1In equations (37) the following combinations

are present

— I oR
"/l""' S na g

o /\' o /\‘

keyo T
v oz de
. 1
LTI 7 e R
ey 1=t o
gy !
. 1 "W L, 9 ’,- It Voo
rcusn M- . ) T 5"‘\ Cy
LNLE N P RN A R W B R R L I

as well as the following combinations

poa N oo e

LS a2

Substituting these expressions into equations (37) and (38), we obtain

after some manipulations
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da aR |
ul ng e
de 1l oe ol T 1 oR
dt naie ot PR O S nag® o
e

Jiio - corecr OR 2 7 {m’
(I/ o ”a'.' \'/ l._..(. ul! ,\utb/l ot (0: i o>
du coseci  OR
df ’ na'xl/]__(! o1 H (”)

o'
dr B2 uR | Y1 -eidR
dr nat y‘]_(l o Taate e

11 J e

d: 2 OR R 2 dR eYil—et 1 oR
dt nada ' natl 1o e¥0i L} Yl—etnatoe
dn 3 0R
ar’ @t o’ J

ORIGINAL PAG,..
OF POOR QUALIL, ,

Combining the first and second equations, we obtain

dp 2N e'(dk__f’R) (42)
dat nu s Jde |’

which also follows from equations (23). Subsequently, we shall call

equations (41), the Lagrange equations.

It is important to note that, in evaluating:derivative %;gé involved
at the end of equations (41), we ignored equation 74) and orly considered
the explicit deperdence of R on a. This is the method by which equations
(40) were derived, and based on these equations, the entire present
deduction was developed.

In conclusion,‘we note that the Lagrange equations obtained here
have the following properties:

(1) Time enters the Lagrange ecuations only through the derivatives

of the perturbation function R.

(2) The elements of the orbit are divided into two groups, one consisting

7,
e
]

o




- r—————— s

- 51 -
of a, e and 1 and the other of UL ,77 and & . The differential
equations, which determine the elements of one of these groups,
include the partial derivatives of R with respect to only the
elements of the other group.

(3) Let & and ﬁ be two elements belonging to different groups. If

R dB

deX d OR
at contains —Bzr, then 9t will .ontain S ° where the
2R

SR
coefficients of 3% and RY) will be equal in magnitude but of

different signs.

ORIGINAL pagy
14. Another derivation of the Lagrange Equations OF POOR QU ITi:
5

The differential equations (41), or the more general equations (37),
are some of the corner-stones of celestial mechanies. Therefore, it is
interesting to investigate all questions concerning these equations. We
have just obtained an elementary and relatively simple derivation for the

(1)

Legendre equations. Another interesting method for the deduction of
these equations was suggested by Lagrange, to whom we owe the development
of the method of variation of arbitrary constants. In the following, we
give a brief outline of the derivation suggested by Lagrangs. We shall
not carry out all the calculations since we have already obtained the
final equations.

Following Lagrange, and in keeping with his notations, we consider the

following_ system of equations

1)

A derivation of the Legendre equations, having a geometrical character,
may be found in: S.L. Kazakov, The method of variation of arbitrary
constants, scientific Transactions of Moscow University (Sposob

variacej proizvolnyh postojannyh, Ucenye Zapiski Moskovskogo Universiteta)
1905 and in: A.I. Krylov, Sur la variation des orbits elliptiques des
planets, Proceeding of the Academy of Science (Collection of Transactions)
1905 vol. IV. Izvestija Akademii nauk (Sobranie trudov) . It

is shown in the latter paper that one has the right to think that

Newton has obtained the above equations namely on the basis of these

a1 :uments. Newton, however, published only some theorems which have

no direct relation to equations (37).

i
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dx 0@ dx’ 02, |

s "ox X 0 dt Vox A0

dy 09 dy' | I (43)
—_ U U RESR N

a "oy V0 dt "oy by-.0,

Let the number of these equations be 2h. This should equal the number
of the conjugate variables x, x', ¥, ¥', ... The quantities S, X, X',
Y, Y', ... are functions of t, x, x', ¥, ¥', ... We assume that we are

able to integrate the following equations

dx ou dy’ , ou
— ) ;

177 ax’ & dt ux 0

dy o dy’ | ou (41)
— . . 0

dt gy o, ol l Jdy '

These equations are obtained from equations (43) by equating all the
supplementary functions X, X', Y, Y', ... to zere. Let the general solution
of equations (44) be given by

k=gl h o0 M, XU a, b, CR) (1)

which involves 2h arbitrary constants a, b, ..., 8.
The expressions given by Eqs. (45) satisfy equations (43) only if
the quantities a, b, ..., g are treated as functions of t. Let us find

the differential equations that these functions should satisfy. We

substitute the following equations
A vl AT

Aoy A L o dn
St i TN At

f -c;‘;
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into equations (14), and taking equations (44) into consideration, we

obtain

ox da o Jde b : !

! . S ()
Jda dt o oob dt ’ \ :
dy da | Jdy db ,
ca de oboar b y“_
(46)
VX' da , 0x' db

.. e X -0
4 Wt b o0b dt + ‘)‘

, ‘I ’
dy da - Jy" db oot} Y0,
0wt T Odh di

e e
P,
OF Po0R: Qi s

These are the required differential equations. Lagrange suggested that-

these equations could be written in a much simpler way. He introduce the

so-called Lagrange brackets Ea,zﬂ s [a,b_] ess in the following way

Av A ax dx oy 0y dy Y

g, h -
‘ ! l ag ¢th b e oea oo oh e

'

It is easy to see that

la, a} b, ) N At R1))
la, 0] - |h. 0} 0. {4%)
Assuming that
M v Y oy
¥ .‘ -' . ) ' ’
R, o da A v ! ) ] i

we can replace the system (46) by

a db it
ld, U]dl } ln. {v] Wy L, ; Il, 1_‘} P Do 8
W W Wt
; 'y i ' \ . e . .
[N “‘h, . l"" l'“,, i L i"' .l.l"lf H /\." (‘ . (")I
Cteid ) o) (¢ , '
v ol ! "lu " "' '\'. "
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In order to obtain the first equation, we multiply equations (46) in "
\ ]

sequence by - B____X )y - 'a%) 1:0_)‘ .,_);_3_ PRI and add. The other :

Ja WL o ”

equations are obtained in a similar mannmer. '

In the light of the relations given by equations (47) and (48), -

equations (49) are simpler than equations (46). In particular, the 4

third property of ihe Lagrange brackets is responsible for the simplicity
of equations (49). When expressions (45) are substituted in a Lagrange
bracket, the independent variable t is eliminated according to this

property. In other words

”: {a. b} O 56)

To prove this, let us differentiate the bracket [:a;b] term by term. We

obtain

) Ty .o R . ,
¢ (d [" JdIxodv | e ey JI Dy Jdx Jdex
)

KRN adt ob oa oot T ubar og GO -
Y («)r Jy’ i oA dx ] (:).r dX Y ux .
Qu vl ob oAb ohi ot Vg - ot da)f )

Taking equation (44) into account, we find

A ONT oL ay

, LIy
dyob Vay oen Vot )T

! AR dy YL oy ' )
" T e o . N

J d 0L vx
le. 8]- ( :
ot

da\ey 00 o' U

d JoQ ox | A ox’
Jo\ux va

ox' va oy g uy' ou

Hence

dJ LR oL

N [d‘ b, . 0,

dadlt  oddg

Equation (40) suggests that one can evaluate the Lagrange brackets at

the valuc t that makes calculations quite simple.

The present method will be particularly s!mple when we take constants
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a, b, ..., g to be the initial values X5 , ¥, 5 «+es X y;, .
corresponding to the value to the indepéndent variable. We immediately
evaluate the Lagrange brackets at t = to due to the property just shown.

We obtain

1

‘ - . . . ,
[X v X ' ::' Ya ‘,xn J ¥ ""'- ' "V.: dy., "-"0 "yu !
" v "" ()x_ d , 1 . o - " o s .,1‘
X, Jx, X, 0%, ox, o ax, dx,

lt-l' yu] lx.,v .".,l R 1

In the same way, we obtain

S R0 B PR S PN B R

and so on, In this manner, equations (49) will have the following

form

However, these equationes are not used in celestial mechanics because
equations (45) become very complicu.ed when the constants of integration
are chosen according to the above method.

let us consider the determinant

We construct the complementary determinant F', whose elements are the
algebraic complements to the corresponding elements of F, devided by the

value of the determinant F. This determinant is given by

%
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;(0. ll’, (0‘ ,'}v e ey (U, -‘:)!
F - (h' 0), (b! b)v ¢ v ey (h, ‘»’)’

L Y

Ava) (=0 b)),

The elements of the determinant F' are called Poisson brackets. Evidently

We can express equations (49) in terms of Poison brackets as follows

Ol R O e R0
db { A ] ! ] )
dl-r(b, kR, (b, DR - O, R, 0
dk’ ' ’ ' r oV R
Jt bogy @R e, BIR o )R, L.

ORIGINAL . g
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We now apply the method of variation of arbitrary constants to the
perturbation of the motion of a planet thet is given by equations (17).

We rewrite these equations as follows

dx X MV‘ &:x L OR
d? ' dt r ! A
Jy % y A
' i |
t Y at ¢ r- oy &H
d.: e ds’ TR N\..
d! J 7 oz

Comparing these equations with equations 743), we find here that



and thus

Jo0y Aoy el FN

K
B

LR AN SELY YN S Y L L o (52
L

when R = 0, we obtain from equations (51) a system corresponding to
equations (44) characterizing the uperturbed motion. In solving this
latter system, we choose as the integration constants, the usual elements
of the elliptic motion a, e, i, L ,4 and Mo' After long but relatively
simple manipulations, we obtain the corresponding Lagrange brackets,

which are

[u\, ‘_’]-‘—U, l“', 1] -0, [«u, ,”U] 0

(9, i =—18"V U= ¢t s, |@ Mle:0,

{v, a]w:) nay/1 erocond, [0 300,

[, a}-=0, !, a] 1 RVl e | ML a) ,_l .
[on ] - V—-l /:..‘-'::2 N U 3 I A T 4 Y

m, <V]HN; cose, |f, ¢] 0.

The corresponding poisson brackets are immediately obtained by solving
the system (49). Taking into consideratior equations (52), we finally

obtain
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In order to obtain the Lagrange eduations in the form (41), it is
sufficient to replace the variables (v and Mo by 77 and & using the

relations

15. The perturbations of the elements

The lagrang equations, from which the osculating elements are
obtained, are extremely complicated equations. They can only be solved
using the method of successive zpproximation. In the following, we are
going to investigate the form in which this solution is obtained.

Let us suppose that there exist only two planets whose masses are
m and m'. We denote the elements of these planets respectively by a, e, ...
and a', e',... On the basis of the results obtained in the previous
section, we assume that the motion of these planets relative to the sun

1s defined by the following twelve equations
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da L IR !

i nd 0.

du coseci  oic |

dt Ana’}/l-c:' oi -,

uy 2 JR
i nd o
dv’ cusec i dA

dt n'.."-';’l e Y

In these equations (.S‘ 3)

COREDE TR
- xYm’ - v
R-wm'( S
N
v .3 ( xx E-)',V'!-f/\
k IR T /| .\‘ r I,

(N

{ ll,

()

where x, 7, z, r and X', y', z', r' denote the coordinates and radius

vectors of the planets and D the distance between them.

It is easy te

see that R and R' depend only on the mutual location of the orbits, but

not on their location relative to the ecliptic.

In fact, if the angle

between the radius vectors r and r' is denoted by H, then these functions

will be given by

They depend only on r, r' and H since

Mot 0 P s H

oo !

r-

The method of successive spproximations applies when the masses m and

m' are small. This method yields the unknown functjons in the form
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of a series of expansion in powers of masses m and m', such as

i ot

(’;'\ )

e e
i
<

T~
-

. WD
A
~

. ane

Here, by a s € 5 eees a; . eé +.. we denote the (comnstant) values of
the osculating elements evaluated in the initial moment, by 8 a, 64 €reae
the functions of time that have m as a multiplying factor, and by

S\a', S‘ e',... the functions of time that have m' as a multiplier.
In general, we denote by Sna, %e, cees Sna', § ne',. ... terms
of the n-th power in masses m and m'. The expressions 8ha’ She,...

Sna' . Sne', ++. are to be called perturbations of the nth order.

Putting in equations (54) and (54')

we obtain

0=00, tf=lo,. ey g ==a

These values will then be substituted in the right hand side of the
same equations, i.e., equatjons (54) and (54'). Since R and R' are
functions of t and a, e, ..., a', e', ..., then equations (54) and (54')

will have, after this substitution, the following form

da ' .
dt =m j(’v au' el" M ao‘ R )
da’ .
d' == m jl ('. a(\' (0‘ 1] aov )
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Integrating these equations yields

4
a-—--ao-}-llI'//(’. @, €. . .)dt=a,+ %, 57)

0
and, hence, determines the first order perturbations.
‘o obtain the second-order perturbations, we substitute into the
right-hand sides of equations (54) and (54') the values a + 8a,
e + Sle, ooy a(') + €1a',... which have been obtained for the elements
a, e,.... , a'y ... This substitution yields

daa , 9, i
@ =m JW a, . . . )tm /’.,a—{- e m"'/a W

.........
............

These equations are accurate up to the second order in masses. Repeating
the samé procedure, we may obtain as many terms in the series-expansion
of the elements as we desire.

Let us now investigate the analytic form of the expansions given
by equations (56) and (56'). The coordinates of the eac " the planets
are periodic functions of the corresponding mean M or M'. Consequently,
the perturbation functions R and R' are also periodic functions of M and
M'. Hence, thoy can be expanded in a double Fourier series as follows

RoOSNeco i s 31y i

R NN costp M

where j and j' take all the integral values from - &9 to + ©%Q
It is easy to see from equations (56) and (56') and from the

expressions of the coordinates in the elliptic motion ($'$’77-82),
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that the functions R and R' and consequently the coefficients N and N' -
can be expanded in powers of the eccentrisities e and e' and the mutual'
slope of the orbits J. (We have already pointed out that the functions

R and R' depend only on the mutual slope of the orbits). Noting that

Me:nt--e—r. M ntdgs o 0“0012

we finally obtain both the functions R and R' in the form

AL S eos D, (58)

where
D=j(nt i-e)4-j (n't-} ¢') 4-C.

Substituting these expressions for R and R’ into equations (54) and
(54'), we obtain similar summations in the right-hand side of these
equations.

Equation (57) shows that, in order to evaluate the second order
perturbations, it is necessary to replace in the right-hand sides of
equations (54) and (54') all the elements a, e, ... by their initial
elements and integrate the resulting trigonometric series. This yields
expressions for the first order perturbations in the fcrm of turms

having one of the following two types:

" si
AO‘;(U’ J‘ : ”ll I)’" "
0//"‘ 1~/ 110

I in + j'né # 0, and

1A.€,¢." ] cos C,

' -
1f jno + 3 n, 0.
Evaluating the second~, third-, ... order terms in the above way, we

obtain terms of the type
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P A, & e T cos (v

Uy mg-i 7w (,my-ogy w0 (59)

where
v :"jno "I"j‘ ”u"'
If ,fa 0 , Such a term is then called a periodic perturbation in the case

of p ;; 0, we will have a secular perturbation if ¥ = 0 and a mixed

perturbation if Y = 0. The sum

is called the degree of perturbation. The higher this degree is, the
smaller is the perturbation of the order under consideration.

Particular attention should be paid to the small terms in the
denominator of equations (59). These terms are calied the small
subgroup. There are responsible for increasing the value of the perturbat-
ions. If q is the sum of the orders k s k}L s ++. of all the small
sub-groups of the term given by equation (59), then the larger q is
the larger is the correspunding perturbation, as long as the other
conditions are not altered.

Poincare called the difference n~p for the n-th order perturbation
the rank and the difference n—-% p - %q, the class. Once we know the
order, rank and class ofa given perturbation, we have an estimate of the
general character of this perturbation. For small intervals of time,
most important will be the lowest order perturbations, and in particular
the first order terms. On the other hand, for long intervals of time,
the value of a perturbation is mainly determined by its class., For very
long intervals of time, the contribution of the perturbation is best of

all judged by its rank.

e
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16. Long-periodic perturbations Yéblj < o
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Amongst the periodic perturbations, given by equation (53?;Yparticular
attention should be paid to those, for which the coefficients V) involved

in the arguments of the trigonometric functions are small. The periods
0

of these perturbations, which are equal to ,» can be considerably
longer than the perlods of inversion of the planets under consideration.
These perturbations are called long-periodic perturbations.

Long-periodic perturbations play an important role in the theory
of the motion of planets. It happens that the amplitudes of some of

these perturbations are very large even when their degrees are large.

Let us consider a perturbation of the first order. If the term

e, S|l Saye i C
A f(" e:;‘ J'g A l>j 'u l,j 'n_n)'“‘ ]
jn, 4-7 0

] v

corresponds to a long-periodic perturbation, then the quantity jno + j'n;
appearing in the denominator is small and the amplitude is much larger
than what is expected for a perturbation of such a degree.

The average longitude of the planet has a strong influence on the
long-periodic perturbations. The arerage longitude is given by the

following relation ( §l3)

where ‘

o / ndt,

i 3Ok

! gt

To obtain § , let us integrate twice each term on the right-hand side

of this equation. This yields

Can i/ [N S

(1o, 1o



r 7

- 65 -
Thus, long-periodic perturbations contribute to the average longitude
by terms of the first-order in mass, i.e. of class zero, devided by
the squares of small quantities.

The detailed theory of sereis-expansion of perturbation functions

will be given in one of the following chapters. This theory shows that

the following relation holds ORIGINAL PAF*
OF POCR & "

R l.l‘"*"'evén”integer

Thus, the long-periodic term can b.ve a considerable amplitude only when
then numbers j and j' have small absolute values.

In order to find the values of j and j', for which the perturbation
becomes long~periodic, it is most convenient to expand the ratio nO/né

in a continued fraction. For example, for Jupiter and Saturn
A, = 20971297 n;==120ﬂ4bi7.

when the initial moment is chosen to be January 1.0, 1900.

Accordingly,
1
LY S -
0 o m————
2 144 .
The appropriate fraction may be the following
2 5 72
2 29 0o

If we choose j = 1 and j' = -2, then

Jn, -t n = 08" 6736,

which approximately equals 1/5 n or - L né . Such & divider cannot %2
considered as small. On the contrary, when j = 2 and §' = -5, we

obtain

gt A, A6,

S
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L The corresponding long-
74 30 Mo € P § tong
periodic inequality, whose period is approximately 900 years, has in the

which approximately equals = n  or n'

longitude of Satum an amplitude of the order of 50'. Finally, if we
consider the next fraction, we obtain

Jr -7 my 29 ng—T2 ng== 170808,

The corrcsponding inequality, the degree of which is not less than /29-72/ =
43, is completely insensible.

A large inequality in the motion of Jupiter and Saturn, depending
on the subgroup 2n-2n', was discov~—ed empirically. Several unsuccessful
attempts to interpret this inecaal.ty led Euler and Lagrange to assume the
existance of an unknown type of gravitation in addition to the gravitation
influenced by the Sun. The correct interpretation was given by Laplace
who evaluated all the first order inequalities for the motion of Jupiter

and Saturn up to the third degree.

Annotation:

In practical studies of the motion of planets, one is rarely met
with more than one small subgroup. Actually, let the ratio of mean

durnal motions be expanded in a continuous fraction, so that

n, 1

The next incomplete quotient NK will be a large number. Thus, the next

appropriate fraction

P P.a P

v TRy P
i- ;
(')A-,/ V2 -0, ,

L sk

-~
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will have a very large numerator and denominator. The perturbations

that correspond to this fraction, as well as to all subsequent appropriate
fractions, will be insensible.

17. Secular perturbations

It has been pointed out that the secular perturbations are obtained
from the terms of the perturbation functions, in which the arguments of
the.trigonometric functions do not depend on time. The totality of these
terms are called the secular parts of the perturbation function.

Any term in the perturbation function depends on and onlx
through the mean anomalies M and M', Hence, terms in equation (58) in
which j = ' = 0 do not depend on (& and &% . If R denotes the secular

part of the perturbation function, then

()/‘)n

de

Referring to the first ofequations (41), we note that the expression of
g% does not involve constant terms. In other words, a does not have a
secular perturbation of the first order. The last of equations (41)
indicates that the average durnal motion will also not have a secular
perturbation of thefirst order. This result holds for the mutual
perturbations of any arbitrary number of planets. It leads to the
following fundamental theorem.

The semimajor axes of the orhits of planets and their average durnal
motions do not have secular perturbations of the first order relative to
masses.

Laplace (1773) proved this theorem for terms of degree not higher
than the second. The general proof o¢ this theorem was given by Lagrange

(1776). 1n the year 1809. Poisson showed that there are no pure secular

terms in the perturbations of the semimajor axes and among the second

-
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order terms(l). In the year 1878, Spiru C. Haretu was able to find
third-order secular terms.

The other elements e, 1,fL, ... have secular perturbations.

For ex-wmple, Leverrie found that for Jupiter

e 00488008 00CH T0H 19 7T — 0000 00467 77 - 0,000 0000009 7
[=1 IS8 0 =207008 77007014 T-
- U9 235709 L AL3TTUOR T 12680 e T 03t 7

o= 12 1314739 § STO3 02 7 BV A086 TE— 0 0172 7,

where T denotes time iIn centuries (36525 days) counted starting from the
mean value Paris midday time on January l.o, 1900.

Secular perturbations have always been connected with the stability
of the solar system. However, it is necessary to point out that, even
if the convergence of the series (56) could not be proved for an
arbitrary time t, the presence of secular terms in various-order
perturbations would not be sufficient for concluding that the solar system
would be unstable. In fact, the expansion of periodic Functions of time
in powers of the mass can involve an infinite number of secular terms.
For example, let us consider che function sin (mat), where m is the mass
of the perturbing planet and a is an arbitrary constant. Expanding this

function in powers of m yields

1 .
AN omt — o B
1y !

Thus, any method of integration of equations (54) and (54'), based on the
expansion of the solution in powers of the perturbing masses, will lead

to secular terms, even if the solution is expressed in terms of periodic

functions of time.

(1)

This result is known as the Poisson theorem.

i

..“’
N
w ~ €.
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18. Poisson's method

When the secular perturbations of the angular elements .. ,7 andé¢&
are large, it is sutfficient to apply the method of integration suggested
in ¢! 15 because of the slow convergence of the successive approximations,
This situation is met with in the theory of lunar motion. There, the
secular perturbations produce variations in the perihelion and node

@

longitudes. “hese variations are given bv

= 3MO2I67052 0 1401 5007 18 1 37706 7 — 070487 T
L= 200 752070 - 0291100 1 TI AR T 00077 7

where T derotes time in centrueis of the average Paris astronomic time,
starting from January 1.0, 1900.

Poisson (1835) sv gested a special method for the integration of
these equations. This method is to include in the first approximation
the contribution of €4t secular perturbations of the angulur elements to
the periodic inequalities. Denoting the average longitudes of the planets

by

where

! ’

o /‘/: i, 2 / =,

we rewrite equations (54) =~ ° (54') in the following general form

(1) The numerical coefficients in these equations are taken from the

table of Radon (see 117). Heisen's (Gajzen) tables yield

A B TP PioX oo os (R N A T TS AP T A
S I (T P T U PR VA B B I T TP I A RV TR AL
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del ,
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dt = m ("* 1y %, T, et "“r‘,i Q,' o) ]
!
a- =m Wi o, Q= e o
i A s ST LT |
dy ‘F o
df = Il (:'*'."v = Tpe ';s+p’QI- )
. Let
Qb bamt, re=r, bAmt, e ey -yl

wherex , B and d/ are arbitrary constants and @ ,77 and € are the

new unknown. Substituting these expressions in the previous ones, we

obtain

dh , ) ; ‘

g = meom Hie togbm't, hemam't, . ) l

Ty 1’ B ’ ’

Pk mA om e e m't, h-bam't, oL L) ‘ (60,
S

As we have done in 415, let us put

=) beah b A
. o
TP PN SRl TN

where &n denotes terms proportional to the n-th power of massec m, M', ...
We substitute these expressions in equations (60) and expand the functions

@ s ++. in series in the following way
Y R N NIRRT ¥ AT Tt o)
Jav )

l. y e v ! . .
J. (e RE ' ) ()'_'('1” S R

~



- 71 -
This means that we are going to take as the incremencs of the argiments
only the periodic terms &G,,g‘é) - 819) -- and not the secular

elements m't , m't and m't. We obtain in the first approximation

dh o , ‘ .
Jt R B N SR IR N AR L S A -}

(61)

Integrating these equations, and equating to zero the secular perturbations
of 0, 77 and € yields three equations for the determination of the
quantities o , 8 and ) .

We note that the integration of equations (60) has been made in a
way as simple as the method of succe-sive approximation. The reason is
that the elements %2 , 4L and 77 appear in the expansion of the
perturbation function only in the arguments of the trigonometric
functions. Actually, since the perturbation function is a periodic
function not only of A\ and ‘\' , but also of -2, T ,7 and 7,

then its --n:nsion is given by

R--LNcos(jr-1 ) h-p fre ks R'm'y.

In the Poisson method, one 18 not very strict on the expansion
in powers of the masses, since in the arguments of the veriodic perturbations
there will be terms llke x m't, 2 m't, ... having masrs m'as a multiplier.
In other words, part of the second-order terms will be taken into account

in the fir:: appro:rimation.
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CHAPTER 1V

THE CANONICAL ELEMENTS

19. The canonical equations

Let us consider the motion of a system of n material points. W:

and z,. We assume

and coordinates by xi , yi i

denote their masses by o,
that the interaction between tne particles is described by the force

function U. The motion of the system will then be described by the

following equations

mx o m, 3 o n v
- ) v , Inz == ot
().\." i ‘)y oo Sz :

=01, 00 L n—1)

There are several methods to replace these 3n second-order diffcrent-
ial equations by 6n first-order equations. The following method is of

particular importance. Let us introduce the following notations

X T omx,. oy, oMy Z mes,

R !

The “:ine*ic r.ergv of the system will then be

g1 .
= \\‘nh(xf byt
o damesd

=IN Y ey

'._’.—m‘ T

It is casy to see that equations (1) are equivalent to the following
equations

!

dx, oM dX, ot

dt - 1).\: ! dr o,
d}" M . ,_'"\.v' o ol
dt 0y, AT
daz, g/l dz’ ) o
de e o v’ 0
: RIGDy
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where

H=T-—-U,
is the total energy of the system, since the force function is equal to
the negative of the potential energy. These equations are known as the
canonical equations. The function H is called the Hamiltonian of the
system.

Let us now consider the mdre general case, when the positions of
the points of the system are defined by the S parameters 9y> 95 -o- qs.
which may be subject to a number of holonomic constraints. These
parameters are called the generalized coordinates. The value of S
defines the number of degrees of freedom of the system. In this case, the
equations of motion (1) are transformed into the following Lagrange

equations

where

Lo-T- L 4z
PoO

is the Lagrangian of the system. 41475:

We note that when we express therectangular coordinates in terms

of the generalized coordinates, the kinetic energy becomes

LY A4y -1 A, (4

. 1 \NTYN\Y. , Y

where A A, and A are functions of 9y 5 14

ik * "k

over all cf the indices are carried from 1 to S.

gr cee Ay and t. The summations

We can now show that equations (1) can be replaced by first-order equations

having a canonical form. We introduce the subsidiary unknowns

oL

g,
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which will be called the generalized momenta. Since U does not depend

on the derivatives, then

L}

pl':l:"tkqt ; A ‘4)
]

Equations (2) may then be replaced by

dp, oL ol -
= . p‘ Lzt . to)
dt dl/‘ Jq

To eliminate 9, we use equations (4). We are able to solve these
equations relative to ék since the determinant formed by the coefficients
Aik cannot be equal to zero. Indeed, in the case we are interested in, the
halomomic constraints do not involve time. Therefore, in equations (3) Ak=O
and A=0, If the determinants formed by the coefficients Aik were equal to
(1)

zero, then there would be nonvanishing values of qk’ for which

and consequently T = 0. Evidently, this cannot take place.

Let us introduce the following quantity

1! AR , /..

I

which is a function of Pp > 9 and t, since d; cu. be expressed in terms

of p. according to the above arguments,

1) To simplif; the formulae, we shall not indicate the limits. of

summation whenever all of the indices run through the same values

1, 2, ... 8, as in the present case. It is also possible not to
indicate the summation indices if we introduce the 'rule of dummy
indices'": Summation is always carried out over the indices which are

repeated in the summand at least twice. Yor example

\ oL b Y e o d b
"‘ul’ ' An ”;l 1A f ‘l‘fl;lr !

Such indices are called dummy since rhey disappear after summation.



- 75 -

Varying Py and 9 will lead on the one hand to

V! ‘v’I
vt N 0N /711.",.

— D ' — Y,
and on the other hand to

AR 7,}_'[)Lt[i ol

b} . \ 4,/_ . A li/. .
= \.ﬂ q.6n, - N 24— s o Ye N\ “Y,
vt L & A —— { (,!: ame (}q‘

Using the second of equations (5), we obtain

)
o7 N q,.p, N “y

¢

et )
Comparing the two expressions of 8 H, we obtain ‘thG[‘
oF te
£ Pugy”
ol ol O ISR
N v'p‘_' oy, i Yy,

Taking into consideration the first of equations (5), we finally
obtain

dy, oy dp, ol

. (6
dt up, dl oy,

D
®- 1.2, . . .,8

If the Lagran;ian L, and consequently th2 function H, do not
explicity depend on time, then equations (6) will have the following first
integral

I const,
winich is nothing else but the kinetic energy integral. In fact, this

equation can be rewritten as

\! 9, al. L = consy,
AJ ()(,~
or
A o/
™ . / "

S q
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In our case, T 18 a homogeneous function of the first order in qQye s and

thus

YA
A N

dans ° o,

Noting that L = T + U, we write the complete integral obtained above
as

= 11 const,

This is nothing else but the law of conservation of energy.
The canonical equations have several remarkable properties. We
are interested in the most elementary properties of these equations

which can easily be deduced from the following theorem.

Theorem I

If the general solution of equations (6) is given by the following

equalities

P AT RO R (3 At

! il -

where X,; X,"- 3& are constants of integration, then equations (6)

-

are equivalent to the following equations

) dq, 0 Jy ,
¢\ P, — N o1 (8)
(Y amd ‘0"" O amd T o 1,

"

(F=1.2,. . .,29)

First, we show that equations (8) can be easily inferred from equations
(6). Indeed, when equations (6) hold, the evident identity

J \1 0(//: _ dJd \‘ '){,/; _ \‘ "’nl. d‘“ . \‘ ()pl,‘ d(j,‘, (9)

0! v /’fe()-;l (1, a— ol i Y,  aws 05 01
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leads to

ONY, W ANY, Y N\YOHIL N\ OH 0P,

) —_ = v
O ud P ¢, d-:'.i-l P ar/ ., ‘"/A Jy, i ) o) ' ("))

which are equivalent to equations (8). Conversly, transforming equations

(8) into the form (10) and using identity (9), we replace these equations

by

\w(dpk oH \ 94, .\1("% a//)dn

-\ Ot dq, }dﬂ;l -\ —dpk 97,

(-=5Lo . . .,2s)

These equations ~an be regarded as a system of 25 lincar equations in which

expressions

(l'ﬁk . :'H) (00. M
o 9 T\ '_(’I’A

play the role of the unknown quantities. The deterdinant of this system
does not equal zero, since equations (7) are solvable relative to
d", 5& c- - 5113 . Therefore, the expressions just writien must
vanish., Namely this 1s what equations (6) state.
Annotation
The canonical equations (6) will nct be altered if we interchange the
positions of P and 4 and at the same time replace t by -t. By means of
such interchanges, we can obtain from each property of the canonical
systems, a riew. property. For example doing such permutations in theorem I, we

find that theequations are also equivalent to the following equatiouns

A \) . o . 0} \\‘ Sy, A

N ot 1 e (M et

v ', '

20. The canonical transformations

Let us replace in the following canonical equations



oy —

the variables 9 and Py by new variables, Qk and Py as defined by

()‘ -"',\”-’71-- C P

I‘.:‘.'l.‘_”,l/h- . --ﬂ’,-pl-' . "px) ‘ll)

The canonical system will then be transformed into a new system., The
following theorem specifies the condition for the resulting system to
also have a canonical form. The corresponding transformations will be
called canonical trnasformations.
Theorem II:

If the relation between the new and old variables is such, that the

expression

Yo do,— 2P A0, W (2)

is & complete differential of some function W, then, after the transfromation,

equat:ons (6) may be represented in the following way

“’0 17} I’\' dr ,4 l’/\
at Tor o a e, (13
where
. JI
KN N4 or "

Here, it is assumed that functions H and W have been expressed in terms
of the new variables Qk and Pk'
To prove this theorem, we note that equaticns (11) and (7) allow us
to express the variables Qk and Pk’ and consequently the function W, in
terms of 3’.) Xz‘,- - 323 and t. In equation (12) we understand that

dW is the complete differential of the function W only with respect to

the variables Qk and Pk’ where we consider that Py and 9 are expréesed



- 79 -

in terms of Qk and Pk’ although the function w may also depend on time t.

Therefore, it follnws from equation (12), that

Vo N o
- Al e Kdr Tt !
\
\' dy, N P 00, v ‘ (lh
e pk d"‘ amad .(’ ':’ i l’1l ' }
where
- . N 0o Op GINAL
A o Y RS Pa
i \' : 1"y ‘ s i | R QgAGIf r
(el . - . e ‘ vda AL,,]“::
ald M ! : N
Y -

Now, if W is expressed in terms of X.) J&J 53)“'525 and t, then

el ' A

o /] Syt “'

’

Differentiating the first of equations (14) with respect to d}~ and

the second with respect to t and subtracting them term by term, we

obtain
/ . ) ’ ,
Ny I g oW
ir 14 - \ 4 - i ) -
00— l"l. “l o "{ (:‘ \ ot
1o It
d \\/) e o N e
A am ' onnd !

Applying theorem I to +the left-hand side of this equation, and noting
that

Ji \" alfo00, \ HuP,
o, a— )l — P, 1,’;-'
J ( dlff’) N\ W A0, \ sWoap,

K\ M) e 0000 07, i OP 00 07
! [

we obtain
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where
/
A-- H-f— A" ¢ ‘
ol
On the basis of theorem I, it follows from these equations that
do, ON dpP, JN
de CorP, dr T W
This is what we wanted to prove.
Annotation I
If the relation between 9 s Py and Qk , Pk are such, that
X9dp,—Y QdP, -dW',
then, after the transformation of equations (6), we obtain
9, K dl oK
dt ur,’ dt 0Q,"
where
) oW’
"= M- ;
K o
In order to prove this, it is sufficient to vse the substitution indicated
at the end of the previous section.
Annotation II
The conditions of theorem II are often expressed in a slightly
different way. Let us add cquation
N '.,',‘n'fl) M ,"',ul, - N {"'(/)»." 'A‘
term by term to equation (12). This yields
Yodde N ds,
where =

5 Wy,
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Therefore, starting with the arbitrary function
.\‘(:. ‘/}t . . Jev /" ¢t e I)‘)'

and using equations (*), we obtain a canonical transformation.
In conclusion, we give some examples for the applications of

theorem II.

Example I
Let
dryon 2 cos o pr o 20, sin e
g, O, p P 2080 0 )
Since
Qudp, — 200 o PP cos P osm Py,
then
b o | ! K
qadpy— OdPy QoS 2P0 s 2Py d ( S s 2P )

Hence, the conditions of theorem II are fulfilled here. The canonical
system obtained as a result of this change of variables may be written
immediately.
Example 11

At the beginning of the pr..ious section, we have seen that the
equations of motion in rectangular coordinates (1) may be easily
represented in a canonical form. Theorem II allows us to show that the
canonical form of the equations is not violated by the transition from
the rectangular coordinates to any curvilinear coordinates. We have

already obtained this result in the previous section by another method.

oy
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We leave it to the reader to prove this result using theorem II.
Example III
In practice, it oftenly happens that Pk are linear functions of Py
and Qk are linear functions of 9y In this case, it is sufficient for the

transformation to be canonical, that

L2000 Yp4,

ORIGINAL PAGE:
OF POOR QUAL ;™

Indeed, ko will be related to qu by the same relations that related

Qk to 9y Consequently, it follows from the previous equality that
YO0, Ipug, 0

21. Jacobi's method for solving canonical systems

Let us consider the canonical system

Introducing the new variables Q, and P, , related to the old ones by
k k

Sady, LI o
we obtain, on the basis of theorem II, that

AI/') N g NN
Jr na ' e e

wliere

AR
N SN
\ ot /

System (15) will be resolved once we find a function W for which K = 0.

Actually, equations (17) yield

where QLk,and ﬁ%? are constants of integration. On the other han’ we

obtain from condition (16) that

T
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where we suppose that W is expressed in terms of 9 and Qk by means of
equations (11). Replacing in W the quantities Qk by Ciq<, we obtain the
function W(t, Gy 5 Qp s oes Qg eoes O 5 oany X * that satisfies the
fullowing relations

o\ ate
4"]‘

18
These relations permit us to express Py and 9 in terms of t and the 2s
arbitrary constants ka and IQQ and thus give the general solution of
system (15).

We know the expression of the function H in terms of Py and 9y Let
this expression be H (t, Qq 5 G5 eres Ggs Pys Pys eees ps). We may write
the equation K = 0 that defines W in the following way

oy AR 0

o 7//(H(L, Co " e ) ", (Y

Thus, if we <onsider W as a function of the § +1 independent variables
t and Qg5 s eee Qg s then this function will satisfy a first-order
partial Jdifferential equation. Any solution of this euqation which
will involve S + 1 unknown arbitrary constants, will be called a
complete integral.

In the present case, the unknown function W enters equation (19) only
by its derivatives. The solution of this equation will then involve S
arbitrary ccustante, among which there is no additive constants. The
complete integral is simply obtained by the introduction of the (S + 1)-tb

addetive constant and will have the form

Wi, L R (20)

I/ OF POOR QUALI™™

»
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Thus, we are lead to the following result, which has been repres.ated
by the well-known Jacobi theorem,
Theorem III
In order to solve the canonical system (15), it is sufficient to
find a complete integral of the type (20) for equation (19). The general
solution of system (15) is obtained by finding a4 and Py from the following

equations

/v

where /3,) ﬁa‘) ..... :”é% are new arbitrary constants.

The Jacobi method consists in applying this theorem by integrating
the canonical systems. The constants><, and éﬁ( that appear as a result
of integrating the system by this method are called canonical constants
or canonical elements,.

It is easy to obtain the complete integral of equation (19) when the

function H does not depend on t. Indeed, substituting in this equation

W -\ ”)

[

!
we obtain for the new unknown function W' the following equation

‘/ ] ’ /
Higy . e e
’ ‘ Ih)r ' ”'/'

where o¢ 1s an arbitrary parameter. The solution of this equation involves

s-1 arbitrary constants o, oy, ---- among which there are no

)°%~1
additive constants. Once this solutjon is ifound, equation (21) can be
used to obtain a solution for equation (19) involving the s constants

cx;p°‘u)°(1) ----- 4. The genvral solution of the canonical system

(15) is then given by
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where /3 ’ ﬂj ﬁz coey s ’ arz new constants.

It is interesting to note that the simplification of the integration
of system (15),achisved this way, is a consequeace of the existance of the

first integ.al
11 const,

22, Application € the method of variationef arbitriarvy constants to the

canonical elements

Let the following canonical system
1!4/, Uy p o

V7| ap, ! dy

be solved by the Jacobi method. W2 have already seen thai the solution

d, N LRI S S T 1)

(R , TR Co,

v woll, 1 u L

. (2
1 Y ’ I sere e R ",, "-- e e ‘4‘;

is obtained from equation (18), i.e.

oA TN
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where W is the complete integral of the equation
AR AN e
e, . . .4, e e -0 S
o ! / (.c“ Y. ., . “d,> (

Suppose that we ltave to solve a new canonical system

df}b aull N (‘,“A RV
dt P, dl . '

{0

wher: R 43 a function of t, Aps co 9o Pys> ++e Pge To apply the method

8
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of verlation of arbitrary comstants, we try tc satisfy these equati-ne
again by expressions (23) considering the quantities:xa-and ﬁ%- as
functions of time and not as constants. For this purpose, we replace
the variables 9 and Py in equations (15) by the new variables °<kand ﬁl‘(
defined by equations (23). Using equations (24), we get
Yindy, - L3,d3, - Epla - -\-‘.".‘h,.. h :ﬂ'(ﬂ.;’,) =z
vV SW A%
=N N d— N2 a(w— N3, ORigpy,
-~ Y, a—d 3, o~ \ — k/ ﬂlp‘ m AL PAGE
® QUary

Applying theorem II, we write the tranaformed equations in the form

dr IR dz, oR
1y = e s ==— - (27)
d 93, at Ji,

since equation (25) in the present rase yields
JW’

Ce=(H—R) . -

K= Ry . Iy A

Hence, the application of the method of variation of arbitrary
constants to the canonical elements immediately allows us to write the
differential equations for these eloments in a simple form.

23. Canoniceai elements of elliptic motion

We shall now apply the Jacobi method to the solution of the two-
body problem. We denote by x, y and z the coordinates cf the planet in the
heliocentric coordinate system, and by m its mass. In order to write the

equations of motion of the planet,

ot/ o/ JUl/
1A Jy K

where

PR R P

{!

in a canonical form, it is sufficient to assume that
[ Al
i Lo Vo) .

4

N

(\"7
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Let us introduce the spherical coordinates

Vorcoszoost oy reos om0 s

and agree to write kz instead of k2(1+m). The Hami..onian will then be

written as

// (r.' :fv_ . r:(‘l),\'. .",’ k" 1

In this case, the Hamilton-Jacobi equation reads

OW 1w E e O '!-i" s W ’~| ST
ot 2\ or ‘ 02 ) Lo T

This equaticn explicitly involves neither t nor 6. We substitute
(see 3 21).

Wo ot W

into this equation. We obtain
OWY \* a0 : K : I T
Y I ( o ) br osectgeal 2% - U,

It is sufficient for us to find a solution of this equation that

involves one arbitrary constant. Therefore, we assume

(':’ l!"._ );‘ Coatsect . gl

dy

which allows us to write the previous equation as

( iy,

Tt gs .
d,-)w-mr A S

so tha: the variables r aid ‘f become separated. In other words we
assume that

u"| - W : W

where W' is a function only of 97 and W" only of r. These functions

can be found from the above-equations by means of quadratures. We thus
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G
" 2
obtain R 00400
: 4 €,
W —a/ !t oahe / Vi —alsectods - / Vi } Cker Yoar dr

"

We fix the lower limits of integration in order not to introduce unnecessary
arbitrary constants. We take (f = 0 as a lower limit for the first
integral and the smaller of the two roots of the expression inside the
square root as a lower limit for the second integral.

According to theorem III, the general solution of the equations

is given by

In the present case, this solution will have the form

1

ﬁ l / (21,- DNy '—-1‘1 oo dr (.
7.
.
. . ) , ¥
. "1, / weTp i, 3Nt )ty N
. ., N , 1 . oy o
3@ / (3, -2, seC” N vy :1:‘/ rolr, VN ealr ) dr. ()
M .

u

These relations define the coordinates v, 9 and (‘/ as functions of t
and the six arbitrary conmstants &, , of, »%; » /@ »/3, and ﬂs . The
latter constants are the canonical elements of the elliptic motion.

Let us now find the relation between the canonical elements and
the conventional ones. Equation (28) indicates that r should vary in
the interval

rl)..,. rll

where T, and r, are the roots or the equution

Do, -t 2k — 1% - (),
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In the elliptic motion, the limits of the radius vector are a(l-e) and

a(l+e). Therefore,

Hence,
e o=y kel ) kyp,

On the other hand, denoting by T the time at which the planet passes
by the perihelion, we obtain from equation (28)
3y~ —T,
because r = T, at the moment of passing by the perihelion.
It follows from equation (29) that

5o-alsecty =0

or

4,
COsy 3 .
AN

Noting that the lower value of cos cf takes place when qp = + i, where

is 18 the slope of the orbit, we obtain

) . .
RS I

When p = 0, the planet is at one of the nodes of its orbit. Therefore,

we can consider, on the lasis of equation (29), that

Now, we consider again equation (30). Instead of the latitude ,

we Incroduce the argument of the latitude u. Since

sin s,

then, substituting the values obtained for °<Landc(5 , we obtain

! " !
a, /Ilz;"~-~ aisec'y) e r--/ (I —coviisecig) < secgamnicosudn u,
v .

RN



- 90 -

Hence ORIGINAL PAGE IS
’ - ' 1 OF POOR QUALIT’Y

SalrY) 1 ar,

U~ fy==1, _/. rt (2e, + 2

s

At the moment of passing by the perihelion, u = ¢V and r = T s 80 that
I

Thug, we obtain the following system of canonical elements

R? oy
%y - a ' rql 7

ay=&y\pcosi, 3,1 (3

o

]

-

-
N————, > ——

a'l-"k\’p; o B -

We shall evaluate the average longitude for the perturbed as well as

the unperturbed motion by ( s 12)

]
beoo - /.ndl.

On the other hand, we have for the unperturbed motion

h==n4-n(t— 'I')r:-u.-f-lll,‘

Hence,

or
=, (32)
To conclude with, we express the elliptic elements in terms of the

conventional ones. We obtain

b
a - - . t) N
2q,’ <k
RENE
| UL .
A AV B4 (43

3

. G»_,. . , .
Los - n.' B ’1! ! {,J i r;l" .(_‘ ‘o)'a”"
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24. Application of the canonical elements to the derivation of the

Lagrange Equations

The canonical elements have the advantage over the conventional ones

in that the equations for their variation during the perturbed motion,

are very ~imple ( S 22). These equations are
dr,  OR d3, o

= —

a oyt i da (k-- 1,2, 3). (34)

13

However, the conventional elements are used in the actual calculation

of the positions of the planets. Therefore, it is useful to derive
equations for the derivatives of the elliptic elements. For this purpose,
we differentiate equations (33), and taking into account equations (34),

we obtain

da 20 oR
a Tt k03,

de.  a(l—e') OR  nay)—er OR

dt R3e o ke a3
di osecd
o « osecr cosi IR _ oR
dt kya{l- ) X
& 0R
dt T o,
ds __OR iR
dt 01, da
de =___dl\1 IR —n oR da oR
dt ‘a3, da, da, M (¢ =) 0B,

These equations enables us to express the derivatives of the perturbation

function with respect to the canonical elements in terms of its derivative
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with respect to the elliptic elements.

o” _
0%
oR

o8
oR
98
R
da,
oR
l”-.
R

‘,a:

» R

[/]3
I, R, R
oL ' 0r T e
oR | R
Jdn +'b':
2a® OR " :_{Q:— e?)
b ga o

—cuostcd OR
R\Va(l —ey 0i
_vall )R,

bor Je

It 18 easy to see that

oR Ja aR
0 g Ty,
clger IR

byall —ey o

Thus we obtain the following equations, which we have already obtained

by another method in chapter III,

d
ot
de

df

di
t
al

dt

_drr
dt

de
dt

Cosee

iyl

Cosec !

na? i

naty L= 0

i
‘)

ty

) O OR

na Jda

):\‘ l'\ I ¢ ! ‘g‘/“b
L N B T TR
i
Y
IJR B AN I
. e
e’ oL nat - et ( or !
(‘/\'
ed
ORI e OR
nate  oe
tgr !
) R oN | eyl e? I JR

natyJl — et i

(3
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3/2 b

We remind the reader that in these formulae the quantity ka is

denoted by n. We note that the last of these formulae can be understood

in two ways. On the one hand, if the average longitude of the planet 1is

evaluated by the formula -
he=e-}-n(f 1) =2:-}-ka j(l-—-lu), (36)

then R will depend on "a" explicity and through A . Hence

(f ‘0)5

“\Jda oova " \oa |V ve 0

dR_ oR _{_0/\’ 9k IR\ | OR oOn
da

where the derivative on the left-hand sides corresponds to the total

variation of "a", which E%Ei) is the derivative evaluated when

is kept constant. On the other hand, if the average longitude is
evaluated by

. .
hose —§j ndt, (37)
f

where n denotes a function of time defined by

Vdn . 3JR

(:18)

dt Tat s’
then, it is necessary to evaluate the derivatives of R with respect to
"a" in the last of formulae (35) fixing the value of X , i.e. to take
instead of -%2E . In this way we avoid obtaining a term, that
increases with increasing time, on the right-hand side of the last of

equations (35).

/
25, The canonical elements of Delaunay and Poincare

The canonical elements, defined by equations (31) suffer from a
shortcoming, closely related to what we have seen in the end of the
previcus section. The element ¢X,enters the perturbation function explicity
and through n. Thus, we will have on the right-hand side of the following

equation
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a term proportional to time. The canonical form of the equations will
be lost if we try to bypass this shortcoming by tire method suggested in
the previous section, i.e. replacing the element & , given by equation
(36), by the element € , given by equation (37).

Delaunay suggested the introduction of the elements

1
L=RYa =k (—21)
4 W
wn(t—T)=ka -8)) -k !(—'211)“("%31)-
instead of the elements &, and ﬂ' . Since the difference
3day = ldl. -~ -~ tda,
is a complete differential of the function W = - tot; , then on the

basis of theorem II (§ 20) we obtain again a canonical form after the

transformation. Introducing the following notation

]2 = //n "l‘l == (ii :q.' . l’n .ViJ = }\'o
we obtain
dL. R al- oR
dt dt oL
dG. oR’ da oR’
/T dt ] (49)
dit - oR' dh oR’
dtdh? dat T on
vhere

Y
N /\'—01"‘/\"FQL.¢-

.? L N,
R S vy

s e
LI LTV

-

P
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Delaunay elements are expressed in terms of the elliptic elements by

L=kya, G- -kya(l—e), H=kyYa(l—e)cosi

l-=n--T), g- = -9, h=L, (10)

Hence, in this system, one of the elements 1s the mean anomaly e .
The elements L, G and H have the dimension of areal velocity, while the
other elements,uf ,» g and h, are angles.

It is possible to find other homogeneous canonical elements, which
have some advantages over Delaunay elements., First of all, following

’
Poincare, we consider the following system of elements

L kya, R

bR aql =)= ey, Wy

{1l

o RYall el cosi); b e e

where A is the mean longitude. This system has the advantage that

at small eccentricities and slopes, the elements f; and ‘P-l are also

small.

We prove that, in the transition to the elements (41), the differential

equations (39) preserve the canonical form. We consider the expression

WLV gdG - A-hdl] =0 dl - woydoy = oqdag,
which evidently equals
ldL-t+-gdG-| hdil —(I4-g-t-h)dl 4-(z | b)(dL  dGY4-h(dG -dlt) 0,

so that the conditions of theorem II are fulfilled.

In addition to system (41), Poincard also introduced the following

system
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L=1tya, bl -x
£ - ‘/2{,1 cos m, ; == /2, sinw,, (42)
L=V cos oy My 2, sinw,, ’

which is canonical in the light of the arguments given in 5‘20
(example I). The elements Eg‘ and 1‘ are of order of magnitude cf the
eccentricity, while éz; and ‘2; are of the same order as the slope of
the orbit,

The characteristic property of thecanonical elements (40), (41) and
(42) is the choice of the mean anomaly or the mean longitude as cne of
the variables. Levi-civita and Hill were able to find other canonical
systems, in which one of the elements is the eccentrisity or the true
anomaly. De Sitter and Ardoyer developed the general approach for

1)

obtaining such systems of elements .

(1) T.Levi-Civita, Nuova sistema caninico di elementi ellitici, Annali
di Matematica, Ser. III, 20 (1913), 153.

G.W. Hill, Motion of a system of material points under the action of
gravitation, Astron Journal, 27 (1913), 171.

W. de Sitter, On canonical elements, Koninklijk Academle van
Wetenschappen te Amsterdam, 16 (1913), 279.

H. Andoyer, Sur l'anomalie excentrique et 1'anomalie varie comme
elements canoniques du mouvement elliptique, d'apres M.M. Levi-
Civita et G.,W. Hi1ll1, Bull. astr., 30, 1913.

o~
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CHAPTER I

APPLICATION OF THE CANONICAL-VARIABLES IN THE STUDY

OF PERTURBATIONS

26. The canonical form of the equations of relative motion

The transformation of the equations of motion of a system, for which
a force function exists, into a canonical form is carried out in d 19. 1In
the present section, we consider the equations of relative motion. When
the motion of points m (x1 » ¥p» zl), cevs @ g WX 4 Vg zn_l} are
related to point m (xo, Yo zo), taken as the coordinate origin, the

equations of motion are ( { 3)

12 X an

t '.,»; k“(m(): /71) '1 - v ‘

dre oY dx 1
¢ ' ) (1)

PR . e - ® e« 8

1,2, . - ),

where Ri denotes the perturbation function that corresponds to point m, .

To each point m, there corresponds a force function

k*(my-m
U - (o ”')+-R

i r o
!

Thus, equations (1) may be transformed iato the following forrs

dx, ol dx oM
dr = ox ! dr - ux,
dy, oM dy’ i,
de oy dt T oy,
dz, ol dz! oH,
dt 9z’ a2

where
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These equations are not canonical since the function_QEI PO@% GUA,T H{; 1
are different. Poincaré'called these equations semicanonical.

It is useful to obtain the equations of relative motion in a
canonical form. For this purpose, it 1s necessary to choose the
relative coordinates in a different way. A convenient choice of

relative coordinates is given in & 4. In these coordinates, the

equatirns of motion are given by

d'.," o

* drr X,
d:y ot
! 22 . D
E oy, ! (=)
d*z gt/
W ! = ]
ot ‘y‘,’ '
where
m(nm, moyo.oo. bmo)
[ TR . .
i Mo }nn-& .}-m, '
mn
U 4 NN

ARE s sl A
' J "

These equations have the same structure as the equations of the absolute
motion in the presence of a force function. They cait be transformed into

a canonical form in the usual way (§'19). Agsuming that

AN C ,
ro- q::-!glﬁ*q'yﬁ S

. Moo

Y = gt'xl, y' B»y N IR

we obtain
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dx, 0l dx, oll
a ox’ @t mdx‘ .
d oH dy o '
u =g = ) (3)
dt oy ot vy,
dz, OH dz ol
dt 0z de T T er )

If the masses m; s Wy, eee, M o are small compared to m, then
their mutual gravitation may be neglected. We may then take instead of

U the function

n ot
m,m
Uo = ";' \‘ o
Ay r

1 1

where
TR Ve IS P o P
Consequently, the equations of metion are devided into n-1 separate

systems, For example, equations (2) will have the form

u Y . Rl Iy . ¢

\

dr Oy . mno ' !
: (

l

)

Hence, in the first approximation, we only have to solve a two-body

and z, as functions of time

1074 i

We shall take as orbital elements

problem to obtain the courdinates x
and six constant orbital elements.
the second set of canonical elements of Poincarel ( é 25). We denote
the elements that correspond to point m, by

Ltz Y

: v
R LA R TP I AR

In section 25, it was convenient to avoid double indices. Here, we

shall adopt the notation
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C e e — .t b x oo

L | e i T bt - b > v,
- . RN
- ‘St ’ \a— e " - o s Y
¥ . ’
. Y . o ' v ) - ¢
N . t - ) ‘ - *
. r—vwm,--.,— T W RTINS (I SIS IIRUTIT! TSR 44 R Lt S T S iy i | R WL Y T . | R ——E, ., iy -
| T k p——
~ ] PALIR
§ [
£ 1
- ; ’:':
-~ - . 7
+
— - L_ -
L) | N, 2T v
v, HE § T, =
[P [INE tr,2 7 Ty

Thus, we obtain in the first approximation

A B H
x Ju, L, LTI . T

)
y'-:.: ,(f, 1.’, L e . e e e e )
2w, L, )

t v 1
i,yiandzi.

We apply the method of variation of arbitrary constants to obtain

i as well as similar expressions for x

the general solution of equations (3). We replace the variables

] \J \J {
X, Yy s Z;» Xj » ¥; and zJ by the variables Lj’ jxj, E; y and 77 3
using the equations just written. We choose as a perturbation function
the quantity

R=-U—1],

since, in this case,
Ho T~ Uy-- R,

We obtain the transformed equations in the following form

dl.  on’ dr, IR’
i/ ”}‘. dt = cil,
u‘;/ o ok ‘1"/ B ,)/\*’[ (4)
dt oy, T
! 5 l
(feal, 2,0 0 oy n—1; J=1,2 .., 2n-2),
where (& 25)
(| .
K R \ ko < My pomy- o bem v
e myim .t ) e

since, in the present case, the quantity k2 for point m, should be replaced

i
by him
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It is useful to note that the replacement of R by R' is connected with

the choice of the mean longitude ck;as one of the variables.

We finally apply equations (4) to the motion of three bodies having

magses m_ my and m,. In this case,

. L, Pomy)
MR '_ k'f.’lu ! l)

1

wheare

3. . . / 1 l\ + " 1 l K . l
R Uty kmm, \ fx,) v . L, r,) - dmymy

AN

Fquation (16) of Chapter Ilyields

A (‘_ L X B ¥ 1y Ay ) . ( '
" S . B P ' R I
ma -, my~i- my

/

2 mexy \* mieyy N
32 on ( Xy — iy, = T aen
\ m, - m‘> ' (y_ my - m,) +< !

In this way, we obtain
b krmym

1
L IR
vokmam. -\'-o ’:) ' YA

27. The integrals of area

Qi I _/.-'1_.)3
‘_’m"’.ll' Colmy-y my o

mzy \°
m, 4

Myl :
m,- ,L Iily . )

(H)

In 4 4, it was claimed that the form of equations (2) was similar

to the form of the equations of the absolute motion of n bodies, and for

this reason, both sets of equation should have gimilar integrals of area,

Thus, in the three-body problem /i = 1,2), equations (2) will have the

following integrals, which correspond to integrals (6) of S 1,

rA S — o) g (Vasy — 2vs) = 0
(S =X 2y) b (TN — X)) =

1 ("'l).’l - \:‘) 4oy (~‘:..V: - .V:-;f.') C,
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where

mym, L. my(m,-y-iny)
m,-{- my" T omepomyomy”
We shall use the elliptic coordinates as an intermediate step to
express these Integrals in terms of the canonical elements. In the case
of unperturbed motion, the areal.velocities are expressed in terus of

the elliptic elements by

Y=y - Gsinisin @
| TX--X> - (isinieos Y

Xy — yx -+ Geost,
where
G- hya(r eh,
These relations hold also for the perturbed motion because we are using
osculating elements. The relations between the elliptic and canonical

elements ( ¢ 25) yield

P (rvos i
and thus
G g bl ) 0l
Consequently
- . . ‘. ! i
(s am Y s Gsing , 1, \ L—uy— 0
o ' K
(isimivosw (jsind P s [ !
o Ustd s ‘ fo— — ) b
Jng IR

We thus write the integrals of area in terms of the canonical elements

in the following way

! 1
Y, / — / . - (‘
1 “, " l/: /4| "Il 1 0 ;"l, " !L.-',‘,'_ " !/ [‘,: — "‘2.. o p.. A

i1/ ! % :
!ll e l'/ l.i :l'. 1 S "l,l . f 1ty ;-', o l/ /_., —— .";.' Y p:‘ 2 = (,!

:""/‘l ql"|.|""'|,-:’ ! l'.’(/'! P_. “"'f‘_. _.) ==C3.
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If we take the invariable plane as the xy plaae, then C1 =C, =0,

In this case, thefirst two equalities yield

7‘1 v 1‘.', N

1, hR

or (& 25)

R LA

te
Tn other worde, the line of intersection of twn relative osculating orbits
is parallel to the invariable plane. This property permits us to introduce
one node instead of two. This was the reason why Jacobl ralled this
property the elimination of nodes. It was shown in section 2 that
the eliminaticn of nodes is a particular case of a more general property
of dynamic systems.

28, Expression of rectangular coordinates in terms of canonical elements

Before integrating equations (4), we have to express the perturbation
function R in terms of the canonical elements. The perturbation function
is easily expressed in terms of the rectangular coordinates. Thus
we start by expressing rectangular coordinates Xy5 ¥y and zy in terms of
the elements Li’ A PEEERE of this point. We recall the formulae that
connect the canonical elements of Poincare with the elliptic elements
(§25) .- Introducing the angle of eccentricity ¥ , we write these

formulae in the following manner

TR AN J SRR

-

. 1 , !
ooV Lvos s Cos W 1 — 21 Lensoan s ’
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The well-known relations between the rectangular and alliptic coordinates

lead to
Xorcosucos U —rsmusmtcos
y:orceosusin | orsinncoseosd
T oorsmusini,

where

is the argument of the latitude. These formulae can be represented in

the following way

. " ‘; v " Y
X N fces? Jcosa s sint | cos ‘2‘_'), ——
. T
== Y cost | cine - sine G Mt
- - !
M ah ‘ 7
vy X eost T AN ILNTTR T ;“J,' o tr)
L — ,
Y {cos: ) CoS v NI ooy (4~ ‘."J}l
SEe N simrsm (=) Visinscosp -9,

if
X creos(u- -0, Yo o= ah,
and M = A - 7T denotes the average anomaly.
The result which we are trying to obtain can be expressed in the

form of the following theorem:

Theorem

Each of the rectangular coordinates can be expanded in a series of
the type

e,

N EN ook L ‘ {8}

where ¢, Jot,) B, ‘,8.( and k are positive integers or zeros, H is a

constant and A depends on L.

RR
.
3
'
vy
H
K
-
”
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We first show that the coordinates can be expanded in series of '
positive integral powers of ’%1, %1 D) 7, and /7’{ , such that the ,
expansion coefficients depend on L and are periodic functions of A . .
Indeed, the expressions of X and Y in equations (7) consist of sin A and ~

cos A multiplied by the quantities

cos | e
2 . Stit K §in 29, NN sin u‘\_ (",
However, on the basis of expressions (6'),
L) H.o~ine :, R S VA PENTI ‘I);
Consequently,
i N S t P
NI ‘= ‘-
'3/.( R K ) L SN
\ J ;
cos? l, Mo 26 mp— 38 - N
- H "l(if i"t{)
We see that s:i.n2 -% and cos2 5 can be expanded in series of the required
type. Moreover, we have
bl - 200 )=y
sin i==2y/ 30 g et
. V/ b PL— 23 16

On the other hand,

)
e -7,
Y
Hence
. — “
st Qe a \ INERRARE
1 T ‘/; ' "
g, ! 1
o - e N ]
sin 20 UL A SO
A Lo

Comparing these expressions with the previous .nes, we see that the five

» quantities (9) are expandable in series of positive integral powers of
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1;1 s Z;z s 371 and ’72 . Let us now consider tke quantities X and Y.
Since .
reusy d(cos £ —y), rsine Q)i -t osin £
then
1. » LRV e 1
aA:~—-euw/ﬂq— 4—‘2 cos (&£ =) - 'QL € eteas (£ 1 3)
| . iVl —e F—'1 e
g Y=cresind g ‘2 S (E =My — l-.w-' T etsin (4 M),
Each of the quantities
Pjp e - VI—e
’ Y ’ Qe )

S E— M),

can be expanded in positive integral powers of e sin M and e cos M. This
is evident as far as the expansion of the first two quantities in powers
of e' is concerned. On the other hand, the Kepler equation

veood RENNI
leads to

b= 3 —e s 3 cos (& — My e s W si(E -3 n (o

Assuming that
w oM, Jycoesin i, S vos M,
this equation may be rewritten as

Fle z, e ),

where the left-hand side is a holomorphic function of w, z, and z, at the

2

point w = 2, =2, = 0. According to a well-known theorem on implicit

functions, if

)
of FO A w. gy sy,
duw

then thisequation has one and only one solution w =¢f (zl , 22) being

holomorphic in the veainity of point z, = 0, z, = 0, This property is

1 2

satisfied in the present case since
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o\
(dw)o =1

Therefore, we obtain from equation (10) the quantity w = E - M in the
form of a series expansion in positive integral powers of 2y and zye
We conclude that sin (E-M) and cos (E~M) are also expandable in similar
series.
Finally, the equalities
2 R I . . I~ .
S U 1) 00 con 2 s 1o 2S00 )

e cos 23 (e cos M)~ (e sin Ay
s 23 .2 2(r o1 A (e cos M)

indicate that the expression
e (E | M)
has the required property. In this manner, the possibility of expansion
of X and Y in positive integral powers of e sin M and e cos M is proved.
Since M = 7‘- n , then

esindf - ecosmsina—esinmensh
ecos M ecosmcosh f-esmrosinh

Thus, X and Y can be expanded in positive integral powers of e cos 7
and e 8in 7 , and the expansion coefficients will be functions of time.

The theorem will be completely proved when we prove the possibility
of expanding e cos7/ and e sin 7 in positive integral powers of E') 1
and /71. Firat of all, if follows from equations (6°) that

353&1[‘;_:-&!.51:1?; L —vos ) 2] VI (:>

From this equation, it follows that

Consequently,
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On the other hand, the same formulae (6') yields

ccost  esinn 4
: = = /o “
! it YEA
Hence
: 1 1
feps o Y | — s 23}
VL I VAL '+T‘1)]‘
esin w-= _Nm(l

l rn P '
VA VAL ML VR

We have proved that each of the coordinates x, y and z can be
represented by a series of the type
LB Db 00,
where B is a function of L and ﬁblﬂ) a periodic function of “} » the

o

period of which equals 2 77 . The function #(A)can be expanded in a
Fourier series
Wir) = E(C, cos kr}-D, sin b)),

Since

sin &) == cos (m. ;:)
then, this proves our theorem.

The series (8) obtained above converge for small values of Eﬁ:l s 5, 9
’71_and ‘172. A more exact determination of the region of convergence of

these series will not be given here.

29, Expression of the perturbation function in terms of the canonical

variables

The perturbation function R, which we are going to study now, is

equal to the difference U - Ub (see section 26). Consequently

A tLa t, n 1
R NN e,
) .

- 'A‘ 7 A"I
(" ’ ")'

—-br: ., (i)
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If neither the quantity r, nor o equals zero at any time, when

13
L0, 00, o2,

then both of them, and consequently the perturbation function will be
holomorphic functions in the vicinity of point EL j =0, “’j = C,

Hence, the function R can be expanded in positive powers of Z:j and 1}d
in the vecinity of this point. The expansion coefficients willobe finite
and continuous for all values of t. They will be periodic functions of)\i

having a period of 2 TT: Hence, these coefficlents may be expanded in

multiple Fourier series of the type.

Yalcos (YR )+ Dsin( ko)

where the summation 1s carried over the indices ki run over all the
positive as well as the negative integral values. This result can be
stated in the following way:

Theorem I

If points M5 My 5 ooy @ move in such a way, that their mutual

n-1

separations Askl and radius vectors r, are never equal to zero, then

i
the corresponding perturbation functions R can be expanded in a series

of the type

RS AN cos (A e 4 1),

where H is a constant, the coefficients A depend only on Li and m is a
product of positive powers of Z 1 and '“41 , 1.e, m = io;‘ i;'l ‘Qm "'\?7-

4 1
The summation is aver the indices °<1 y K g 3 e bl ,§ 9 vt

and also over ki which all run over all possible positive and negative
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integral values. The series (12) comverges for sufficiently small values
of zgtiand ofi.
We now investigate how the function R can be expressed in terms of

the variables fg and UJS} related to E% and 7% by

-1/ v/ . -
5, == Z{/j CCs wl' 11] == l/~ :'/ S m}, (]‘;)

We prove the following theorem:

Theorem IT

Under the same conditions, as those which hold in theorem I, the function

R can be expanded in the series
Re-XAupun L cos(Bb 4 Yo e I, (1
which converges for sufficiently small values of §(. Each of the quantities
2qi takes the values 0, 1, 2, ..., while the indices ki and p; run over
all the integral values from -o00 to + <., For each term of this
expansion, the bllowing condition holds
2q, -ipi; 2¢,  p,(mod2). (1,

where the coefficients A depend only on Li while the quantities H are
constants.

In order to prove this theorem, we transform each term of the series
(12) by introducing the new variables‘s and @y 1Instead of the variables £,
and ”7 by means of equations (13). We start by those terms for which the
product m = 1, Evidently, these terms will not be changed, their form
will remain to be

Acos(Xk o 1), (1t

Accordingly, they satisfy the conditions of the theorem.

We now consider the following expansion:

|l)_~__/\(,;l| pf‘{. .. _‘~“\('_._{"}‘ ': }_:p/ u | 1)).
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waere q and p satisfy the conditions requine: by the theorem. We show
tret the multiplication of these terms b - " and ,47h produces a

sup .erms havirg the same type. For il irpose, we consider

expresaicn

It 18 better to c¢asider the gen-» . ression
Bl s, ),

which is evidently equal to

1
"y‘*é/‘.’"."ff%" SRR 2 CXIRY I - U S A
:'LU\'(_\_‘("/’ : :/l,w/ -y Lpop ),.

Let us consider the parti:ular case in which h = 3, After the transformation,
the coefficients 2q1 , 2q2 . 2q4, ... and 2p1 s Py s Pyos oo will not be
altered and tuerefore satisfy condition (15). The coefficient 2q3 will be

replaced by 2q3 + 1 while the coefficient Py will be replaced by Py - 1.
Since, by condition,
Y. mo(mod ), 2qy gy,

then

Y00 por Himod 2y

241 b el 2ot pa -
In this way, starting with a term of t,pe.(16), and progressing successively
to other terms of expansion (12) by means of multiplications by Zand a{ ,
we will only obtain terms satisfying condition (15).

‘
30. Poincare's theorem on the rank

In the previous sections, we have studied the forms of the expansions
cof the perturbation function R. Now, we consider again the integration of
equations (4), which may be rewriten in terms of the new coorcinates as

follows
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1 E.'u
;"\"?JLGW\ »o
d/’ (J/\’_~ d . A O,F PW
¢ (’A’ ot l’/.‘
(/3/ N l{"/ RN t i17)
dt (’1,/ dt O:/
uo-=1,2,. a—1; Y TR , n—12)
where
/\)' /\,0 /\)‘
en

I' ) k‘”}-‘ (I'lo —;‘ ”’|)." 1 (m() "*‘ m, ; I";P i
‘o " ) Ly (] Y '
2oL S(m,A-m L

e . .

while the function R is defined by equation (5). On the bs s of theorem
I of section 29, the perturbation function can be expanded in a series of

the type

R= XA o (Ski M,

where m is a product of positive powers of E;i and dzjf

We remind the reader that the coefficients A depend only on elements
Li and can have as a multiplying factor only one of the masses m, . This
can easily be seen from equations (11). Accordingly, in the first

approximation in which all m, = 0, we may write

i
< 2 —_— 0 . *4
/. '/.:, L n,o=,. A /.‘/ 'A“

] !
where the upper index zero denotes constant values,
(,/\)n

JiL
i

RV

and
raoemy bom
Lo Moo, ’ '

: My oM,

We substitute the values (18) inco the right-hand side of equations (17).

We obtain expressions of the rollowing type:
YEBens (vt =40, e

where "

11
X
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In the sscond approximation, we obtain .
S PP ’ QF P(X)R QUAIJW"

1

TR . Cota g s
1. 1.: -‘T"‘ll's' - ”fl-. ! v}«ll’l’ !
20

1~ .
S, T, 1‘,' =z ¥

] ’ 1y

in which we denote by g 1lgs o0 ﬁlft { the sums of the type

L, WD -

‘/‘017-‘_, sui(vt - H).
The secular elements Bot are obtained as a result of the integration of
the three terms of series (19), in which v = 0.

It is easy to see that S 1L does not involve any secular elements.

i

This result is equivalent to the Laplace-Legendre theorem, given in section

17, and which states that the semimajor axes of the orbits are iunvariable.
Substituting expressions (20) into the right-hand side of equations

(17), we obtain the third approximation, and so on. In this way, we obtain,

after an arbitrary number of approximations,

AL ¢ 3 l
Lo -L'+43L,, B d-bat o

.
| TN T ng > ¢
Ty * e =, -+ “T,. J

wnere each of the quantities SLi, ve.s 87 { 1is represented by a

series having the form
YA Wccos (ot D HY,
¢ o
in which m is a product of nonegative powers of E, and ¢ , while the

(o]

coefficient A depends only on Li and has a multiplying factor of mT

m;l ... where m', m", ... are integers satisfying the relation

m'c-0, o mT o0, oo o m om0
We remind the reader that the sum m' + m" + ... is called the order of the
corresponding series while the expression m' + m" + ... - p 1s its rank.

/
Poincare proved the following theorem:

Theorem

1f the mean motion of n planets is such that the following relation

holds
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where ki are integers, then
(1) The rank of each term of the expansions of 5 Li’ 8?‘ 4 g Qj

and 8'7 1 is more than or equal to zero.
(2) The rank of each mixed term equals at least unity, and
(3) The expansion of 8 Li does not involve zero-rank terms.

We have just seen that this theorem is valid for first-order
rerms. Indeed, the quantitis © 1Ly o 8 1 A {0 S l'aj and %1 7?j
do not involve mixed terms. They can involve secular terms only of the type
At, i.e. having a rark of more than or equal to zero. Finally, the
expression ﬁlei involves no secular terms. We shall now prove that
once the theorem is valid for all terms having order = m, it will also be
valid for the (m + l)-order terms. We divide our proof into three parts.
First, we deduce the expressions required for the calculation of the (m + 1) -
order term. We substitute equations (21), in which 55133 vees 25’?&
are understood as the aggregate ofterms having orders { m, into the right-

hand side of equations (17). Beforehand, we write these equations in the

following way

dl., IR "y JR R,
dr st dr oLl

1/5, _ f’!\’ dr,/ ' A )
ar o, dt o

!

Integrating the three equations that do not involve Ro’ we obtain

{ {

'
- oR N an
/,l‘ - 8 = o O
, ‘/‘m\'dl, <, f"", i, T, ["", de, (22)
It

" U

The quantity R is of the first order relative to the masses My s Myy ooe

The substitution of enpressions (21) into the right-hand side of these

- »_“_1,4 ..

el
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equations, the error of which is of the (m + 1) order, will thus yield

right-hand sides having an error of the (m + 2) - order. This allows us to
evaluate all of the (m + 1)-order terms in S Li,s 56 and 74' ’
In order to evaluate the (m + 1) - order terms in the expressions of the .. .

mean longitudes 7\1', we first consider the expansion of BR/é‘f.,' T

Since
R = Ry(Ly-|-ul,, Li4-dL,, . .. i=
=R (L. 1% . . .1 ¢ ‘\_:Zi‘:" ol + i}:(_‘mil.,al.'—f-tl'.
3 ¢ th
where o
C.- u;’;::lf‘"'

and by ? is denoted the aggregate of the third- and higher-order terms

reiative to 6 Li’ then

Noting that

we obtain, after integrating,

M ! i
. YA LI ¢ 4
. —\‘/ p an "o [ . A
LA S A ot A Y
° o o o

We want tu be sure whether the substitution of expression (21) into the

right-band side of this equation is done within an error of the (m + 2)- !
order relative to the masses. This is evidently correct as far as the

first and the last terms are concerned. The reason is that the

perturbation function R is a first-order quantity. Only the second term

is required to be considered. First of all, we note that the partial

derivative b?’/b Lt' is a sum of terms having at least the second
L

order relative to the perturbations SLk. Each of these perturbations
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18 of the first order relative to the masses. We replace the quantities
ng by their approximate values SI I.k which involve errors of the order i
mtl, Identities of the type h

AB B - NB—1 ) B (A--), ’
ABC—-ABC = AB(L— () - AC (B I) REC (A4,

« * . s & s e e e v e e e e

show that this replacement produces the partial derivative 25@}3/€9L_
to within an error of the (m + 2)-order. Thence, if we replace the
perturbation involved in the right-hand side of equations (22) and
(23) by their approximate values, which are correct to within m-order
terms, we obtain all of the (m + 1l)-order terms in the left-hand side.

We now prove the theorem as far as it concerns quantities gLi,
SZJ and S 7:1 . We first note that the multiplication of two terms of
positive ranks yields a sum of positive~rank terms. Similarly. the
multiplication of terms of negative rank yields terms of negative rank.
Hence, when we substitute expressions (21), which consist of terms of
negative rank, into the right-hand side of equations (22), we obtain a
sum of terms of non-negative fank in the expression of the integr -
Moreover, since each term of the perturbation function R is multiplied
by My Or m, , OT ..., the ranks of all of these teims will be greater
than or equal to unity.

In integrating the secular terms, their ranks are decreased by a
unity as the following formula indicates

: el

/ I‘ ,l’((o'\ = A
v JANE o {

[}

)

Hence, expressions (22) consist of terms whose rank is not less than
zero. Tue above-mentioned reduction of the rank takes place vnly for
purely secular terms., Hence, equations (22) cannot involve mixed

terms having zero-ranks.

T
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We still have to prove that the expr :8sion

: !

2 TR
28 / o it

[3 t
|

involves no terms of the zero rank. We substitute expression (21) into
that of the partial derivative 0 R/ a')\{ . Expanding this partial

derivative in a series, we obtain

R

.

() 4
(a)

-z m /)“‘_'("

2

where Do denotes those partical derivatives of 'BR/ -31\. with respect to
the elements, in which the values of the elements are replaced by the

follcwing initial values:

AT IR BRSO S A
and R denotes a product of non-negative powers of SL 1) Q’xt-,g EJ‘WW( gol,j.
On account of theorem I in section 29, each of the partial derivatives
BR! oM may be expanded in a series of the type
TANcos (A, M,

where all of the indices ki may evidently be assumed not to equal zero.
Replacing the elements by their above-mentioned initial values, we obtain

D YA con (e b H,
where

v Lhn,

The quantity Y cannot be equal to zero since neither of the indices
ki equal zero. The partial derivatives Do will thus consist entirely of
periodic terms. The rank of each of these terms is ?, 1, because the
function R is a first-order quantity relative to the masses.

Now, considering product R, it is easy to see that each zero-rank
term of this expression can only be a result of the multiplication of

zero-order terms relative to © L, N, %"E&'and g"{j We are

assuming here that these latter quantities can only have secular terms of

S—— Y . date e st
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zero rank. Hence, each zero-rank term in R must be secular. Wlien we
multiply quantity Do by product R, we will obtain. -only terms.tbhe: - ___
ranks of which are mor: than or equal tc unity. The first-rank terms will
be either periodic or mixed secular. In both cases, the irt egration -

cannot reduce the rank as can be seen from the following well-known formula:

/‘,u"cm (o} Hydl - '} s (o M) 1op A ¢hcosed M) —
The theorem 1s already proved as far as it concerns & L 4 8 %:7_1 and
(S 7_1' It remains for us to consider the expression, given by equation
(23). This expression consists of three terms. Everything that is
applicable to equation (22) holds true for the last of these three terms.
This term can thus lead to terms having neither negative nor a zero
rank. We now consider the second term
] oo
Joel ™
5
We have shown that the derivative bflE/bL¢ consists of terms at least
of the second order relative to 9 L. Since the quantity © L is
equal to a sum of terms all of which have rank >/1, then the rark of
each term of the partial derivative rb%/bLL ; will be > 2. The
integration reduces the rank of each term by a unity, yet the ranks will

still be > 1 as the theorem implies.

It now remains to consider the first term

\‘/" /. 1y /‘ o T
It follows from the above arguments that there are no zero-order terms in
the expression of the partial derivative BR/GAK First orde terms are

either periodic or mixed. In both cases the rank does not change after

the double integration. The ®maining terms will lead either to periodic or
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cto mixed terms having ranks 4? 2, or to secular terms havin

Hence, among the (m-1) order terms of the expression of the quantity
there will be no terms having negative ranks and no mixed terms of zero
rank.

The theorem is thus completely proven.

31. Poisson's theorem

Poincaré's theorem, proved in the previous section, is a generalizat-~
ion of the well-known Laplace-Lagrange theorem on the absence of secular
perturbations in semimajor axes. Poisson's theorem, mentioned in section
17, gives a generalization of the Laplace-Lagrange theorem in ancther
direction.

The semimajor axis a, of an orbit is related (section 25) to the

i
element Li by

[ P a !.\’, '/,'.‘v
where Mi is a factor, which depends cn masses and is slightly different
from 2 unity when the mass of the sun is chosen as the mass unit. Denoting
by ismﬁi andﬁa mLi the m-order perturbation of the elements a, and Li and

by az and L. the osculating elements for the moment t = 0, we obtain

i

a;’ ‘ ;‘la‘ * ;':a,’lf-‘ - e "—2-\’: |([-:‘i"' I. “ ’;/ 1

L ).'o

where

We have already proved that E;lLi consists only of periodic terms.
Accordingly, secular terms will sce present in 6231 only if they are
present in i;zLi. Hence, Poisson's theorem may be reformulated as
follows:

Poisson's theorem:

1f the mean motions n, of a planet are such that the relation

G
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does not hold for any integral value of ki’ then, no secular terms can

be present among the terms of i; Li that have a second order relative te
the masses.

In order to prove this theorem, we consider equations (22), which
yield

JR

Putting

in the right-hand side of this equation, we obtain

TR N \ AV AT \ B i
,\ :( ’\ ) ‘ \ ( 3 ’\ ) ':,I., ' ( .l N ) '\zx}‘ \‘ Jg:A AR :
dr, \ & b (/.. ., ‘ o 4.‘/‘()/t o

A
.
: \\/ EAFA .
. -.‘\(”‘()751 ’4'7.'.

According to equations (22), the first order perturbations SalLk s

%12:] and Glr)zj are equal to

! . H
ARG - MR . YdR
ol = — / (:h >dl, o5 / ( o \ de, oy - ( > de.
.‘ & ; " Y v
We divide 8 1 Q‘k according to equation (23) into two parts, such that

where

, !
) TR < \FE ' AL
""‘ 3 _‘_‘/ l ol \)"d(. “ iA - \ (. ./ dt / ( {“‘\ dt

The last term in equation (23) produces perturbations of orders not lower

than the second and therefore, can be neglected in the present discussions.
In this way,
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l, /\ 2 ' l’ /\ \ -
v g oy‘) !’i/ (22)
/

o

! U

, 0’\ )

" Gty
— \ h‘()/.‘ "

d,('f)
1

It was shown in the preceding section that each of the second
derivatives involved in the previous expression can be expanded in a
series of the type

Ta M Cos (- +H,

where Yy :Skini cannot be equal to zero otherwise the corresponding
term vanishes after differentiating with respect to A i Secular terms
can appear in the expression of the quantity 821' i only when constant
terms are present in the expansions (25). It is easy to see that the first
of the sums involved in equation (25) cannot produce a term. Indeed, each
term

T —=ALicc L k), . i
of series (12) in which R is expanded, gives the following part of this

sum

’ ,:r}' \ .1 ‘n' " P "
( ¢ J | " ‘ Y ) it \ o
' "'/”/‘-. ‘ (}/“ YRS . & . /
(’/‘k ) . . b,. .'.(’ '.'.'4',
A Wb - M fcos(S ko o 1~
" " . " <. I
Al
v /v
gl ka1

—OSt LA ] —d A cas () Ror - ) W (N h ) -

These expressions equal a sum of periodic terms, none of which are
constant. Similarly, we can show that no term in the series expansion
of R can give a constant term in the second sum of equation (25). The

third term can contribute only with periodic and secular terms since
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This completely proves Poisson's theorem, we note that the third sum
in equationu(ZS) yields a mixed term of the second rank in the expression
of the second rank in 2Li'

Poincaré generalized Poisson's theorem by proving that the expression
of &L cannot involve secular terms not only of the zero ramk (section

29) but also of the first rank(l).

/
32, Poincare's theorem on the class

In section 30, we began to study the expressions of the perturbations
IS Ly S')\i, 'y Ej and S’Qj obtained as a result of applying the method
of successive approximations to equation (17). Each of these quantities is

obtained in the form of a series of terms having the following structure:

where
'—-—'Xk‘n, (1 |
are factors introduced by the integration. If the coefficients Ao are

of the m-order relative to the perturbing masses, then (section 15).

(1) M. Poincare, Lecon de Mechanique Celeste, t. 1, Paris 1905, 294,
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is called the class of the term under considerations relative to the

corresponding divisor V¢ .

Theorem

If the mean motions n, is such that, for the arbitrary integer, k

i i

the following relation holds

,‘:ﬂ‘.'f‘, (S
then, the class 6f each term in the expansion of 9 L;» S'ij and Sazj
relative to any divisor is not less than %. In the expansion of '8"( 1 the
class of each term is not less than zero.

In order to prove this theoren, we first note that the theorem is
valid for all the first order perturations. In this case, m = 1 and
p+q Sl for the expansions of SlLi , %Ei and © 1911 , and m = 10,
p=0and q X 2 for the expansion of % 17\1.

Let us assume that the theorem is valid for all of the perturbations
that have orders less than or equal to m. We then show that the theorem
will also be valid for all the (m + 1) - order perturbations. We make use
of equations (22) and (23) to calculate the (m 4 1) - order perturbations
in terms of the m-order ones. We first of all obtain

. X td o
ol i AEPTI i “
/ o Je, / " z.{, o, >--‘/ o dt, {0ty

Each of the partial derivative of the function R; involved in this expression,
can be expanded in a series of the type:

ZD,n, (27
in which we dencte by Do the second, third, ... derivatives in which the
elements are replaced by thelr initial values:

a 50 3 o
/41, "‘[ f f‘ ' I;.‘

\J.,
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It has allready been pointed out in section 30 that the 7

be expanded in a series consisting entirely of periodic terms. For

these terms, m = 1, p = 0 and q = 0 since they have not been obtained as a
result of an integration. In other words, the class of each term of the
expansion of Do equals to unity. The quantity R is a product of

positive integral powers of S Li s '87\1, Y} E‘j and S7Ij evaluated up

to terms having masses of m-order inclusively. Since the product of each
two terms can yield only terms having classes less than the original two,

then the expansion of each of the derivatives

o ok R e
' - - e e
d,t 0'-/ 0;1 RL{J\?S )L..‘;..’ K ': Tt
) PR TRLS
o POOT
{

will involve only terms having classes /> 1.

In the integration, the class of a term relative to the mass does not
change, However, the value of one of the coefficients p or q may be increased
by one unit. Therefore, the classes of the terms of expansion (26) will be > k.
Hence, the theorem holds for forms of the m + 1 order, |

Now, we investigate the class of the (m + 1l)-order terms in the

expansion of the perturbation

:

] B !
. ~ T oR Lo Con
"l.ﬂ——\“ - - ‘)\

The integrands of the first two terms in the right-hand side may be
expanded in series of the type just considered. Noting that the double
integration increases the sum p + q by two units, we conclude that these
two terms can orly lead to terms having classes >/ 0. The partial
derivative b§ /BL(' s Involved in the third term of equation (27),
consists of terms at least of the second order in SLi' The product of
two or more qua..tities EN Li consists only of terms having classes 3 1,

since the class of each term in 8 Li is Z ) as shown above. The

»”
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integration with increase the sum p + q by one unit, yet the terms of
the expansion will still have a class 2 X%.
The theorem is thus proven. We note that the double integration
yields the least~class term in s 2 T

33. The least-class perturbations

Let us consider the structure of those terms, the class of which

relw.tive to some given divisor
; g XA
is the least. We show that all of the terms of class % in the expression
of 6 L, ° E, and 67 as well as terms of class zero in the expansion
of S) are of the following form
At"co- 3ot} 1), (29)
where '8 is an integer. We assume that this holds for perturbations
evaluated up to the m-order inclusively, and then show that the same
form can represent the least-class terms of the (m + 1) ~ order. We
refer to equations (26) and see under which conditions can terms of class
% be obtained in the right-hand side. First of all, it is necessary that
the term under consideration
AtPeos(# | M) (30)

involved in the expression of the corresponding derivative BR/ b’}\t' s
bg\ éo’d or bRib{g' » has a class equal to unity. Indeed, each of
these derivatives may be exp{‘nded in a series of the type (27), where the
factor Do consists of terms of class unity as we have already seen.
Henne, the class of the term (30) cannot be less than unity.

Furthermore, it is necessary that the integration of the term (30)
decreases its class by %. This can only take place in two cases; 1) if

v = 0, then the integration increases by one unit the exponent p, and

if v:BVs , where ﬁ is an integer, then the power q of the devisor V),
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increases by one unit after integration.

Hence, all terms of class % iu the expressions of the perturbations

oY Li’ F3) Z‘j and S”Ij must have the form (29). We now show that
in order to obtain all the terms of class % in the expressions of S Li’
S 7:, and é ij s it 12 sufficient to consider those terms of the
perturbation function R. the arguments of which are-'multiplies of
h: ke
We again consider expression (27), in which we have denoted:by Do
those pari.al derivatives of the perturbation function R, in which the ._lements
Li , 7\{ , f,j and 73 are replaced by their initial values Li ’ 7\; S
nit, E,? and 7( g. In other words, the quantity Do consists of terms
of the fcllowing type:
Hocus (vt Hy), (31)

where

X

v Thn,
Here, Ho is a constant while BO is a function of L0 , E,f; and ’7?
This term is obtained by the term
Bews(LR ), | H) ‘ (32)

involved in the expansion of the function R and, subsequently, -ubstituting
the above-mentioned initial values.

The factor R in the expansior (27) is a product of non-negative
powers of S Li s, DA i Sfj and S’{j evaluated inclusively up to
the m~order terms relative to the masses. In the frame of our assumgtions,
the terms of factor R that have the least class (zero) will azsume form (29)
since they are obtained as a product of the least class terms in the
expressions of S L, S:‘i s e
Hence, the least-class terms In the partfal derivatiies QR/BE\i,
OR/D ¥ 4 and dR/QN 4 re obtained as the product of expressions

[N
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(29) and (30). Their arguments will thus have the form - A

(3ve -t v) {-+const,

We have already seen that in order to obtain terms having class X

after integration, each such argument should be of the form

ek -1 corst,
Consequently,
vos (1=—3)y,
or
v == g,

where 6 is an integer. Therefore
b= b,
Accourdingly, terms (32) of the function R which lead to least-class
perturbations. will have arguments of the form
Sk, H=: - H.
i.e. all multiplied by 8. This is what has been required to prove.

It remains for us to investigate the structure of the least-order
terms of the expansion of 6’)‘1 The easiest manner by which these terms
are obtained is also required to be shown. We start by considering
formula (28). In the previous section, we have seen that the least-class
(zero) terms in the expression of 67\ 4 may be only obtained from the

first term of formula (28). Ia order to obtain these terms, wa take

1 1
. . C AR
) :--——\‘(.kfdlj dh de,
! - ' ULA
[0 "

or, considering equation (26),

i
T2 (34)
v

We again use expression (27) for considering the partial derivative

3 R/ QA K Similar arguments show that th2 least possible class for
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terms of this type 1is unity. Hence, in crder to obtain terms of class

zero in the expression of EA it is necessary that the double integration

i
increases the sum p + q by two units. This is only possible if the
arguments of these terms have the form 8 v, ¢ + H

Finally, we combine the differential equations which allow us to
obtain the least-class terms of 9 L, ©¢ , 27 and A . We start by SA .
In order to evaluate the zero~class terms in $\, we use formula (33).

From this formula, it follows that

4
st _ \1 l': :!‘ - \\ /. -'- _ ‘/‘
J a—— ! — )

Y
s

Noting that A=t 4+ A{ ‘i + 67\1’ we obtain

.:" \" .
=7 - C, L, —L,
o

de !
-

i

Assuming that (cf. section 30)

= C=Na—r. - NNC oL ‘
N s ]

where Co is a constant, we obtain

This equation yields only zero-class terms if the L - Lo involved in the
expression of the function §30 is understood as the aggregate of terms
of class k.

We have already seen that in order to obtain terms of class % in the
expressions of S Li ’ 6 é"j and S')(j , 1t is sufficient to keep only
terms of the function R, the arguments of which are of the type < 8.
Let us denote the aggregate of such terms Ly . Using equations (26),

we obtain the following equations

v
FL)
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which define the terms of class %. The right-hand side of these equations
can be further simplified. We have seen that, in order to obtain terms of
class %, it is necessary to keep only the zero-rank terms of R in the

expressions (27)of the derivatives iij s +++ However the zero-class terms

of R can be obtained only by replacing the quantity Sﬂj_by its zero-class

terms, and putting
that is to say

Since such substitution is already done in Do’ then denoting by

1.

b -

the results of this substitution into

. ta

we obtain

Noting that

we formulate our conclusions in the form of the following theorem
Theorem:
In order to obtain the least-class percurbations, it is necessary

to integrate the following equations:

~
\
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i TS e— - R "
di o ’ Jt oL, (')
& o d, -
A )' P =—{0 ). (47)
e \oy, /o dt %],

34. The Delaunay~Hill method for calculating long-periodic perturbations

We assume that the main motion n, of the system of material points

under consideration is such that the quantity

= V' B0
'u—"kl”l

is small. 1In this case, the perturbation of least class relative'to
the divisor vy will be of particular interest, since the amplitudes of
these perturbations will be particularly large. The theorem, given in
the previous section, enables us to determine these perturbations

independently for the otheis. Putting again

b= S,
and denoting by ]V the aggregate of the terms of the expansion of the
cuntion R, the arguments of which are multiplés: of 8, we can conclude

e

that § depends only on 6, L E;j and 7 3 Consequently

e oW N
‘OI ( ): ) ] ( )
%, |, 07‘1 o
are functions only of 8. This situation enables us to obtain the solution

of the system (36) and (37), which defines the least class term, by means

of quadratures. The first of equations (36) ylelds

oo, _ot,,
dt 01’ - an e

Introduc '1g the auxiliary function U by means of the relation
JU __ ("l.o
e o

=
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we obtain from the previous equations

al. ; dU

P )

dt

Let U=0 for t = 0. Then, integrating the previous equation from t = 0
to t = t yields
[~k uL (i
Substituting these values of Li into equation (34), we obtain
s Rl AL
where A, B and C are constants. On the other hand, equations (36)
have the evident integral

‘l‘\"f‘ 'l.(, == ottt

defining the dependence of U on 0 in a closed form. This integral may

be represented in the following way

o Wy 2B AL

from which it follows by expressing U in terms of 8 that

AU - B=\ B VAL AT, (4
Since
ah N Jr b 4L oY
.h=\‘ ‘ \‘}’ ' :—\‘ Tez - -
! - d! — "‘1‘. - L L ol
or,
d’, .
L/ R e B S Y
dt - A A .

then we obtain the following relation between 6 and t:

.

.
P
! = N 4
) B e ' 7
2oAe A

We now consider the second of equations (36) which yields

- (Y
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Replacing the quantity U by its value given by equatf§§ %39;‘aﬂd integrating,
we obtain element A\ jasa function of 8. Similarly, integrating
equations (37) leads to expressions for the coordinates ngj and 7yj
in terms of functions of 8. Equation (40) allows us to exprees the coordinates
7\21 , Zﬁj and 67j in terms of time t. This gives the complete solution

of the three-body problem under consideration.

In this way, in order to obtain the perturbations of least class
relative to the argument 8, it is necessary to pick all of the terms,
the arguments of which are multiples of @ , out of the peiturbation
function R. Replacing thequantities L,, %,; and %’1 in the function 3} ,
obtained in this way, by their initial values we obtain the function Sk’o.

Equations (38) and (39) allow us to express the quantity Li in
terms of the argument 0. Integrating in the same way equations (41)
and (37), we obtaiq"x {0 2% 3 and “7j as functions of 0.

Finally, equation (41) defines the dependence of the argument 6 on
time t.

Delaunay was the first to note that it is possible to obtain all
periodic perturbation by integrating those equations of motion, in which
the perturbation function is replaced by some of its separate terms. We
applied this method to construct the most complete analytical theory

w

of lunar motion

Tisserand considerably simplified the Delaunay method by relating

(1) C. Delaunsy, Theorie du mouvement de la Lune, Memoires de 1l'Academie
des Science de Paris, 28 (1860), 29 (1867)
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it to the general theory of canomical transformation(l). On the other

hand, Hill significantly generalized this method by showing how the terms

of the perturbation function, the arguments of which were -multiples.

@)

of a given argument, could be taken into account
The method obtained in thisway is known as the Delaunay - Hill
’
Method. Finally,the work of Poincare(3) helped in clarifying the main

mathematical points of this method.

(1) F. Tisserand, Traite de Mathematique Celeste, 3, Ch XI, 1894.

(2) G.W. Hill, On the Extension of Delaunay's Method in the Lunar
Theory to the General Problem of Planetary Motion, Transations
of the American Mathem. Soc. 1, 1900, 205-242 = The collected
Mathem. Works, 4, 1907.

(3) H. Poincare, Le methodes nouvelles de la Mecanique Celeste, 2,
Ch. XIX, Paris 1893;
H. Poincare, Lecon de Mechanique Celeste, 1, Ch, XIII, Paris 1907.
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CHAPTER VI

SOME PARTICULAR CASES OF THE THREE

BODY PROBLEM

35. Introduction

In 1772, Lagrange was awarded a prize by the Paris Academy for his
well-known memoir "Essai sur le probl%me des trois corps (Oeuvres, 6,
229-324)". Lagrange pointed out in the preface of this work, that this
included a method for the solution of the three-body problem, which was
very different from all previousdntributions. This method was shown
by Lagrange to consist in reducing the determination of the relative
coordinates of the three bodies, which requires the integration of a
twelve-order system, to the determination of the sides of the triangle
formed by the three bodies. This requires the integration of a 7-order
system consisting of two second-order equations and one third-order
equation. These equations involve two arbitrary constants introduced by
the kinetic energy integral and the integral of areas. Accordingly, the
mutual distances of the three bodies will depend on nine arbitrary
constants. When the mutual distances are'known, the determination of
the relative coordinates which introduces another three arbitrary
constants is gquite simple.

Eliminating time from theabove-mentioned 7-order system, we finally
reduce the solution of the problem to the integration of a 6-order
system,. The reduction,. perfermed by Lagrange is.essentially identical
to that indicated in section 2. However, the special form in which
Lagrange obtained the equations of motion enabled him to formulate
and solve the problem of finding all the three body types of motion when
their mutical distances always keep constant ratios. These types of motion

are called Lagrangean. We shall see that a Lagrangean motion will
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necessarily be coplanar.

If we have to proceed along the same path as Lagrange, when studying
the lagrangean motion, we then have to Initially deduce the differeniial
equations that define the mutual distances of the three bodies. However,
as Lagrange himself pointed out (loc. cit., page 43/ ), the particular
case under consideration can be resolved in a much simpler way 1f we,
beforehand, assume that the three bodies are moving in an invariable
plane. Indeed, restricting the problem by this subsidiary condition,
Laplace was able to derive a very simple deduction for the aiqations
of the lagrangian motionél).

Lagrange assumed that the solution of the general problem, i.e.
without restricting it to coplaner motions alone, is indispensibly

connected to several difficulties. Andoyer and Caratheodory(z)

proved
that this was not true. They developed a simple method for obtaining
the generzl solution of the problem suggested by Lagrange. We shall
give the details of this method in the next sections. This is very
interesting since it can very easily be extended to the n-body problem.
By this method, it is easy to show that the lagrangean motion of

n-bodies will also take place only in an invariable plane, except in some

almost trivial cases, when the motion proceeds along straight lines

{l) 'Laplace, Mechanique céleste; Séconde partie, Livee X, Ch. VI
(Oeuvres, 4). Laplace': method is explained in: Charlier, Die
Mechanik des Himmels, 2, 89-102, 1907; A simple geometyical method
for obtaining the results of Laplace 1is given by C.D. Cernyj in
the paper: Geometrische Losung zweier spezieller Falle des
problems der dréi Korper, Astr. Nachr. 171, 1906, 129-136.

(2) H. Andoyér, Sur 1'équilibre relatif de n corps, Bulletin Astr.,
23, 50-59, 1906. ..
C. Caratheodory, Uber die strenge Losungen des Dreikorproblems,
Sitzungs berichte der math. naturwiss. Abtellung der I yerschen
Akademie der Wiss. zu Munchen, 1933, 257-276.
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passing through a common centre of gravity.

36. Equations of Lagrangean Motion. The Case of Moncollinear Motion

We shall construct the equation of relative motion of three bodies,
starting with the assumption that the ratios of the mutual distances of

2 and m3 the masses

{0 vy and zg the coordinates of point

these bodies remain constant. We denote by o, m

of points P P, and P, and by x

1° 72 3
Pi' We take the origin of the coordinate at the centre of gravity O,
and the xy plane as the plane of the tri-angle P1P2P3.

The distance from the centre of gravity to the vertices Pl’ P2 and
P3 are proportional to the dimensions of the triangle. Hence we can
use in the case of a lagrangian motion, a rotating coordinate system
and put

R R A (1)

(i==1,23),

where P:f(¢) 1s a properly defined function of time, and a, and b,

i

are constants. We denote by p , g and r the components of the angular
velocity of the system along the axes x, y and z. The components of the
velocity of a point, whose coordinates are x, y and z, are well-known

and equal to
X—)r--2q, y—2p | xr, z—xq- yp.

Consequently, the components of acceleration are given by

d . - .
g 8=y 2a) - vty —zp f-xn) f qlz—xq 1 yp)
-:,-()—-:p PR - p(z—-xq - yp)tr(x vz

d .
g E— Xty atx yrebzq) §op(y o 3p ioar).
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Substituting the values £1) of the coordinates under consideration
into these expressions, and noting that the components of acceleration

of point P1 caused by the attraction of the other two points, are

equal to

Aul, B @, 0,

where Ai and Bi are constant factors depending on 81 s 8ps eees b3, m

m,, My and the constart of gravitation, we obtain the following equation

of motion of the point

T L S e R PR I U B (T I ()
a 200 pqlpl=b, lp—(p* | 1)) = By * (4)

g |24zt iq—pr)p| + 6, [2p: - (p |-4r)p] 0. ()

In the case of a collinear motion, in which the three points P., P

1° "2
and P3 are always on one straight line, or in other words, when

u, (75 a,

- ===

o, b b7
will not be considered in this section. Hence, equations (2), (3) and

(4) lead to the following relations

b= Q2 frh) = AT 2p - pg)p==Bp C (2)
bty ATH np(rpele= BT )
2qp -+ (q—prig=-0; 2pz--(p 4~ qr) p =0, (1)

where A', B', A" and B' are new constants theugh they can be expressed

in terms Ai ’ Bi ’ ai and bi' The term-by-term substration of

equation (2') and (3') yields

u

p( ~q'.' - A ". pq - BP il'
from which it follows that

-

3 3
p=op *, q-Bp ', 3)

where &« and )8 are constants. Substituting these values into equation

i
pe)
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(4), we obtain
fo—arp=0, a2 =0, (6)
from which it follows that
(a4 §)p==0. 7)

It is now easy to show that the moticn proceeds in the invariable
plane. For this purpose, we show that we can obtain p = q =0 by
means of an appropriate choice of the axes Ox and Oy. If °¥2+-I7Q =0,
then ci = 3 = 0, and hence the relation (5) yields

p—.q:~0.

which proves that the plane P1P2P3 is invariable,
2 <
We now investigate whether the sum X + fg cannot be equal to zero.
If this can take place, we may then conclude from equation (7) that

F= 0. Since §3$0 , then the relations (6) yield r = 0. Once

£ =0and r =0, it then follows from equations (4') that
p = coust, q const

We add the vectors p and g which are directed aloug the x- and y-axes,
and take the direction ~f the resulting vector as a new x-axis. In this
case, we get ¢ = O in the new coordinate system and, hence, equations
(2) yield Ai = 0. In other words, the projections of all of the forces
on the axis Ox vanish, so that all of the forces will be parallel to
the axis Oy. This is Impossible since we agreed to only consider the
case in.which the three bodies are not located along one straight line.

We take the plane Oxy of the fixed coordinate system as the invariable
plane in which the motion takes place and draw the perpendicular axis Oz
rrom the centre of gravity of the system. The motion of the points Pi

in the case under consideration will then consist of the rotation of

triangle P1P2P3 as a whole, around axis Oz with an angular velocity r
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and with the motion of each point Pi along the rav OPi. Hence, the
areal velocity of point Pi will differ only by a constant factor from the

quantity r2 ?3, so that the integral of area for the axis O

:.will give
2% == const,
from which it follows that
2ro - rp =),
B
In this way, equations (2) and (3) become GL?:M" PAG,E .
oF POV”
afs—rp] - Ap blo-rh)= B 7,
which yield
A._: As N A, N A, ..HJ ) M,
¢ @ e b b b (3

These equations show that the resultant of all the forces that act on
each of the points Pt pacses through the centre of gravitv of the system.
It is now already not difficult to determine the form of the triangle

P1P2P3 (figure 1). Denoting, as previously, the sides of this triangle

by
1] Plp.’“‘-“l:. /’1 PJ ‘.\-_,
/)-' ’I-' A.‘lt
We obtain the following expresslons for
L /8 - the three accelerations that points P2 and
i ‘
/ P3 produce on point Pl'
£ A £

/‘:A é’ .,".v ’&12 !.
e -~
Fire 1 M kim
We determine the angle ¢« , which is formed between the geometrical
sum PlR of these axcelerations and the straight line P]P,,. For this

perpose, we project the accleration ?,B on the axes P, i.‘md v, 4y

into the components

e 0o - e
! -
. : ammm
- . . ' M r

)
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where ﬁg is the angle P2P1P3. Then

a - RM L _omay, g
° Pst T PR EPA S s, N, Ceosp

On the other hand, denoting by Ego and ?’o the coordinatecs of the
centre of gravity of the system, we obtain
m A moN e N,
i Toeom My
On account of equations (8), the scraight line PlR passes through point
0. We therefore evidently obtain the following equation

m. N s i KT

) i i - ' .
m.oNyg om, g T Cos 6, Moy A oy

Taking into account that mz'# D, m, -f 0 and sin 73.i 0, we obtain from

the previous equatinn

or

3, -3,

If L # 0, we can then prove the equality of the other two sides of the

triangle in an exactly similar way. We will then finally obtain

m, , m, and m, are infinitesimal will

The case in which two of the masses '
not be considered here, since it is 5
trivial. i f“ \

It remains for v= to only

consider the case in which one of the
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masses, say m.,, is infinitesimal. In this case, the previous approach

1’

will be valid so far as it concerns the vertices P2 and P3. We can only

conclude that the sides A\ 12 and ZE>13 are equal. It is however easy

to see that the triangle PleP3 will be equilateral.

Thus let m, = 0. We draw the coordinate axes as shown in figure 2,

taking into account that the centre of gravity in this case is located

P, and P

on the straight line P_P.. The coordinates of points Pl s P, 3

2°3
will be equal to

(a6, 0y), tu.n, U n (@5, O).

Since the origin of the coordinates is at the centre of gravity, then

—a, m
a, .

On the other hand, since the sides P,P, and PIP are equal, then

1°2 3

Qup e oo,

Hence denoting by 79 each of the angles at the base of the triangle, we

easily find

myy oy
by (ay—o)tys - —u, m, T
It folows from equation (8) that
1, A
d, ’ ")l
In the pre sent case,
Ayt (».-,,,‘_\;( " R, - Emy om !.\:,'-u.,

as it can be easily seen from figure 2. Hence

T
-, cos s

D

A )
RSt RN

LR,

¥
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Since

-\:z = f.\l: CO> g,
we finally then obtain

] .
€03 4 == g o =00

Hence, when three material points move under the action of their mutual
attraction in such a way, that the distances between them keep constant
ratios, then if these points are not on a straight line, they will
always form an equilateral triangle. The plane of this triangle will
keep an invariable position in space.

Let us assume that the initial positions of two of the three points,
say P1 and P2, are fixed, similarly as the plane in which the motion is
taking place. In this case, in order to obtain a motion of the type under
consideration, we have to place the third point at the vertex of one of
the two equilateral triangles that can be formed at both sides of Ple,
, and L_ of

& 5

\ 1 'y figure 3, in which the points Pl and

i.e. at one of pints L

.l P2 are denoted by m and m' .

These points are called the triangular

points of libration(l).

_..'ﬂ L, T In conclusion, we show that, in
in the case under consideration, the

n Ly motion of each of the points P, relative

i

Fig-:"- to the common centre of inertia O proc-
eeds in such a way, as if each of these

points was attracted by avmass equal to the masses of the two other points,

(1) These points are also called the equilateral points of libration.

Guilder called these points, as well as the points that we shall
Conslder later, by the centres of libration.

o
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located at 0. In other words, the motion proceeds according to the

- 143 -

generalized laws of Kepler. .
We now turn to equations (23) of section 6 which define the motion
relative to the centre of gravity. Dencting by D the common value of

the presently equal distances z;i, and taking into account that

mx,+ myx,--mxy, 0

ooooo

we obtain the following equations of motion for the point Pi:

AR N RN RS UL

|
|
|
!

v, A by ooma vy T o
SosNmy oy ympsy T =0,
where
- G al yie

in which cy is constant. These equacions are identical in form to the
equations of motion of the two-body problem. This proves the validity of

our assumption.

37. The case of collinear lagrangian motion

We now consider the case in which tne three bodies P1 R P2 and P3
are always on one straight line. Taking this line as the x-axis, we

obtain the followiny expression for the coordinates of point Pi

[X]

x ap{) y, =0,

4

so that the prcblem is reduced to the determination of the function § (t)
and the constants a; a, and 4.
Since all of the forces are along the Ox, axis we can choose a

coordinate system which does not rotate around this axis, i.e. we can
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consider p = 0. Taking into account that in the present case bi = 0 and

Bi = 0, we obtain, from equations (3) and (4)

otro=0,  2qz-l-qp-=0. 9

We assume that q # 0. Multiplying these equations by g and r and

substracting them term-by-term from one another, we obtain

rq—qr 0.

Consequently,
r—Aqg,

where A is a constant. Hence, taking the direction of the geometrical sum
of the vectors r and q as the new 0z axis, we will obtain g = 0. Thus,
we can slways consider that the Oy and Oz axes are chosen in such a way
that q = 0.

Consequently, the motion of the straight line P1P2P3 in space will
consist of a rotation of this straight line around the 0Oz axis with an

angular velocity equal to r. Integrating the first of relation (9), we

obtain the integral of area
ro"==const, (10)

In the present case, equations (2) read

'—l" é‘ . !
prtp e (10')

and hence yield

Assumingy that
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and putting
- d
we easily obtain
moomoullos e em s gl
a ’ o .
since
Ny=eeebemo(a, a0 T bmtag g ’
A —=RmiG ——dyy T -t m (4, - a
A, ‘Hm”%-aq‘ﬁﬂmjgmq;’i

Since the origin of the coordinates is at the centre of gravity of the

system, then
meg@y—~-mMmsd_ - myay ==},

If follows from equations (11) that a; s a,

to each other. Taking this into account, we obtain the

for the determination of z:

(m, © myz" (3m «-2m)h =+ 15m my)z—

— (M- 3my) 2t =42y - Ay (m,

This equation has at least one positive root since the left-hand side

and a

510
AL PAGE -
%?’v% QuALT™

<Ly b

a-

3

l

=) - 0, }

has different signs at z = 0 and z = + 0O , On the other hand,

according to a theorem by Descartes, equation (13) can have no more

than one positive root since its coefficients change sign only once.

Hence, whatever the values of the masses are, we only obtain one

positive value for z. Equations (11) enable us to obtain the ratios

a; tay i a, which correspond to this value of z.

The three different masses can be located on a straight lines by

three different manners. This leads to three collinear lagrangean motionms.

are proportional

following equation

N
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In astronomical applications, we denote the masses by m, m' and m'

and assume that the mass m 1is very large (the mass of the sum), the

mass m' is small (the mass of a planet) and the mass m" is very small

(the mass of a planetcaid, comet, meteorite, etc.). Putting into euqation

(13) W =m, m, = m' and m, = m", we obtain an equation, the positive

root of which is very small. Keeping Ehe most important terms in this

equation, we obtain
(3m - m'yz2 (- m')y =0,

from which it follows that

[T

.. <'£".,izfz'"\
T O \Am4m' )
In this manner, denoting the distance between the planet and the

sum by r, and the distance between the astroid and planet by r', we

obtain

' mo-p-m” oy
Pl TN (14>
/) T /

In the case, when m, = m, m, = m' and m, = m', i.e. when the

1

planetoid is between the planet and the sum, we obtain

1
. ] mo .
I , 11
Lo e I

Finally, if the planet and planetoid are at different sides of the sum, s

that m, = m', m, = m and m m', then equation (13) reads

1 3

where

S om0

Smiaz g

~

)

te

-
¢ ~
~
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Evidently, the positive root of this equation slightly differs from

unity. Hence we may approximate the value of this root by

Jth 7m - m’

 — =z 1 — .
7 (1 12m --26m" L dm?

Consequently

7ml —_ ,"II .
e - . b 16}
! r(l Vom-4-26m L 3m” ) (o

where r" is the distance from the planetoid to the sun.

Each of the three positions in which the third mass could be
located on the straight line joining the other two masses m and m',
will be called a collinear point of libration. These positions are

denoted bv L L, and L, in figure 3.

172 3

When the magnitudes of the masses satisfy the above condition, the
positions of the collinear points of librations will be defined by
formulae (14), (15) and (16). If the mass m" is negligibly small in

comparison with the two others, thew the position of the five points of

libration will be given in the first approximation by

forr 1,

( nz)
i
s < ) (17
sm , m’

Tm
12m-i-2om'

The following table gives the positions of the first three libration
points for the different planets of the solar system. The table gives
the values of the distances r" of the points of libration from the sufi,

expressed in fractions of the radius vectors of the planets
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Mercury
Venus
Earth
Mars
Jupiter
Saturn
Uranus

Neptune

- 148 -

L
0.9966
0.9907
0.9899
0.9952
0.9332
0.9550
0.9758

0.9743

L,
1.0034
1.0093

1.0101

1. &

+2

1.0698
1.0164
1.0216

1.0261

It is interesting to note that all of the planets have sattelites

at distances much smaller than the distances to the libration peints L1

and L2'

For example, the distance from the earth tc the moon isc

approximately four times smaller than the distance to any of these

points,

After obtaining the value of z, and from equations (11) the values

of the ratios a

obtain the function £ (t), we give one of the constanis a

nonvanishing value.

9 ¢
For this purpose, we can apply equations (10) and (10').

We put, for example, a

mentioned equations yield.

where C is an arbitrary constant, while A
We denote by u the angle between the straight line P

given direction in the plane x0Oy.

rp'-' .

B '
ZSAETE )
. 0

1 = 0.

A,

equations of motion will have the final form

a3 s, we can start to study the motion of point Py~

Since r 1is equal to du/dt, then the

.

s
Bt
AV
O
03' Yqo?
3

1 - 0.000.000,07
1 - 0.000.001.43
1l - 0.000.001.78
1 - 0.000.000.19
1 - 0.000.557
1 - 0.000.167
1 - 0.000.026
1 - 0.000.030

In oxder to

4 an arbitrary

Then, the above
is defined by formulae (12).
1P2P3 and an arbitrarily
—— a

Bt ol l

V -
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Ldu LdYs  fdu\?
from which it follows that

@
dar

4 N
:‘:C P "5‘.‘1.")

4

dt

Multiplying by 2 and integrating, we obtain

d'i ¢ - - 3
(d»;) =h 2= C,

where h is a new constant.

In order to obtain an equation for the orbit, we eliminate dt by

means of the integral of area. We obtain
or
where

The integration of the latter term yields

(; B p -
1 ecostu w)'

where

e VI4nCA, po-—A

and v 18 a new arbitrary constant.

[
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Thus, the motion of any of the points Pi around the common centre
of gravity proceeds by a conic section which satisfies the law of areas.

In other words, this motion proceeds according to the laws of Kepler.
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CHAPTER VI3
R
THE RESTRICTED PROBLEM OF THREE BODIES R‘Gﬁ Pj, ?‘?g‘ b
0 QL
38, The Equations of Motion, The Jacobi Integral OF.QOO

The so-called restricted problem of three bodies is one of the
particular cases of the three body problem, which has been relatively
well studied, and which is of particular interest in astronomy. It
consists of the following: It is required to investigate the motion

of a body, P, having an infinitesimal mass, in the field of gravitation

of two bodies, S and J, having finite masses and moving in circular orbits

about their own centre of gravity.

Such a problem is met with in the study of the motion of a
planetoid or a comet under the action of the gravitation of the sun and
Jupiter, when Jupiter's orbit is approximated by a circle. The lunar

motion can also be considered as a particular case of the limited

problem in the first approximation. In this case, one has to neglect not

only the eccentricity cf the earth and the gravitation of the other
planets, but also the mass of the moon. That is, one has to neglect
the force of gravitation with which the moon acts on the earth and sun.
Let us denote by m and m' the masses of bodies S and J and assume
that m ;)fm'. We choose the common centre of mass O as the origin of
coordinates, the plane in which bodies S and J move as the xy plane
and the sraight-line SOJ as the x-axis. In this coordinate system,
we denote the coordinates of points S and J by (~-a, 0, ¢) and (a2,0,0)

™~ 0. Further, we denote by n the constant angular

where al‘;> 0 and az//

velocity with which the straight line SOJ rotates around point O.

According Kepler's third law

R(my Domg onda, soa
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where a; + a, is the semimajor axis of the orbit along which one of the
bodies S and J moves under the action of the mutual gravitation.

We choose the positive direction of the axis Oy so that n is
always positive. Let x, y and z be the coordinates of point P. Since
the coordinate system rotates with angular velocity n around the z axis, then

the components of the absolute veloeity of this point are
X~ny, y-tnx, z.

If we denote by m the mass of point P, the kinetic energy of this

point is given by

~

. !
/ , A 1% ST ST ‘

!

Applying the Lagrange equations (5‘ 19), we obtain

ol
R
ol
dy
al!

oz’
where U is the force fun .ion acting on point P divided by m,. In the

present case, point P moves under the action of the gravitation of
points S and J, Therefore

- kemy ki

rn 'or,

Assuming that

! ‘m n.’

) . - " \ 1.

L E SR A B k-( TR, : A
r r, |

the equations of motion in the restricted problem of three bodies will

be given by
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Jdo
X
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gz ’

Multiplying these equations by x, y and z, adding and integrating, we

obtain

X '* _ill [

v )

where C is an arbitrary constant. This relation is known as the Jacobi

integral. The constant C will be called the Jacobi constant.

The Jacobi integral

enables us to draw many important conclusions

on the character nf motion of point P. This will be now investigated.

39. The Surface of Zero-Velocity

Let us denote by v the velocity of point P relative to the moving

coordinate system. We then write the Jacobil integral, given by

equation (4), as follows

poes 2

Using this relation, we are able to determine the relative velocity v

in each point in the rotating space, for all motions characterized by a

given value of the Jacobi constant C., Inversely, if the constant C

and velocity v are given, then this relation defines the locus of

points of the rotating space, in which body P can exist.

We consider the totality of motion of point P, for which the

constant C has a given value. Evidently, these motion are possible

in the space region, in which 2 JL . ¢ ;} 0, otherwise the velocity v

of body P is imaginary.

The surface
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defines the boundary between the regions in spacze, in which the motioas
corresponding to a given value of C are possible ard the regioas in
which these motions are impossible. This surface is called the surface
of zero-velocity, since v = 0 at each of its points.

In the following, we study the form of the surface of zero-
velocity for different values of C. We choose the unite of length and

time such that

SSoata 0, b

Using equation (1), we obtain

BY = my - omy,

Taking into account expression (2), we write equation (5) in the

following way

‘) [ I
m,(x-A v r‘)‘ nh( vy f:) C, m)

where

r, |‘/(¥ Pyt o, r by g *,),z_i_ﬁz?"

The surface, represented by equation (6), evidently lies inside the

cylinder
tnty -t mates Doy

and asymptctically approaches the cylinder when 2z  increases to
infinity.

The equation of the curve resulting from the intersection of
surface (6) with the plane xOy, is obtained by sub.*ituting Z = O
in equation (6). This substitution yields
dm,

(Iﬂ, Em)(x? “V’) : 1 -

{
Vet oy (v iy

-t
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Evidently, this curve is symmetric relative to the x-aﬁ%‘%ﬁgﬂ, QUP‘LX
Let us assume that C is a large number. In this cAse, equation (7)
is satisfied by points of one of the following types:
1- Points, for which the quantity x2 + y2 is large. For such points,
the second and third terms of equation (7) are small, so that this

equation reads

(—.

- ’
m o+ m,

Ny (&

where €g 1is a small positive quantity.

2- Points for which the radius vector
. oo oy

is small. For these points, the first and third terms of equation (7)

are small, so that this equation reads

. AN/ PR
(v G g ¥ ( . ) (!
L €. \

where €&, is a smail positive quantity

3- Points for which the distance to J, i.e.

ra==y (V= dy) gy

’

is sufficiently small. For these points, equation (7) may be written as

9 ?
(x ﬂ_.)"~'-y::::.<(‘_~”,z' ) . N ‘1(\)
— &y

Hence, for large values of C, curve (7) consists of three separate
closed parts, each having a form slightly differing from a circle.
The larger 1s mass m, as copared to m,, the greater are the dimensions
of curve (9) as compared to those of curve (10).

As C decreases the dimensions of curves (9) and (10) increase, and

their forms become more and more stretched along the axis Ox. At some
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value C = Cl’ these curves touch each other. At smaller values of C
we have two separate ovals and one curve enclosing points > and J
(figure 4). On the other hand, when C is decreased, the dimensions of

curve (8) decrease., At some values C = C, and C = C3, this curve touches

2
the two internal curves, mentioned just above. Subsequently, these
curves are amalgamated.

At large values of C, the domain of the plane xOy, in which the
motion of body P is forbidden, consists of points external with
respect to curve (9) and (10) and internal with respect to curve (8).
At smaller values of C, this region consiste only of points lying
inside curves C" (figure 4) which decrease when C decreases and turn

into points at some value C = C, and then completely disappear.

4
Thus, at sufficient values of C, body P will have the possibility of
moving over all plane xOy.

Figure 4 gives a schematic representation for the curves of these

curves for decreasing values of C, namely C'A:> C1 :> C2 :> c".
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Using similar arguments, we may find a represen‘éh&fgg(ﬁ he fornm

.(

of the curve that results by the intersection of surface (6) with
the plane x0z. The equation of this curve is obtained by the

substitution y = 0 in equation (6). This substitution yields

My, "

i - tae (11

oy T
: r, y

where

L U O N LA N C N 2 DR S

When the value of C is very large, this equation can be simplified bv
three different ways; either by making:?' very large, or by making any of
the quantities L2 and r, very small. Accordingly, curve (11) consists

of three separate parts, respectively defined by the following equations
(m ¢ miyn: - —,
2m,
'| K . ’
C—¢
2m,

C—:.""

This case is represented by curves C' in figure 5. On decreasing C,

we pass again by the critical values C C, and C, where different

172 3
parts of curve (11) get into contact. Finally, when the value of the
"o ' !
HE i
;‘ .‘.,.‘ i ‘l ‘l‘!‘ i "’|
‘ ‘\ i "‘ ) ‘| : ‘,‘ '
‘\\l‘ i / i e " "
\\ \ v T TN P i\\ RN yi ‘
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Jacobi consi:ant becomes sufficiently small, e.g. C = C", curve (11)
does not cut the Ox axis.
The intersection of surface (6) with the plane y0z is defined by
2m,2m,

my - M)y oo T = (, "
(m, R AN . - r (12

where

’ ‘ , B - I g
The corresponding curves are represented in figure 6 for the different
values of C. The curves are chtained on the assumption that mass my is
considerably larger than mass m,.
The comparison between the three cross sections of surface (6),
represented by figures 4, 5 and 6, enable us to have a clear picture
on the shape of this surface for the different values of the Jacobi
constant C.
After this qualitative study of the surface (6), we turn into

the study of specific points on this surface.

40, Specific Points on the Surfaces of Zero-Velocity

A specific point on the surface
Fox, v, 2y 1

is defined by the following equations

OF ua JF
-{) o), ()
dx oy iz !

They can be solved in combination with the equation of the surface. For

a surface of zero-velocity, defined by an equation of the type

' (13

where

-

" b



- 159 -
the specific points are given by
oL . myiXy e @) Ay jaz) 0
J}-A(mlq m,yx-- PR " i
o iy my
ay Zmy - ) y — BT =V } i)
92 mez m.l _.0
o r! ’

Solving equations (14), we find the coordinates of the specific points.

Subsequently, we use equation (13) to find the corresponding values of

the Tacobi constant C.

It is easy to find the mechanical meaning of the specific points.

Comparing equations (14) with the equations of motion of body P,

equations (3), we find that at each of the specific points not only

but also

Thus, once body P arrives at a specific point and its corresporiing

value of C, its velocity and acceleration vanish., The body then remains!'

eternally at this point, hence, the specific points are the positions of

relative equilibrium of point P.

In these points the bbdy can remain at

rest relative to the moving coordinate system. Wher body P is at a

specific point, the ratio of the distances between the three bodies

S, J and P remains unchanged. We thus conclude that the specific points

are nothing else but the libration points, which we have studied in

the previous chapter.

Let us now find the coordinates of the libration points and evaluate

the corresponding values of the Jacobi constant. The last of equations

(14) yields z = 0 so that the libration points lay in the plane xOy.

P
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They may be identified with the specific points of curve (7). We shall
make use of this situation in the practical evaluation of the coordinates

of the libration points. We first observe that when z = 0.

-

myi g-m s tmm (X |- V) e et d-moag,

This is because the origin of coordinates is taken in the centre of mass,
and hence

—-may -maa, =)

Equation (7) can then be written as

m(rf} 27N mrt o 2r Yy = C (1)

where
C=CCl-ma b mu =Cg ™" 5
i t I +’”l ; "12' (lb)

since, evidently,

e Th m,

ay = . d;
my o ony S om--my;

Writing the equation of curve (15) in the form

Jix, ¥y O,
we obtain the following equations for the specific points of curve (7)

AT
thx dy

In the present case, these points may be represented by

O ey Oy 0
dry 3x 0 Jdry On l

ot Jdr o Or
A CI

(7

doyaty Codr, dy ’

They may be satisfied in two ways; either to put

)
*/ 0 W

- 2]
(’f' ' o7 '
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which yields
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or to put

der o : \ \ < a

Jan rr | ‘
frcm which it follows that y = 0. 1In the first case, we obtain two
Jibration points, L4 and L5 (figure 3), which form equilateral triangles
wich points S and J. Thus, points L4 and L5 are isolated points of
curve (15). In other words, they are double points of complex tangents.

The corresponding wvalue C = C4 are easily obtained from equations

(15) and (16) as

coooMer m (i
m. o.om :

In the second case, in which the double points are subject to condition
(18) and lay on the axis Ox, one of the following conditions holds
l) rl ;,z l,

'.?) r. - 1 I,

Hrn o r 1

depending on the situation of the double point relative to S and J. We
shall successively consider each of these cases.

The first case

Let rl + r, = 1. Then

l’f| Jr

da AR

so that the first of equations (14) yields

. 0,
m roor, g - K
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If the ratio mllm2 is small, we obtain the required positive root in the
form of a series-expansion. Actually, expanding the right-hand side of

equation (20) in a power series, we obtain

m e (] I
S 1 Y S LI
n, e Syt )

i

Taking the cubic root of each side, ard introducing the notation
we obtain

Hence,

’ v :" |" 1{)
From equation (15), we obtain the corresponding values of the Jacobi

constant;
Co my s | Yeies 204 0 L)
(0 — ),
If we want to obtain a more accurate value than that which the series
(21) yields, we shall find it easier to numerically solve equation (20).

The second case

Let r, = 1+ . Then, r; =X + a; s I, =X - a, and
(r, r
h l‘ AN l

the first of equations (17) then yields

-— 4 . 5
m, o —-r!‘ i .%r:I ' ,,_) ()
m, r, I, (120§ ry)?

~
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(m + m)sS-t-3m, -2m)r} - (3m, - BN -==m ri 2mor, —m, =0, (23)

This equation is identical to equation (14) of S 37 when m, = 0 is

3
substituted in the latter equation, Hence, it has one and only one
positive root. Let us expand this root into a power series. Expanding

the right-hand side of equation (23) in powers of Ty, We obtain
. \ 1.
vi=ri(l—r, -} 4 r— )

Raising beoth sides to the power 1/3 e obtain

l . N
a.‘r,.,(l—~3r_, ; :‘r__,—|<. R

Solving this equation, we obtain

(.‘1 -m'(:‘ ; N ~'~5‘t‘ } « . )‘—- s (QS)

The third case

Letr1=r2=l. Then, r,=-x-a ,r =-x+a2and
Uy r.
gy D ey

— 1

In analogy with the previous case, we obtain

m, r,o~r -
L “ [N

m, ! -r,c

Since r, > 1, then r, < 1. We assume that

We obtain the following equation for the quantityX

. (2o )b B )
VIR '

(l - oA« 12 ! Hat- iy
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7— a2 4~ — 23 B2 -y
Then,
7 \
X v -3 \
(4 1 ’

Solving this equation by the method of successive approximations,

we obtain

Q= v — il (273

The Jacobi constant will then be given by

m,m,

Lem,
()

Co=m3--3ar . . .)-! my(S--a-p arde, L)
J 4 m,

In other words, C---m,(*—kl“v’-—livhi
4 v -~ l() - . .

If we assume that the sum of the masses my and m, equals unity and

introduce the following notation
my==1—u, My = n,

then all the quantities under consideration will be functions of the

variable M only. It is sufficient for this variable to vary from O
(1)

to % in order to cover all of the possible cases ™.

(1) The coordinates of the libration points as well as the corresponding
values of the Jacobi constants, Cl( M), Cz( M), ... are studied
in the following paper ’

M.Martin, On the libration points of the restricted problem of three
bodies, American journal of Mathematics, 53, 1931, 167-177.
Corrections and addenda to this paper are given in A.A. Markov,
¥rogress in Astronomical Sciences (Uspehi Astronomiceskih nauk)

3, 1933, 75-77.

Tables of the abscissae of points L1 ’ LZ and L3 are given in the
follcwing paper

J. Rosenthal, Tabl~ for the libration points of ti » restricted
problem of three bodies, Astr. Nachr. 244, 1931, 1969.
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In figure 7, the curves that correspond to the critical values of

the Jacobi constant are shown for the mse

my == 10, my:-1,
These critical values, as well as the bipolar coordinates of the

libration points are given in the following table

Ly: ro= TG, r- BIRYS, C, 11
l.- 1570, 0 3470, C. Sond
L, 0.0, | RN C,  adum
Lonl.,: 1 LAY, U O, C,  d2oa

For the case

The corresponding values are

/., ry 09t rooo0 e ‘ U
/. Poe ITERMN ; R
{ [IRERES] be =~y - (D I
1.omd!. - to .o | CVRY) [ Y|

Curves obtained for these values of the Jacebi constants are shown

in Figure 8.

[ LT

Figure 7 Figure 8
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41. Periodic solutions of the restric.=d problem of three bodies

In the previous chapter, we studied the Lagrange motions in which
bodies simultaneously move in elliptic orbits. These motions are
) examples of periodic orbits in the three-body problem. In these motions,
the coordinates of al’ the three bodies are expressed by periodic functions
of time having equal periods.

Hill gave another example of periodic )rbits. He developed a method
for the independent determination of some inequalities in the motion of
the moon, caused by the gravitation ~f the sun (Chapter XVIII). Later,
Poincaré suggested a method for finding and studying theé general elasSes of
periodic solutions of the three-body problem. Pexiodic solutions are
thus the first targets attained in the three body problem that have
never been solved analytically. With the start of the periodic solutions,
the study of other interesting types of solutions, such as the asymptotic
solution, became possible.

The study of periodic solutions is just in its initial stage. Even
in the simple case ofthe restricted problem, cnly a few groups of periodic
orbits have been more or less perfectly studied.

The most well-studied orbits are plane perilodic orbits, passing

. These are the orbits

-
4

close to the libration points L1 ’ L2, eesa L
that inclose planet J but not S, and the orbits that enclose the sun
only at such a distance; ...t the ratios of the period of revolutions
along them to the period of revolution of planet J are simple, such as
1:3, 2.3 and so on.

The orbits of the first type are useful in tt: investigation of *he
motion of the so-called "Trojans'. These are the small planets that
move nearly along the Jupiter trajectory. The elements of the

orbits of the known '"Trojans'" are shown in the next table. The elements
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are given rela’.ive to the ecliptic and equinox 1925.0. The average
longitude of epoch € 1s given for the mowent 1925 January 10 T.U.
The elements of Jupiter in that table are the average elements for the
above mentioned moment. The elements of the small planets are the

osculating elements of different epochs, grouped around 1935.

!Wﬁm(_uc 7] % n I M !l i v r ¢

. | ' . ' : [
T PP .‘»20.‘(3!')01»1;’-« 27T 10D L w277 W42

M8 Adladles L a2l 9094 . B51 URSS IR {8 R2TM | 33530
6l Patroclos S 200180 T 221 P08 dibYTu 2210700
u2d Hevtor . AEUEYS B P SRR U R 152 1820l ‘ A% lolh2d [ S 207
LSO Nestor . .. RTEZ D 2005 TG U2 o0 INg 322482 350 L0
XS4 Prianss NS JP0 I L B AR TR f ge82 1 300,20, 2R LT
Y Agamemoon oo 5 160K ! S0 12, AT L 214580 ' RETRNY) ' SS 83 2 b
THES Odvasets .« o o 2000 ¢ G0t 185 002 0 g 20030 93999 | doT
1172 Noeas ] L B L TR DL ! lu 67 Mo T 9 18e x 20~ 103
1173 Nnchise s, . IRIUY) IV S ST S SR PRI P | ARERL AT IR o177
AN Proddus . . L L TS i 200t funl : inlt 174007 W2 ‘ 270
— = = +

The last column of this table indicates that the planets 588, 621, 659,
911 and 1143 are close the libration point L&, while the others cre
around L5.

The tneory of th¢second-type orbits, which enclose Jupiter J at a
short distance, are closely related to the theory of satellites.

The orbits of the third type make it possible to construct a
theory for the motion of small planets, the average motion of which is
commeasurable with the motion of Jupiter. It is often more useful to use
these periodic orbits as a first approximation to the orbits of planets,
rather than to use the Kepier ellipses.

Poincare divided tte periodic elements of the restricted problem of
three bodies into three grades. He related the orbits of bodies S and

J that lay in the xOy planc to the first and second grade, and those
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of the other planets to the third one. The difference between pericdic
elements of the first and second grade is the following. If the mass
of body J tends to zero, the periodic orbics will tend to Kepler ellipses.
The orbits of the first grade will be those, for which the eccentricities
of the limiting ellipses are zero. In othzsr words, the orbits of the
first grade are slightly different from circles when the value of A&
is small. The second-grade orbits are near to elliptic orbits.

We shall not consider in detail the properties of periodi: orbits,
Ve shall only consider infinitesiral orbits around libration points in
the following section(l).

Alongisde the analytical methods of firnding periodic solutioms,

the method of numerical integration of differential equations is applied by

the initiative of Darwin and Tile. The numerical integration of the
equations of moticn has an advantage over the corresponding arilytical
methods. The former method is simpler than the latter when one considers
a given concrete case. One is then able to obtain the numerical solution
using th- ~,°s ~lementary methods of calcuiation. However, this solution
is only us:7.. co. the interval of iime at which the calculation were
made. This is the most serious drawback of numerical solutions.

Periodic solutions are evidently free from this deficiency. It is suf-

ficient to obtain an anal-tical solution for one perioa in order to

(1) Apart from the classical work:
H. Pcincare, Le metnodes nouvelles de la Mechanique Celeste,
t, 1, II, IITI, Paris 1892-1899,
the theorv of periodic crbits is given in:
F.R. Moulten, Periuvdic Orbits, Washingtou, 1920,
A detailed bibliography is g.ven in the avticle:
E.T. Whittaker, Prinziplen der Storungstheorie und allgeneine
Theorie der Bahnkurven in dynamischen Problemen, Encyklopadie
der Math., Wissenschaften, Bd. VI, 2 (1921) 512-556.

-, e
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obtain a complete picture of the motion that correéﬁbﬁas to the given

initial conditions.

At present, analytical methods are applied for the study of only

periodic orbits in the case when the mass of J is consid=zrably smaller

than the mass of S. Oa the other hand, the mumerical methods are easily

used for the arbitrary ratios cf masses. Darwin used this method for

the case when the mass of J equal to one-tenth that of S and he was

able to find a number of periodic elements. Elis Stromgren, as well as

Tile, studied the case when th@masses of J and S were equal. Such

studies were started by Burrau in the year 1900. Since 1913, research

on this was continued by Elis Stromgren, a scientist of the Copenhagen

observatory. These investigatioas gave the possibility mnot only to

rind a large number of neriodic elements, but also to follow the

transition of some classes ofthese orbits into others and to obtserve

the disappearing process of some classes of periodic orbits when the

initial condit“ons are changed. These observations naturally led to a

consinerable s plification of the analytical solutions corresponding

t. ke .ocesses

)

(1)

The resultr of Darwin are given in his classical work:

G. Darwin, Periodic Orbits, Acta Math., 21, 1897, 99-216.

Some additions are given in Math. Ann., 51, 1899. The results
obtained in the Copenhagen observatory are given in a series of
memoirs: Publikationer og »indre Middelelser tra Kobenhavns
Ubservatorium. The conclusion are given in Elis Stromgren's
Paper "Connaisscance actuelle des orbites dans le probleme

des trois corps", wl ich is published in No. 100 (1936)

of this Journal. This paper contains the full tibliogra,hy

of the work of the Conenhagen School and i. also published in:
Bull. astr., 2-e serie, 9, 1636,

%

o
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4. Motion near collinear libration points

Let (a,b,c) be an arbitrary point of the uniformly rotating space
Sxyz. We investigate whether it is possible that among the motions,

defined by

where

! AT TR TR T

there exists such a motion, that body P is always as close as possible
to point (a,b,c).

We can consider that the function LL is holomorphic in the v:cinity
of point (a,b,c), except in the case when this point coincides with one

of bodies S and J. Accordingly

. 1 -
Vietger ooy b <

-

we expand the right-hand side of the equations of motion in powers of
- -
the small ruantities & , 47 and Z; . Keeping only the first powers

of these quantities, we obtain

N e av L o L o0sQ
N AL L
Ja du- dach Jdadc
. [N N « N

VA L I~ L. oL ! " . N
Lo b U gauy T g C b o e

Jady o adb ¢

L N U R TR L O

Toee S agae T

Tty INTLA adhwy de?

Par'S
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When ;; ,’7 and ?5 are sufficiently small, the motion takes place

in the vicinity of the points, the coordi.ates cf which are given by

oL oL o
e e Y §

R Y A
i.e., in the vicinities of the libration points, since these equations are
identical with equations (14).
In this section, we consider the case of motions, proceeding infinitely

close to collinear libration points. Hence, we put

g- x, b 0 0,

where X denotes the abscissa of the libration point LK (k = 1,2,3).
In order to find the second derivatives of function £l , involved in
equations (30), we differentiate expression (29) and replace the

variables x, y and z by the above mentioned coordinates of the libration

point LK' We then obtain

o2 2m Im, )
. = n? '*- [} - i ; U -
gyl r; r Jada
d , m o
S b SR (0
1h ‘ LS -
! r, r A de
J:uY m, " J
LT e, T 0
s r Ig Jh e '
where
f| —— X‘ 1 (Il . f. = X‘l . (,'1

Introducing the following notations

N o
A o

we write equation (30) as follows
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The last of these equations is indeperdent of the others. If immediately

gives
c=E0oniy A€, cosy AL (:32)

where C1 and 02 are constants of integration. We search for the

solutions of the first two equations in the form

Po-GeY, v, He'.

Substituting these expressions in equations (31) yields the following

relations between the parameters G, H and

27 —(n 24 G —2n4 H - ) I

(.33)
20t [~ A 0, s

\J A . - - o
we denote by :\1 , D 9 3 3 and ;\4 LSO C. s

characteristic equetior
[A'—(n%-} 240 =) - dner 0
or

;‘-!¢4n‘~—A‘——J)lJ (ni»-,yb(n’;-jAL):-n (31)

and by 4 » 95 » 94 and q, th.e corresnonding values of the ratio H:G,

defined by equations (33). The following equations

e G G G e |
. , (45)
v Gt oge g PGy e (7.(/("'1. I

where G1 s G2 s G3 and 04 are arbitrary constants, together with
equation (34) define the general solution of system (31).

Evidently, the nature of the body P, thai has an infinitesiamal
mass, depends on the type of roots of equation (34). One easily sees that

this equation has two real and two imaginary roots for the libration
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points L1 ’ L2 and L3. Indeed, we shall show that the quantity

n \ oy m iy ,
—a, Ill-g~I.I, .- ’: — ; (ERIVY]

is negative for k = 1, 2, 3. Consequently, there will be two real roots
of opposite signs for equation (34), being considered as a second-order
equation with respect to .

For poin. L1 , expression (36) is negative because, in this case,

For points L, and L

2 3 equations (23) and (26) give

i I4 -t

Fliminating m from equation (36), we obtain

Since, for point L2,

and, for point L3,

expression (36) is evidently negative. Hence, two roots of the character-

istic equation are purely imaginary complex-conjugate quantities. The
other two roots are real and have opposite signs. Accordingly, the

libration points L L, and L, are positions of unstable relative

172 3

equilibrium. In other words, when body P is displaced from any of

these points by an arbitrary small distance with an arbitrary small

velocity, it may leave for ever the vicinity of this libration point,
Let us denote the real roots of equation (34) by 7\3 and >\4.

If we choose the initial conditions so that G,3 = GA

motion, in which body P will remain forever in the vicinity of the

= 0 , we obtain a

.
-
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corresponding libration point, This is because the coordinates Z;,'7 and 2;

relative to this point will be bounded for all values of t.
The existance of orbits, arbitrarily close to the libration

points L L, and L, is a necessary but not sufficient condition for

1772 3

the existance of periodic orbits in the vicinity of these points. If
we limit ourselves to the accuracy, that the approximate integration of
equation (31) achieves, we easily obtain periodic orbits by the
appropriate choice of the initial values of coordinates, Ei’o s 470

and §° , and components of velocity, E, 0 ? ?o and Z 0"

We first set & o and ':Co equal to zero. In equation (32)

we will have C1 = C2 = 0, i.e. the motion of body P is planer. We
then choose ;; o and ‘7'0 using conditions G3 = 0 and G4 = 0.
Formulae (35) will subsequently yield
ot e T Gt Gy
where ’)\1 = ﬁ i, IAZ = - ﬁ i and B is a real number. On the basis
of equation (33),
/i / S -y
where
"5‘ : no. ! I.

- K

2y

Expressing the exponential functions in terms of trigonometric functions,

we obtain

LIV ! ‘ h ' ! S ' ‘.,

where

We solve these equations for cos ;3 t and sin /3 t, theun square the

resulting expressions and add. We obtain the following equation for the

trajectory
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it, . B (k# . Ty 0

or

v R AT fy - (A

That is, the motion proceeds by an ellipse, the axes of which
coincide with the coordinate rxes. Denoting the semiaxes in directions
Lk g and Lk7 respectively, by a and b, we obtain

b
a7
It is casy to show that g :> 0 for all three libration points. Hence,

the eccentricity of the elliptic orbits obtained is equal to

Consequently, the form of these orbits does not depend on the initial
position ('E;-y ?; ) of point P, which affects only the dimensions of the
orbits.

The values of q and e that correspond to three values of the ratio of
masses of S and J are given in the following table. The first two ratios
are relative to the work of stromgren and Darwin, discussed in 41, the

third value takes place in “he earth-sun system.

cam— —

l . /),

m_om, " . 7] ¢ !

' . G
I L) MY LA | '_'H e ' .I.Y.)i 0Ny,
'

(L] oty NRILL] oo KT e ‘ iy, N oy
|

I ol goLamy [N T s, o

We have thus obtained three systems of infinitesimal periodic
orbits, each of wnhich depends on two parameters. Naturolly, the existance

of these oxbits is in sufficient to prove the existance of finite periodic

v
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orbits near the libration points L1 , L2 and L3. However, it is possible
(1)

to show that such periodic orbits actually exist .

In conclusion, we mention some words on the work by Hulden (Goulden)
and Moulton, in which they applied the theory developed here to explain the

antiaurora effect. They assumed that the libration point L, for the earth

2
may be taken as the centre of an accumulation of meteors, occupying the
interplanet space. Indeed, meteors for which G3 = G4 = 0 always remain in
the vicinity of this point. Those, for which G3 and G4 are small, remain
for a long time near this libration point. The light of the sun is
reflected by the cluster of such meteors, we thus observe the reflected
light as an antiaurora.

The distance of point L2 from the earth is equal to $.0101
astronomic units (& 37), i.e. about 1.490.000 kms. If the above
mentioned assumption is correct, the antiaurora will have a parallax of
the order of 15'. Unfortunately, the amtiaurora is of such a diffused
effect, that there is no hope to check the validity of this assumption

by observing its parallax.

43, Motion Near Triangular Libration Points

We will now consider the motion of body P near the libration points

L2 and L2. We adopt that

-1, omyop,

2
wheren =m, + m

1 9 = 1, and assume that

The coordinates of bodies S and J are then equal to

(1) F.R. Moviton, Periodic Orbits, Ch. V; and references cited thecein.
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Hence, the coordinates of point L4 are

! :
a=, (1=, b Vi

<

The coordinates of point L. are obtained from the coordinates of point L

5
by changing the sign of V 3. We can thus study the motion near points

4

L4 and then obtain the corresponding result for point L. by changing this

5
sign.
Differentiating the function L., and replacing x, y and z by the

coordinates of point L4, obtained above, we obtain the equations of

motion (30) in the form

9 (349)

The general integral of the last of these equations is

TG CoNT s, (1)
where Cl and C2 are arbitrary constants. This solution shows that the
projection of point P on the axis 0z perforus periodic vibrations about
the projection of the libration point on the same axis. The period of
this vibration cquals 27T , i.e. coincides with the period of rotation
of the finite masses S and J around their centre of gravity. We should
always remember that this ,esuit Ic only valid for linear vibrations

about the position of relative equilibrium, i.e. for such a motion, for

which we neglect in equations (30) terms involving second and higher powers

ofz,?andz.
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We now solve the first two equations of system (39). We can write

these equations as follows
if we consider that

Substituting
Ll e
into equation (41), we obtain the folloiing equa. ‘ons for the unknown

constants

(1*—=R)YUG \2+85)H 0
(25— 8)G - (i — TV =0, (32)

These equations yield
Y

24 [ 1 :l(l *:l)- - \;-;’
;\ and ;\4 the roots of the latter equation,

1° A 2° 3

we obtain the solution of system (41) in the form

Denoting by 7\

- ~ st - ! ~ 4 -~
V‘ON‘FUJ“FUJWFUWJ'

‘ ’ 14
e e L B | o

where G1 R G2 . G3 and 64 may be considered as arbitrary constants.

H, and H, are obtained from equations

The corresponding quantities Hl, H2, 3 4

(42).
the nature of the motion, represented by formulae (44), essentially
depends on the type of roots of equation (43). These roots are given

by the following equations

N =1y V/ . ') V. ]
),'—:-I‘ .\'1/

ttn

T v
-
-
-
-~
——

—g
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where

Mozl - 0T (l =),

Increasing the value of /A from O to %, we find that M is positive in

the beginning, then vanishes at /‘ = /‘('o’ where
]

e - 0.03852084, ., , , 3 oy
)
and, subsequently, M. remains negative up to M= 1. Hence, we conclude
that the values of /t, are in the interval

O,

Equation (43) has different purely imaginary roots. Consequently, the

general solution (44) may be written as

AT § T A A 0 ANV SN FRNTIEY

TR A URTE ¥ R (TR § BT P ) TN

4

where
o, I

and G', G", G'"" and G"" are new arbitrary constants. The coefficients
H', H', ... are expressed in terms of G', G", ... by relations similar to
those connecting Gl s G2, ..o with I-I1 s H2’
It is thus clear that, in the case under consideration, the libration
points are positions of stable relative equilibrium of body P, whose
mass is infinitesimal. Actually, in order that the absolute values of T,
and ’7 remain less than an any given small quantity, it is necessary that
the values of E ’ 7 ,g and'?. are infinitesimal.

Whatever the initial cornditions are the projection of the motion
of body P on thke plare Z"[ may be considered as a superposition of

two elliptic motions, defined by
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and N iy . ., , ) "
=Gl cos+- G s, w Focospu -1 sinu (16)
== G cosy -G singl, vc=H"cosyt-F H singt, (17)

If we choose the initial conditions in such a way, that the constants

C1 and C, involved in formula (40) vanish, and that either G'" = G"" =0

2
or G' - G" = 0, we obtain periodic orbits h-ving pe' iod equal to 2 77 /B
in the first case and the 2 77 /4 1in the second one. Each of these
periodic orbits depends on two arbitrary constants.

We have considered the case when o< 4 < &o . If u>u,

then M < 0 ard all of the roots ,A s +++ are complex numbers having- .

nonvanishing real parts. Hence, the general solution (44) becomes

1= e (G cosPL-f G sin Bty - ¢ (G cos -G singe)
=" (H cos Bt -t H” sin Bty 4 e (1" cosyt-! H”" sin 1),

where 05, T, B and A/ are nonvanishing real numbers. Tn this case,
L4 and L5 are positions of unstable relative equilibrium of body P.
The intermediate case of/u =//-o will be considered in the

following section.

44, Application of Normal Coordinates

We have expanded the motion that proceeds infinitely close to the

libration points L, and L. into the elleptic motions, described by

4 5
equations (46) and (46). These elli, tic motions proceed along crbits,
the axes of which are inclined to the coordinate axes. In order'

to simplify the study of these orbits, we transform the equations of
motion (41) into a form, similar to “fthat of thefirst two equations of
(41). Equation (41) may be rewritten as
i, V' ooF

C U
-N- ) - ' 1‘-{“ -)‘; =3 0 UT‘
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where
F=Re3-{- 286+ T2,

These equations have the following integral

Thus, the curves of zero velocity, given by the following equation

N N «, L

are conic sections, the centres of which are located at the libration

point L4.

In order to transform equation (48) into the canonical form
A B
it 13 necessary to rotate the coordinate axes by any angle &, defined
by
- foy‘ R T
The new coordirates will be expressed in terms of the old ones by

4 N R A T L N A ST v cosh,

where the coefficients A and B will be the roots of the secular equation,

given by
or, in an unfolded form,

Consequently,

303 , 3 o
A=y =S VI=Buli—p, B ) 4 )y 11— )

After the abrve transformations, equations (41) w? 1 become
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T

T2

s ar 1 oF
0% = o, = By,

I oF ‘

- AE]
l (-i9)

Adopting again that

:.1 = Ee'l, fy - I‘"L’“,
we obtain

W A)E—0F -0

E (W -BYF=—=0.
We thus obtain for , the previous values given by equations (45),
while the corresponding ratios F:G will be different.

For ’)1= Biand ’A2=— ﬁi,wefind

Fespltiand Fe:  pr,

where
SE b
21 RE {:./; :
Similarly , for A 3 = X{‘ and ’>\4 = - Yi , we obtain
! A BT i,
where
B i \ .A
I \ /:

Thence, equations (46) .nd (47) are replaced by

W FToossr h T, oy Bpe st pam ! ey

|F
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The first pair of formulae represent a motion along the ellipse

P -fw ot (B £,
while the equation of the trajectory of the motion, represented by the

second pair of formulae, is given by

PEpu g ETIL L)
It is clear that the ratios of the semiaxes of these ellipses are p and q
respectively. Their eccentiricities do not depend on E', E", ..., 1i.e.
on the initial conditioms.

The following table includes the values that characterize the

motion near the libration points L4 and L5 .

u ‘ y ! A ? n : 3 1
! | |
oo | 00 0 o 0.000 A000 L LoMm00 000000
0.1 2 54 1 0.00490 2110 0907 00w 30
0.008 M 17 571 0.0160 1820 097119 0.248 31
0.012 YR I U 0.0269 29731 0.455 14 0.206 14
0016 29 35 3 00459 2561 0,937 61 0217 60
0.020 2029 1y 0.0148 29552 091419 0.96 11
0.024 29 2 57 0.05.47 D910 0.8 18 01T
0,028 Fow 16 o OGS 29375 0O B70 1434 TRUIEN
0.032 Lt B I Q.0714 24280 0.834 Ul 051500
0.0:36 TR ! 00802 R 0.7 88 06119/

In figure 9, the elliptic orbits for the case//Z:= 0.01 are shown
in a strongly magnified form. The table shows that the smaller A& is,
the more complete 1s the coincidence of the semimajor axes o” the ellipses

under consideration with the tangent of the ellipse, along which po.nt J

rotates around S. C -:5

——c-
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Let us now consider the case, when
pe=yuy0.038 5
and, consequently,

i i

A :A '.:-; ’ A-.-).=—-—' N
H 3 ' 2 2 ¢ '/2
h == — Z8°59'10", A =0.085 786 44, B:=291 21356,

Apart from the motion along the ellipse represented by equations (50)
or (51), which will now be considered identical, we shall have a

particular solution of che type

involving the arbitrary constants K and to. Accordingly, the motion
becomes unstable when /(L becomes equal to /('o'

45, Tisseran's criterion

In conclusion of this chapter, we will consider one of the applications
of the Jacobi integral, which has been suggested by Tisseran. It is well
known that the elements of a conet's orbit may be stron§ly violated when
it pacses near a planet. Hence, it is often difficult to identify two
comets only by their elements. Moreover, the appearance and even the
biightness of a comet strongly vary certainly, one can evaluate the
perturbation of one of the two comets under considerations from the time
ir appears until the time the other comet appears. However, this
calculation is quite cumbersome. It is only woxrthwhile doing this
calculation if the chances for the muccessful identification ~f a comet
is good.

The orbital elements of a comet changes strongly enough to violate the

orbit only if the comet approaches very closely a planet. For a planet
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as heavy and as far from the sun as Jupiter, a comet passing at a
distance of 0.3 will be affected by the Jupiter's gravitation more than
by the gravitation of the sun ( §§‘72). The changes in the orbit, that
will occur in the short time in which the comet is in contact with Jupit-r,
are stronger than the perturbaticns induced by other planets. As a first
approximation, the perturbation induced by other planets are neglected so
that the case under consideration may be regarded as a restricted three
body problem. In addition, the eccentricity of Jupiter is small and since
the interaction of Jupiter with the comet lasts only for a short time,
Jupiter's orbit would only slightly deviate from its circuit. Keeping
the notation of 9'38, we see that the coordinates x, y and z of the
comet satisfy equation (4), i.e.

m 0
l-{»\.J.,!:q:“x.;,},.;::/3(_l. .’A, 52)

!
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This relation leads tc the following necessary condition for the
identity of two comets: Two comets will appear to us identical if and
only if they have the same value of the Jacobi constant C.

In order to make use of this condition, it is necessary to evaluate
for each comet che relative coordinates x, y and z and components of
velocity x, y and z. Then, equation (52) gives the corresponding
value of C for each comet,

In order to 3implify the application of this criterion, we make
a transition into the fixed heliscentric eoerdinat e system 55 2% in

which the Sy axis is pavallel to the 0z axis., Evaluating the time

starting from the moment when the axes Sx and 0 g coincide, we obtain

oo 'é\ N+ 1 .
y=-—Yan ¢ o

From this it follows that
VI e O L L e a7
O P B R AV RO V)
In the new coordinate system, equation (52) becomes
. . [ 7\
JE I - BRI A -
o G R IR ] |

) (h)
—dwaiee ety swmealy 4 il 0

This formula can be used to calculate C when the comet is so far

from the perturbing planet, that the comet moves almost entirely under the
influence of the gravitation of the sun. In this situation, formula (53)
can be considerably simplified. Let us denote by a, e, 1, ... the
elements of the comet in its motion around the sun. Taking the mass of

the sun as unity, we put m, = 1. Then, the integral of area and the

g

~3, vy
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integral of the kinetic energy of the two-body problem enables us tou

write the following equations

where r = T is the radius vector of the comet. Hence, equation (53)

may be replaced by

-1 - - .
R S TN TV B SR

where the average durnal motion of Jupiter n is replaced by n' in order
to be distinguished from the elements of the comet. Moresver, the icllowing

notations have been used

l_'“ = ¢

. rap=? . R ,
ook e Ceosntl sty ontie Ta -

In the cases that are usually met with in practice, the coordinates'!%
and '7 are not large. Since a; and m, are small quantities (of the order

of 0.001), and

Wk 00840010,

then E; may be dropped.
We sce that, after the comet has passed out of Jupiter's sphere of

action, the expression

conserves its value. This equation represents Tisseran's criterion that
defines the necessary (but not sufficient) condition for the identification
of two comets.

Relation (54) becomes more accurate if on the one hand we take into

consideration the corrective term é;, and on the other hand replace the

3 N
Lol S
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average durnal motion of Jupiterrby the angular heliocentric velocity.

o Y

Neglecting the square of the eccentricity of Jupiter, we obtain

Ju by

3
[y ! -

Hence, the more exact relatinn will be given by

' ’ . , - N N Sy
a L lydal ) cot o=a. (. HY

The radius-vector of Jupiter is best of all evaluated at the moment when
the comet approaches Jupiter.

As an illustration of the present theory, we shall consider the
approach of the Wolf comet to Jupiter in 1922 and which has been studied by

M. Kanlenski(l).

The osculating elements of this comet before entering in Jupiter's

sphere of action and after leaving it are

1922 Sk K0 1 Ditemband |y
M, 18 b, IR B B
. B IR RV S beoad
n RN N E A B
L PLPERE SN | T 0
IS 9 85 y Uy } 1925,0
NISEERIN R AN TN Y]
v .. 0l i IRELUET
\ O, O vy
v, NP RN |

The variations in the elements are strong because the minimal

distance between the comet and Jupiter reached the value [}- 0.1247 on

(1) The numbers given here are taken from the work:
M. Kamlenski, Recherches sur le mouvement de la comete periodique de

Wolf, Bulletin de 1'Academie’' Polonaise des Science et des Lettres,
Serie, A, 1925.
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Adopting that ‘ga' = 0,74624 and Qg r' = 0.73604 arnd neglecting in
ejuation (55) the small quantity ® ,» we obtain for the two comets the

following values
o 022 [0md tal,

We thus see how small tke change in the quantity Co 18, even during

80 large a variations of the elements.



e s et - B S e S

PR |

| 9

- 190 -
PART TwWO
THE NUMERICAL INTEGRATION OF DIFFERENTIAL EQUATIONS
AND ITS APPLICATION TO THE STUDY OF THE MOTION OF STARS

CHAPTER VITT

THE NUMERICAL INTEGRATION CF DIFFERENTIAL EQUATIONS

46. Introduction

All the problems of celestial mechanics are reduced to the solution
of some differential equations. That is why celestial mechanics is
always inseparably linked with the development of the methods for the
solution of differential equations.

The integration of differential equations in a closed form is only
possible in the most simple cases, such as thetwo-body problem. In
general, the solution caunot b obtained in terms of the well-known
functions. One then has to try other methods for the solution of dif-
ferential equations. Amongst these methods, the two most general and
effective methods are (1) the method of integration by series of
expansions and (2) the method of numerical integration. In this
chapter, we study in detail the numerical integration of differential
equations.

The first successful application of the numerical method was given
by Clero (i813 -~ 1765) in a study of the perturbation of Halley's comet.
His method was later developed by Dalamber, Euler and in particular

by Laplace. The final stage of this method was achieved by Gauss(l)

(1) C.E. Gauss, Exposition d'une nouvelle methode de calculer les
perturbations planetaires (Nachlass), Werke, 7, 1900, 439-472
Gauss' formulae were published for the first time by Encke (J.E.Encke,
Uter mechanische Quadratur, .erliner Astr. Jahoclaich fur 1837, Berlin
1835, and published again in Gesammelte mathematische und astronomische
Abhandlungen, Berlin 1888, 21 60). The application of the so-called
"mechanics" of quadratures is not only out of date, but also may cause
a lot of misunderstanding.
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whe suggested the so-called meihod of quadratures.

The method of quadratures was developed for its use in the solution
of the particular problem of evaluating the perturbations of comets
and small planets. 7This explains why the method of quadratures was
not always accepted as a general method. It was considered as a
particular way of evaluating perturbations, i.e. calculating small
corrections to an already known approximate solution.

In 1908, the eighth satellite of Jupiter ywgg discovered. The
motion of this satellite could not be interpretted by Kepler's law.
It was then necessary to investigate the general character of the
corresponding dynamical problem. Cowell suggested that "mechanical
quadratures" should be rejected. He proposed a new method for the
general integration of the differential equations involved. This method
was the origin of the method of quadratures. A great deal of attention
was pald to this method, especially after it had succeeded in pre-
dféting the return of Halley's comet in 1910(1). When the work on the
motion of Halley's comet was over, Cowell made an important conclusion on
the basis of his wide experience on the numerical integration of dif-
ferential equat{ons(z). This conclusion was that the Cowell's method
can be significantly improved. Although this conclusion was theoretically

evident, it remained unnoticed for a long time. When Cowell's method

(1) P.H. Cowell and A.D. Crommelin, The Orbit of Jupiter's Eighth
Satellite. Monthly Notes, 68, 577-581.
P.H. Cowell and A.D. Crommelin, Essay on the return of Halley's
Comet, Pablikation der Astr. Gesellochaft, 23, 1910.

(2) Appendix to the Volume of Greenwich Observations for the 1909, 81.
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was improved, it became identical in form with the method of quadratures
that Gauss had suggested. e
In the past decade, the method of rumerical integration of differential
equations has been widely applied in fields other than celestical
mechanics. In this connection, Adams, Stormer, Rugge and others,
suggested some other methods. These methods are not as perfect as the
method of quadratures. Hence, they were not widely used in celestial
mechanics(l). However, we shall not only consider here the method of

quadratures, but also the other methods. This will give us an idea on

the advantages of the method of quadratures.

47. Evaluation of derivatives in terms of differences

We shall consider the values of each function that correspond to the

values of the independent variable t that form an arithmetic progression,

i.e.

R A L PR VLA S SR )

4
1

1 e

»

The values of a given function, say f(t), will be denoted by

Ly =S,

where

=1 4~ R,

(1) These methods, which are of interest to engineers, are give: in:
A.N. ZLryllov, Lectures on approximate cal~nulations (Lekcii o
priblizennyh vycislenijah) 3d. edition, 1935.
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The following scheme shows the system of u;;‘ll INAL PAGE 19
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notations which we shall subsequently use for the differences. Accordingly

fiq.-:_"‘-fk-u fk
1 f0 - £l

1
At [

for arbitrary integral values of k. One of the values of the column
of the sums of the 1lst order may be chosen arbitraiily. The other

values may be obtained using the following relation
o0 oS (1)

Similarly, assuming that oae of the values of the second-order sums,
say f;z is arbitrary we evaluate the other numbers in this column

using the fol.owing equation
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and making k = 6, 1, ... and k = -1, =2, 3, ...

The scheme of differences indicated above 1s often completed by the

semisums of two neighbouring quantities of the same column. For these

semisums, the following notation 1is used

ARV N= Nk,

~1 - -2 .2 -2 ’“
" ' —._“/* ' ,A'l’u 1] l

Let us now try to express derivatives in terms of differences. We

here use the stirling formula

A P AT b
Ay, LY/

/(’A+:"')",L'! -"":'i 'n/l ’ J! I'"l !

Differentiating with respect to z and putting z = 0, we obtain

Y ! Ve i
' Vo e K S ?
{11 " /L II//‘ ok l:‘;(»\fﬂ-ﬂ'
ST -
e ! ’ M oy [
i & i i) |
iy 1 7
1 =
/¢ y ) /
‘““>" 1 l..() b
" fove { ; R X h
'\\.::‘,? bt ‘_’m/
d |
" =/
(dl-' )k ! S, |
/
df |
un = fr - ]
‘”“)A- /L 4 /I.- ,
\

Similariy, Bessel's formula

- :(:«1)(; ')
{ 1 : A—_ . -
[l feznf afyy V70, )/H b 3 ot

l\
, r2(z—-M:--Y|=
s Dz@E-D-- 9
+({>(_’I)4 b p ( )“/4
1! iy

L a!
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enables us to express the derivatives of the function {(t) in terms of

of the differences given in the line n = k + %. We obtain

dl’ l : i l H ! , ot l "
”'(a:)k LT R S TR R P TR S T
/a , | 1 [
u- , =/- ! . ," LR /:Il-'£ f /l:ll
\dl-),‘ ki DR | S 21744, ! (‘_))
wt d,/ . /: y l }| ! ’u ‘
drif, i EARE
f 1 '
1w (:I/‘) :t/: - /l-l i
. I3 - - <

The following formulae are used in the rmethod of the numerical

integration
of equations, suggested by Adams and Stormer,
N4 R L R P
(4 . 1 5
zu-(dlz)k ,./[ﬂ, ! /j_; ‘<l2/}"-*'b /‘_% t- ] } )
A (L
1d-f . 3 7
"'l\‘”;) :/‘:_‘ i ) "__: l 4 /" rt»l .. 7
dy S,

They express the derivatives of f(t) in terms of the differences, located

in the ascending diagonal. These relations are obtained by the similar

interpolation of Newton's formula:

Annotation

There are several other ways to denote the differences. The
quantity fn , where it is an integer and n « half integer (even or oddj,

will be denoted by fi(n), or fi(n) or by fi (to < nw), or finally
Al
by a
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Let us consider the following differential equation

\
AR R y
dt v (

We want to calculate a tabie for the values of the function X(t), that

satisfies this equation as well as the initial condition

X(to) =X

where to and xo are given numbers. Let us assume that x(t:o + kw) = X o
and evaluate X 5> Xy 5 Xg oy eeee o Our problem is to find the way to

follow in order to calculate the differences

Since

dt V)

, w [dx o da
XA U, --w)==x, | H( ) -4 ‘”( \
. . D

then,

At w ’d‘\) "i‘l.(‘u :i.,r .
F 19&41 , zy(az-), ]
Adopting that

wh(x, 0y 70, wl (x4 1,
and taking equation (7) into consideration, we obtain

w [df w: [ w (dy
B, 1 : 1 : h
vy ek <m>‘ 6 (d/:) b2y (://')k e '

This formula essentially solves our protlem. However, this formula cannot

be easily applied(lz since we have to calculate the derivatives

(1) The method of integration of equation (7), that is based on the use
of formula (8) is called Euler's method. It 1is only applied in the
rase when one can keep in equation (8) only two or three terms, i.e.
when the interval w is very small, or when one does not require an

accurate solution.

. .
a4
B e

SV TR
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df dyf
(W), (wJ;"'

We now express the derivatives involved here in terms of differences.

Using equation (6), we obtain

This formula represents Adams' method. Equations (5) leads to the

following formula

0
which may be written as

[ 1 o,
S TR I a1
2197
BY RO
since
. 1 \ ) 1
/I a U, /( 1)19(//<'i’/l 3/ |') /k )j/.

This formula leads to the method of integration that may be called
Cowell's method, since a similar method of integrating second-order
equacions has been suggested by Cowell.

Once X, X » X, are calculated equation (9) immediately

93 vee
gives X4 On the other hand, Cowell's formula, given by equation

(10), expresses the unknown difference X4 T Fp in terms of the

2 1
differences £~ , £, ... which depend on fkﬂi , fk+2’ ... and

2 2
The difference fk+2' s fk+15 , e+e are

found, in the first approximation, by extrapolation. After the

consequently on X4l * Xpg? o0

evaluation of the corresponding values, g2 cets these differences

e+l * et
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are calculated ia the usual way. If it is necessary, the quantities .
X4l » Nago - 8re evaluated once more. Owing to the rapid decrease of
the coefficients in equation (10), the above procedure converges so
rapidly, that the second approximation might be unnecessary, provided
that the interval w is not large.

In the cases, which we are met with in celestial mechanics, namely
in evaluating the perturbations of the element$: of orbits, the right-
hand side of equation (7) slowly varies with the variaticva of the variable
X. When the variable x slowly varies, the application of equation (10)
becomes particularly simple because the values of the function f and
all its differences may be evaluated in advance for several intervals
using the approximate values of x.

Equations (9) and (10) can he used only when some of the initial

values of the unknown function, Xy 5 Xyy ..., aTE given so that the

2
evaluation of the differences f1 , f2, .«ey involved in these

formulae is possible. The values X 5 X (and also X_1s X_o» I

2, oo

are usually evaluated by the expansion of the integral in a series, i.e.

“

- |
Nl) = Xg g ".“U' - ){ ‘)"'Xo” ‘u); 'IT' N

g

The coefficients of expansion can be found by the multiple differentiation
of equation (7) and subsequently the substitution t = to. Somet imes,

the initial values Xy oo X g s Xg 5 X o5 een are found by a successive
approximation (5 57). An example of this approach will be given in S‘ 55.
It is also possible to find some of the initial values, say X 0 Xy Xgeees
using Euler's method.

49, The method of quadratures for the first-order equations:

The limitations of the method of differences, considered in the

previous section, is the accumulation of errors when x, , Xys .. are
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evaluated in terms of their differences A . Indeed, in order to

evaluate X, we use the following equations

R T Y T S ST WA WY AV
2 2 fn n=i n— |

The term by term addition of these equations gives

n-1

' X, =~ A, w A¢1 1. 1))

If the error in evaluating each of the differences A 15 within the
limits from - € to + € , then the maximal possible error in x
is8 *+né€ . it is well known that the probability that the error
in X, achieves this maximal value ig very small. However, we still
have to be very careful on the progressive decrease in accuracy of the
evaluation of X at large values of n.

In the following, we show how the above-mentioned accumulation of
errors may be reduced. As an example, we will consider eatuion (10), whichk
may be written as

'\H-l. =/, i Red,

where Red stands for the correction that must be added to a given value
f in order to obtain the corresponding difference A . For simplificyt,
we assume that the values f of the function are exact. Even in this
case, the correction Red will have a finite error occurring as a result
of the rounding off as well as the dropping of terms in equation (10).
Hence, the accumulstion of errors in evaluating X using equation (10)
occurs due to two reasons. First, we use a limited number of laws in,
evaluatiug the function f, and second, we make errors in evaluating Red
when we round the numbers off and drop the small terms. The summation of
errors of the first type is not important because the accuracy of the
calculation of f can always be put under control. The summation of the

errors of Red is more harmful, since these errors cannot be easily controled.
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It can be avoided by an appropriete change in method.

Let us substitute expression (10) into equation (11). This yields

i L} [ |
\ : i v
_ N\ RN IELLER N .o 12)
Ve M T e

Fron equations (1) and (3), we obtain

Therefcre,

Similarly

/‘:!.:":/LQINIR' /,. " II"l /,‘
Using these equations, we can easily be convinced that

n |
]

Al ! -1 E : 2 N L
‘\_‘/A‘{r:/. —/o ’ }_/‘ ‘ Y SR B

" - (7

Consequently, equation (12) can be written as follows

1, 191 0
7;'0/" - 4;()48u/~ L
| B 1ol .
70070 Y w).;xu/" -

|

)

-}_xu'_‘/u l |2/t: -

Since one term in the column of the first sums may be arbitrarily
chosen, then the quantity f;l is usually defined from the following
condition

g ; ll "
xu /0 12—/:: ' 'lv..,(,/.. D ) (13)
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! .
Yl e Pl (H)

The calculation using this formula 1s free from the above-mentioned
limitation of the accumulation of errors. The error in x depends on
the rounding off and neglection of the terms in the correction.

‘ o, l! 7___.
P Jo

Red W
When the interval w ie properly chosen, this error does not affect the
value fn =y F (xn , tn) and hence does not affect the subsequeat

values of x.

The method of integration of equation (7), based on the application
of a formula of the type given by equation (14), is called the method of
quadratures since, if the right hand side of equation (7) does not
involve X, this formula is reduced to the formula of quadratures
(Sec. 56).

The method of differences, suggested by Adams and based on equation
(9), corresponds to the method of quadratures in which the following

formula is applied

-1 ‘ .") 1 o

’/I_ ; /,. Coe e e, “5)

where the initial values of the column of sums are defined by

-) ! vt . X
f-‘_ltxo : ‘,f,-|"‘r./.-i - \,f—l-—'

To distinguish between this method and the previous method suggested

by Gauss, we shall call it Adams' method of quadratures.

50. A second form for the method of quadratures of first-order equations

We shall consider the following problem. Let the integral of the

equation



£
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be given by

It is required to calculate a table for the values of this integral that

correspond to the following values of the argument

= ' i,

where k is an arbitrary integer.

We first show how we can calculate the unknown function X(t) for

the following values of the argument

Expanding this quantity in a Taylor series, we obtain

. w , uw dx we fdy we fd-A
b, c= X1 -t -, 0 : .
“ (" * -_’> Y __') “ (dl)l vt ( e ) t.20 (dl*), '

Using equation (7) and applying formulae (4), we obtain

. | 1 S07
=t e e . luy -
St/ QI/ YR ' uu?hm)j* (o)

This formvla is more convenient than formula (10). It involves only
differences, while formnla (10) involves semisums of differences.

The initial values of the unknown function, e.g.

w w BT
(o %) wlort)e w(a )

are obtained either by expanding x(t) in a series, or by means of ihe

method of successive approximations.
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Formula (14) leads to a method of integration similar to the method
used by Cowell. The version of the method of quadratures that corresponds
to this formula is obtained by summing equation (16) f.~m k = O to

k = n~1. This summation yields

-1
If £
%

is defined by
S i S

then, we obtain the following simple formula
L I_‘!) ! :‘:/' | ,im ' - (1o
The method based on the application of formulae (16) and (17) cannot be
widely used because these formulae give the values x (tk * —§~ ), whereas
we have to know the values x(tk) in order to evaluate the right-hand
sides of these formulae. Therefore, when these formulae are applied
we can find the values x(tk) by integrating in average. Hence, the
application of formulae (16) and (17) is useful only when the differences
of x(tk) may be neglected.
In order to avoid this difficulty, we deduce from equation (17)
a formula that yields Xn = X(tn). For this purpose, we use the well-known
formula on the integration in average
;( Wt P b Py
S ' NoTvo N T ATTRY
which is cbtained from Bessel's formula, given in E?é?, by putting z = %.

Adopting in this formula that

7—.“) x (/,--

P om N o

ok
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and noting that

3
s
-
-
—
-~
re
-
-~
[
——

and, consequently,

we obtain

Vi 1

’ "y N0

Hence, the evaluation of X will be carried out using a formula indentical

with that given by equatien (14). However, the initial term of the column

of sums will be given in the presen case by

Annotation I
The methods of integration of equation (7), considered above, can

be applied without change to systems of equations of the type.

In this case the integration will be carried out in parallel on three
separate sheets.

Annotation II

In the application of the above-mentioned formulae, it is useful

to use the following approximate equations

e Am A
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51. An example of integrating first-order eqauations

Let us calculate a table for the values of the integral of the

following equation

which satisfies the initial condition to = 0, Xb =1,

Choosing the interval w = 0.1, we obtain

f2y DOSNL (*)

In order to determine the first values of the integral, we

differentiate the given equation and put t = 0. We obtain

Consequently,

This series-expansion enables us to find the values of x for t = #+ 0.1,
*+ 0.2, Furthermore the calculétion will be carried by the following
schéﬁe, in which the values of x obtained by the series-expansion as
well as the corresponding values f, -F} s ++. are printed in beld

'

type. The semisums of the values f, f , ... are typed in the spaces

between th: corresponding lines.
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In table A, the initial values are given, and the first approximation

is obtained for X3

0, we evaluate

=X (0.3) and X4 = (0.4).

For the line t

- 417 (expressed in units of the 6th digit, which

and obtain Red
also applies to all quantities f, fl, eee). We substitute .this value
in the corresponding column, and find tte principal term in the

column of sums

/. =\, I\ J ]l'!'“”;

In order to find the next terms in the column of sums, we counstyuct

the semisums in the column of £ and use the following relations
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We then extrapolate the quantities required for evaluating X3 and X, . ‘

Assuming that the forth difference is zero, we obtain

Then, by successive addition, we obtain

/] it / 18

3
equation (**), and obtain the values of x(t) which are subsequently tabled.

and so on, until we obtain f,_~and fIl. Finally, we evaluate Red using
At this stage, the first approximation is complete.

In order to obtain the second approximation, we evaluate f3 and fl
using equation (*). We then repeat the calculation of:g and X, using the
new and more accurate values for the differences.

The final results are given in table B. In practice, the first
approximation is written in pencil while the second 1is inked in. 1In

Table B, the quantities obtained by extrapolation and those not cor-

rected by the second approximation are printed in italics
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evaluating values

fter ng

. :ces required for the evaluation
extrapolate immediately the R d

18 shown in table C, where the

ics,

The values of xs

above mentioned extrapolation.
value is incorrect by only one unit.,

evaluated using these vaiues for x

5 and

re-evaluation.

However, the values f

and Xes given in table B, have been found by the

The first value is exact and the second

5 and f6

x, are f.nal and do not require

6

In conclusion, we shall demonstrate how the same problem could be

solved using Adam’'s method (of differenc

es). In this method, the

calculation is carried out using equation (9), which may be rewritten

as follows

A
S~

~1t
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The results of the calculation are given in table D. The exact values,
from which we start the numerical integraticn, are printed in bold
type. The function f and its differences as well as the Red correct.on

are calculated in six digits.

Table D
l ; ! t 2 i ! Gl .
t L ox / J / o S R

| ‘ | ' | I
| i | ‘ i !
—02] 101005 | — 0010100 | ' l i ‘ .
' + 5087 | | |
~01 | 100250 | i — 0003013 -4 .; ; ;
| | + 5013 | + 74 ’ ' |
00 | L0V | L0000 ' 0! P |
! ‘ <5018 | L T4 -6 !
0.1 100250 | L 0005013 X Lt oo ‘
| ' 5047 l i 80 ~6 |

“2 1101005 ! | 01n0|u)} +—l34| 0 |t 2002
| D 5241 P80 pooT

U4 10:275 oo | L+ 28 L7 2T
1 IRCITY |+ 545 R 42

04 101081 | 0O0816 | bosan S .+ 2R3
; f~+23usi ; 579 oo i IE

05| 10649 | ouxGi2, A k10 | T
i + 2868 e 6213 | I N 1 ‘

Ve ! L 17’ 6032425 | NERE ! | 132
| 615 i [T : | I i

07 ' 113032 0044 56t ‘ ’ i ’ | Pt 3629
BFRRL i i ’ | i
03 117351 , ! \ ‘

All the calculated values of x are quite accurate and the difference
in accuracy between Adams' method and the method of quadratures will be

considerable. only if t'.ec numerical integration is continued significantly
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further {or if larger intervals, w, are used) especially when function f
is 2valuatzd with a single spare index, as it has been done in the present

example.

52. Integration of Second-Order Equations. Evaluation of an Integral

Assigned by Two Values

We shall now consider methods for the integration of equations of

type

Each integral of a second~order equation can be assigned either by

its values in two points, e.g. by the values
X_y s X(p-w), wmx (1),

or by the values

. dx
Xp==x (1), x, - dr ’
t 1,

that this integral and its derivative take at the initial point to.
In this section we shall only ¢ consider . the first case. We

assume that the initial velues X_1 and x, are given. We then have to

evaluate the subsequent values Xp s Xy eee of the unknown function.

Alongisde the differences

. o — ——
JL_{~~x X, 4 A‘;:n X

~-X

k Ab1 A

we introduce into consideration the second difference

Expanding X4 = % (tk + w) and X1 < x(tk - w) in powers of w, we

obtain
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Assuming that , -

ut Fla,)=-f(1, w3l (x !

’
n'’n Ine

we obtain

) i ‘' i dy
A' - ! -:' M - t -
£ a 12"’ (l”:)k}_.ﬂ‘() lL‘(‘”‘)k' . e .

Using equations (4), we express the derivatives in terms of differences.

We obtain

1 41 289

1
1.. i [ t . v
N Lt i g IO g ane”

- . . Ky
% l.b?hh(K)/‘ Tt b

which represents Cowell's method. Applying equations (6) yields the
principal formula of Stormertmethod (similar to Adam's method, which

reads

!, o, L
T B UV

S

.;.','//\ ;e ' Vi
AR VAT PRGN -

The comparison between the last two formulae immediately indicates the
superiority of Cowell's method. If the values of fk are evaluated with

an error equal to * € , then the first, second, third, ... order
differences will have errors within the limits *+ 2¢ , *+4 ¢ , 28¢&, ...
In equation (20), 31l the coefficients are of the 1/12 order and hence

the errors in the higher-order differences will significantly modify the
value of ZCL. Equation (19) is free from this defect because of the

rapid decrease of its coefficients.

Calculation using Cowell's method 4s done in the following way.

The values of X_4 and % are given, and hence we can evaluate
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Neglecting for the mcment all the unknown terms in equation (19), we find

the approximate value

This ylelds

A

'__+
P

Having cbtained the values f_1 s fo and fl , we determine fg and

subsequently use the more accurate value

. 1 .
- f, ! Fjj:'
to evaluate x, once again. We similarly evaluate X_,- We then find

4
fo and use the more ac.urate expression

1 1
. _f 2 4
SR r‘2/ 24u/"

and so on umtil we obtain the final value of this quantity and
consequently the value of Xy Thus obtaining a few values Xy 5 Xgy oo

. i by extrapolating the values of the unknown differences.

we evaluate
If the interval w is not large, the extrapolation is done so well that

it is never necessary to improve the accuracy cf the resulting values
of & i .
1
Ny
Instead of finding X4 in terms of K by using the double
summat ion

Spp 'TRLL ALy, w A )

k+

it is possible@applybthe following formula

which is more easily done using a calculating machine. However,

tow

AT PR QUA W
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svoiding the writing of differences does not save much time and it only

prevents the possibility of checking and controling the calculations.
The double summation that explicitly appears in formulae (21) and :

which is implicitly invo’ved in formula (22) leads to a greater

accumulation of errors than the single summation obtained by applying

Cowell's method to first order equations. It is thus clear that the

replacement of Cowell's method by the corresponding method of quadratures

is very essential in the integration of sscond-order equations, especially

when the calculations are prolonged.

Summing equation (21) from k = 0 to k = n - 1 yields

Formula (19) gives

n-\

ro-t n 1
V- N LN N

’l()

-1

Since, according to our system of notation,

AR
AR
ARRYASERYSS

The addition of these equations give

n) m m 1 i

.‘-‘/;_. '/" ‘:—/ I

Taking this into consideration, we write the first of equa*ions (23) in

the following nanner

—
to
~
2 -
[l
[
-
\\
19
—a-
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We then choose the arbiirary initial <erm in the column of first sums

in such a manner that the second iline of this equation vanishes.

By assuming that

2 Ry .
-= 30 1. '_. T i - “1 i

We finally obtain

We replace n by k + 1 and sum from k = 0 to k = n-1. The second of

equations (23) may then be written as follows
However,

Consequently,

. 2 ) 1 I . B S) ]
A e ];'/‘ _’-lU/q 00 30 /n

o ! T
P /" ..’/' i .."lUjl - -(-()-ll\U ,u

We assume that the initial term in the column of the second sums is

given by

L
l»“-‘h'l)/u ' L (u))

Then, the latter formula will be given by

! | PR 3 i 289 .

N . . e
/ 12 / /. BU2EN00 T beoes (=)

207 ¢ UG N0

In applying these formulae, it is worthwhile to take into comsideration

that
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Formula (26), supplemented with equations (24) and (25), represents

the method of quadratures. This method is applied in the same way as

N

X, =X _» the adjacent values X; 5 X o 5 Xy ... are found using the

method of successive approximations. Then, the differences fi ’ fi, cee

Cowell's method. First, starting from the given valuex X and

required for the application ofequation (26) are found by extrapolations
and corrected if necessary in the second approximation.
In Cowell's method, the calculation is carried out using formulae

(21) and (22), which m:v be writcen as

The Red correction isthus subject to a double summation. However, in
the method of quadratures, the calculation is done using a formula of

the type

Thus, the errors made when evaluating Red are not increased by the
summation.
The method of quadratures that corresponds to Stormer's method

consists in the applicavion of the foilowing formula
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In order to obtain the initial terms of the columns of sums, we put

in this formula n = 0 and n = -1. We then obtain
. 1, Mo
[ =% g L/ f—‘.’m/ -

)
1, Nt

E] Pwy
[ =Xa— 20 7

12

Storzer's formula is applied in the following form

« 1 : l M I
x"=;/"-~*- llz(/n 1 : ‘/,,_i'_*-/n-—.')—‘_)'“)/"*'-'

The tabular interval w is chosen so small that the third difference may

be neglected.

Annotation

All the methods of numerical integration of the equation

dx .
an F(x, 0
are applied without alteration to systems of the type

dx dv d:
=z X ! - xynn -
ST Y B

dr Hx, p 2 0.

Naturally, the integration of equations coupled in a system is carried
in paralle.

53. A Second Case in the Evaluation of the Integral of a Second-Order

Equation Assigned by Two Values

The method of quadratures forthe second-order as well as for the
first-order equations can be represented in two ways depending on wt :ther
we want to calculate the valus - X, = x(to + nw) or the values of the functions
in the middle of the intervals, i.e. x (to + (n + %)w). The first case
was considered in the previous section. Here, we shall derive the

necessary formul: for the second case. We assume that



[

ORIGIN, AL P AGE 1§

- 217 - OF POOR QUALITY g

3

!

Ny t ]

o e ) |
T A ‘

Taylor's formula gives
- . Su . /AN w
,’A-, ,‘ :«;\(’k"*‘ 2)—.3."(’k-]-l) ,\,-; A(lkv ‘.\_.
‘ e - .
LS ] dx D dis 1 dx
= e . . lb"‘ —1— 10t ¥ -4 A -t
\ar )k 2 (dl )k 24" (dz-),“ 16" (ws)k+ T

Consequently

I o 17
4 ix f ] — 2L U
i ‘*"'.’jnj 2-;/«-‘; o 7, '
or, finally, using the following formula
r=s- .0 ! '
//‘ ) : - /‘. ’!' .-) /kf l, )
which has already been applied in Sec. 48,
a2 l 2 l7 N 3()7 ”
[ == _— - - ’ -—— .
ey T oafey 1920 70+ 07198036 0 ‘_,J' '

This formula gives a method of integration similar to Cowell's method

Summing this formula from k = 0 to k = n~;, we obtain

. . 1 1 ' 17 )
1y 0y -j" —2.‘/" 1 l‘)ZU /”
, ] 17
SR VAT AR
Assuming that
- . 1, v, .
A °°"“.’1/o Tgeady e (27)
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Replacing in this equation n by k, and summing from k = 0 to k = n-1,

we obtain
I’y w ® l lT K
* (’..— z)"'x('"" 2)"/.,. .;7"2:/» ; 19207 n- p
2 l 17 . i
/. ! '*‘24’-: gl

Agsuming that

we finally obtain

S i 1
' T — g — I T )
i ‘("__!>—'fn-.' ..'l{'—; o0 . S

When the initial values x (t° - -g— ) and x (to + —%}-) that define
the integral under consideration of equation (18) are given, then
formula (29) together with equations (27, and (28) enable us to
successively obtain the values of x(t) for t = t - —;— , where n = 2,
3, 4, ...

It is advisable to have formula (28) written in a slightly different

form. Since

then this formula may be replaced by

e / \ 1 l 1
R P RN A VI

17 S
1920 {/.. a0 ) e

{28hasy
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Similarly, we replace formula (27) by

R T SV A 27his)

In evaluating the right-hand side of formula (29), one has to
know the values x(tn). The application of this formula is thus
complicated by the requirement of finding the values of x(tn) by means
of irterpolation into the middle of the intervals. We can obtain a
formula that immediately gives the values x(tn). We apply the formula
of the interpolation in the average, given in Sec, 50, to the function

x(tn - —%LO, defined by formula (29). Assuming again that

’

?‘7_‘) ==X ( 1, - ”; ),

we obtain

v, 17T e
" " —',ij i l‘l?()/-l -
: Voo
R T S BT

n

Therefore

e o] Ly e
where the initial values of the columns of sums are defined by formula
(27) and (28) or (27 bis) and (28 bis).

54. BEvaluation of the Integral Assigned by the Initial point and

initial velocity

We have been considering the evaluation of the integral of the

euqation

[7EAY /: "
e,
dr

that is assigned by the two values of its independent variable, e.g.

giving values of x(t) for t = t, and t = t, - v and for t = t, - ~%—

R

b
LV

a e

S
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and t = to + —g}-. We now consider another problem of particular interest
to celestfal mechanics which is the evaluation of the integral defined by
the values x and %% in some point. We shall also consider here two

cases:

The first case

Let the unknown integral x(t) be assigned by the initial values

dx . S0y
X “u) -z xu. (([{ , ‘ = .\‘“ . (-5“[

We shall now see how the adjacent values X s Xy, ... can be obtained
Considering equations (26), (24) and (25) which born the basis of the
method of quadratures. We manipulate theconstants f:; and f;z in such

a way that formula (26) gives a function that satisfies the initial
conditions (30). It is clear that the quantity f;z should be left in
the same form as given by equation (25); the first condition of which w
given by equations (30) would be satisfied. Now, denoting by A‘, Az) Ai

the successive differences of the function x(t), we obtain on the

basis of equation (4) the following relation

I‘!l 1 ’ . l l 7
W - + v -‘
(‘r!f )1 An " \n o )-\n 140 A'n !
Formula (26) yields
_\ 1 N /-n - 4_ i /n ‘ jln 1 e
T 12 210 7a
Consequer:itly
de - o, 1 ) I
w - ‘e - L - -1-
(t// ‘_l "' !'.,,’/'l 7‘.’('101 Gl S0 jn * '
Noting that
! ' \ !
/" i (/ . : K . ) / ) /

{ 5
gy 8.
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and puting n = 0, we finally obtain

- - ! I 10
{ .,L':' X - - I.... i : 2 — /
/ -. " 0y 2/0 1 :z/u TL"J/" f “UIH”/ ' S (T

It is therefore sufficient to calculate the initial values of the
sum columns using formulae (31) and (25) to enable formula (25) give
the values of the integral that satisfy the initial conditions (30).

The second case

Consider now the case, whern the integral is assggned by the
fcllowing initial conditions
w , w
x<to——‘))=Xo. x (to-.,> X, (42)
It is required to calculate X, = x(to + nw). Let us start by applying
che previous approach that has been applied to formuia (29). For a
change, we will use another method which will as rapidly lead us to our aim.
Replacing equation (18) by the system

dx’ dx

g =E Dy )

We integrate the first of this equation by using formula (17). Since,

in our present notations,

wkF(x, t) = ul)/(t),

we obtain

, w o1 17 . ‘ ,
wx (”'-*_2):/:._. | .1,.2"/| | ___“)20/’:; , dee ()

-1 ' l H i g
/__I = “'Xn-a)ll‘ .‘: T -{.)76“/ PO e e (‘;'.))

We now consider the second of equations (33). Adopting that

wx' (1) = h(2),
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x(f.'+'{,’) e ! -}-2'4"1;“ - .317700/'::4 R (:36)

In order to evaluate the right-hand-side expression, we have to know the
quantity

h == h(lh-nw) =—wy’ (ly 4- nw),

because formula (34) yields the values ~f x'(t) for points tn + % ,
which lie in the middle of our intervals.

Hence, we recall the formula of integration in the average, (Sec. 50),

Substituting in this formula

) / 1/“
";('.n):-: '”.-:h L, —.
¢ \ |
and taking into account that on the basis of equation (34)

| l w . w , w
Pap Ll T2 (#0190 )= I'l (”"_2)-'_)‘ (t'A 2)] i
N ) 'y 17 All -
AT A Rl T s

and, consequently,

. 1 l u ‘7 13 '
T T AR

n- "

we finally obtalin

w\ _ 1 11 19
A =G T -t—’ =3 l,_ sl ‘l___ S K
" (_* 3 ) L e Yo/, 60180 7a

Substituting thesz values of hn into formula (36) yields

Ly - ! 17 . 367
X { - = , — . - . ! 4 .
(" ! 2) Ja b 7ol P Lt T ioasae L = OD)

n

:

R o e
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Pu'.ting n = -1, we obtain the following formula

s 1 1w o, ‘

. ! L. 3

!—'.. == G+2_1f L ‘q}()fﬂl { N ' ( 8)
which dciermines the initial term of the coimmn for the second sums.
Formulae (37), (38) and (33) give the solution to the problem

under consideration. Formula (38) may be replaced by another formula,

which gives an e=xpression for f;z . This will be more convenient.

Since,

then equation (38) may be transformed into

- | - 1 1, 17 ., 17
I = XA ST g e ! I

3 .
L e '.',3.;“/ l Toee e

Adding this equation to equation (35) multiplying each term by 3, we

obtain

or, finally,

dhy
ateso 0
There on’y remains to replace formula (37) by another formula
which gives the values of x(tn). However, this has been done in the
previous section.
Thus, in both cases, the values of the integral are =valuated

using the followlng fonaula
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However, in the first case, the initial values of the column of sums are
calculated by using formula~ (31) and (25}, while in the second case,
they are obtained from formulae (353) and (39)

55. An example of integrating second-order equations

Let us consider %he equation

3

T e
',’21‘).\. \)

ut 2

dix l(l

We want to calculate a table for the values of the integral, determined

by the condition

x( 005y= x{-1 0.03)  1.0006252,
This can be solved using either the formulae given in Sec. 52, or those

of Sec. 53. In the first case we obtain a table for the arguments

t = - 0.05, 0.15, ... . In the second case, the arguments of the table will

have tte values t = 0.0, 0.1, 0.2 ...

.

We choose the second way and accordingly we put

i - o
Lo = — 00D, Lo g = $ 0.09

l(; 0(;, i ("_l
!

AN
/==ﬁ.uos(1 + o,

’

We shall apply the formulae of Sec. 53 in our calculations, namely

K== f T Red,

| | ]
'{\l — L 4
o l!’" !10/“' 195]/' —.

-0 w ! l . i 1 .
,-I. = x(’o'{ 2) x(,u—l-l)) * ) /“ i"H/ _1:3/0 >".

-~ v

(e ) L )

L
. w

L) ;‘A "

>

nr'?\«
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We obtain the initial values X o X 15X 5% % by successive
appro:imations and as a first approximatior. we take

v,roa, o x Lo,

and evaluate the corresponding values of f. These dare given in table A.

Using the above formulae, we obtain

Table A
&

e A / 3 J x
ITE I 100'L3 Jous -2 IREVINY]

~ LY, TRN'T) Rt
00 ¢ 0Yyma5y ! BOOs 1 T B 100001

) BRI AT o+ : |
0t ; 1602 IV .12 1002351

St = 000250, /7P 009959

and by successive additions we fill the column of sums. 1In order to cbtaia
new more =ccurate values for x, we have to calculate the red correction.
With these values, we obtain the second approximation given in table B.

In this table, the values X_o 5 X and x,.

3
Table B
! !
r I s ! , J : 7! r Ped X
02 1 L9622 | s 152 | c7e 40 0 101000
~_u,oomml T :
—01 - lw:ow t BCTLEC L
i |- 0002500 ! Lo B8 ‘ ,
0.0 | 0999584 | ! 000 UK roR b o Mo : 1 oo 00
o R UL PR |
01 | 1.02084 i L 000503 O 1 | IR X0 1
E | 0007538 - RS | |
02 ¢ Togre? Cooms s w7 B 27 1o
! Lo 0126w 4t . :
08 a2 D005 H42 N R I TR RS
‘ -4 001502 ' '
04 . Jodo 3 ‘ «Ans IR

ORIGINAL pAGE 13



PAGE 18
ORIGINAL ‘Allﬂﬁn

- 226 - OF POOR QU
are obtained by extrapolating the values of f_2 R f2 and f3 (indicated

as all other extrapolated values, in italics). Fimally, x, is caiculated

by extrapolating the values of Red (cf. Sec. 51).

Table C
i
! ! J / A / / ! ) .
OG Douu 2 L ) T Jtneigay
(LXTSASARY DuS - . ; 2
01  1wwlest TR T ne . PR RTTISA
; o7 Ias 1 5 oy
02 162 vees 1ol Cove Cer BRI
; .
, UDRIRUE R LIRS ' ) 16
03 102000 et 7y boras I ToLe2276
o8y ! , fzhii ‘ e Co0s
o4 o2 C.0050620 by a7 468 7 101081
i 23053 AR Ly i:m
05 1106247 04415683 i T e l 8 10014y
! 0.029¢ % R ! [ 3
06 1403633 0.000 4371 + 5l , TR EKLURY
f 0053073 i ! ‘ l oo
07 III”OWm ! ; | - .é-j L1020

In the third approximatior:, the extrapolation is carried further by
three intervals. The values of X and X, are exactly obtained, but there
is an error of two units in the fifth decimal place in the value obtained
for fx7'

If ve wish to avoid successiv. approximations in evaluating Xy Xg»

Xg5 +»s We can use Stormer's formula

x, ==/, 4 Red

‘ ? *
Red == l2(/" .4'/: ! )=, ' (**)

The application of this formula in the case when the third difference
is negligible, is as simple as calculating bty means of the counventional

formula

1 | I ,
Rul=T—,/ ,‘U/n-r. .. ()
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The advantages of the two methods are made use of from time to time in
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order to correct the values obtained ty formula (**) using the more exact
formula (***), If for example we tabulate the values of the integral of

equation (%) that satisfies conditions

A (= 0.00) = l 006252, X' (=0.05) == —0.0250156

for t = 0.0, 0.1, 0.2, ..., we evaluate the initial terms of the columns

of sums using formulae (35) and (39), which may be written as

Finally, we note that the function

-

o et
calculated in this section, is identical to the function calculated in
Sec. 51. The comparison between these two examples suggests that the
numerical integration of the second-order equation ic not more difficult,

even easier, thoan the numerical integration of first-order equations.

56. The formulae of quadratures

Applying the formula derived in Secs. 49 and 50, to the integration

of the following equation

dx

i f(!).. (40)

The solution of this equation that satisfies the initial condition

t = to , X = 0 is given by the integral

X - I' Fyd.

fa

3 -t
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On the other hand, the particular value of this function at t = tn is

given by formula (14). Hence,

/' rde /"

Jo— (41)

where
[ =wFu),

The first term of the column of sums is defined by

I !

_t 4 .
o pade oo e o (12)

Similarly, applying formulae (17) and (17 bis) to the calculation of

the integral of equation (40) that satisfies the initial condition

t=t - 2 » X = 0, we obtain
[o] 2 ’ u

. l : 1 — 17 4 - 3
. U L N T S DL (43)

PR \ ]/‘ i ,

where, in this case, the initial term of the column of sums is given by

. i/
’ ‘_» :l,x)

/‘; P ("n

We obtain another formulae of quadratures if in equations (43) and
(44), we.make the initial term of the column of sums subject to condition

(42). We then put n = 0 in equation (44) and subgtract it from equation

(43). In this way, we obtain

I.‘ *
. andt f : ! v ) 17 P !
’ ! T L R AT I e

In order to obtain the formula of quadratures that solves a double
integral, we consider the second-order equation

d v

gl 47
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The solution of this equation, which satisfies the conditions x(to) =0

and x'(to) = 0, is given by

X - / dt , Funde,
1t

;l
On the other nand, this solution is given by formula (26). Therefore, we
find that

1y [
j di f/*«g.ﬂ /7 l",f"-—‘,"w/'ﬁ-. C e {18)

where the initial terms of the column of sums is giﬁen oy

) 1 1 | 3 191 .
" r - A - -l .-
/"i d L’ leu ?ﬂ»’o' 001&)/0 o ]
: ‘ (49
S ““l/‘!' 1 /:-- 31 ' i
0 R 1] R TR 1 I
We now consider the solution of equation (47) that satisfies the
L S ! R A
conditions x (t° 2 0 and x (to 2 ) 0. Using
formulae (37) and (37 bis), we obtain
ne® 1
’ ’ . . g 1 . 17 :
f IJ.] () Jr /"’n’ —'.H /”1. -;-!‘.H‘)/"' .o .. (50
v'-' 1, - ‘ i )
) ’, [
I. «l " bandt. fo0 ! ! AR '
. . : /n H l:-)f;‘ -2“) “ -‘. P ) (",’
& 5wy
where we now obtain
1 ’ N ';‘ , "'l‘ .
' ! B oo U T g ! ! i
Y
R N |‘”)
AR A VAR NI ~H./«»J)('/ A |

Applying a similar approach, to the one used in obtaining formula (46)

from equaticns (50) and (51), we obtain

. 4
‘n N f .
8 o : ! i

B ! ' x4
/ ‘/ I(‘.hf /q‘ .I. - )l/“‘; ! ]":"“ . \v RN (\)“
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vhere the columns of sums are determined by condition (49). 81{3%58;[4 PAGE Iﬁ
QUALFFy

All the formulae, which have been ohtained, may be unified in the

following manner

ig t I
1 \ -t 1 11 b 14 .
mf JUdE T = ot o 5= s /o ‘
q

b

‘ ! l7 2 f -"()7 5 l
. [ . Y -
May = 57607y s T 080 Tav o

P Sydr =
a4

]
4

1 1‘* o{' T | 1 4 81 4 '
w / ‘”./ AL Sam g A s /- '

A A :
v +

[PR]
N . | (")
L / dt , Jdt - f D=y,
A : J

A

, l7_ /~ B 307 ‘ 4
Tmooda T o st ' |

where, 1f A = to’ the initial terms of the column of sums are evaluated
by equations (42) or (49), and if A = t, they are evaluated by formulae
(45) or (52). For other values of A these initial terms are evaluated
by the general formulae, that have been obtained in Secs. 49, 50 and 51.
It is interesting to note that equation (42) is equivalent to the first
of equations (49).
Annotation
Defellowing effect, which is met with in any interpclation
formulae , and in particular, in numerical integrations, is easily
showr on the simple equations (40) and (47): For any interval w there
exist some functions F(t), for which formulae (I) or (1II) give results that
differ by an arbitrarily large amount from the actual results, even if

all the terms on the right-hand side of these equations, that effect the
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result, will be taken into consideration. Indeed, let us consider the

following function J“f'”’OE ’

)= AT —

s
¢

All the values of this fvnction that correspond to t = t:o + nw are
zero. Formulae (41) and (42) give for the integral

tn

| e
values, which are also equal z:ro. However, the integral is evidently
not equal zero., It can be as large as possible when the initial value A
is properly chosen. Hence, the integrals of functions F(t) and F(t) + 59 (t)
will differ by an arbitrarily large amount while the numerical integration
will give the same value for the two functions. This example illustrates
that in numerical integration as well as in any other processes invelving
interpolations, it 1is not sufficient to have a table for the values of
the function, but it is also necessary to know its analytical character.

57. Basis of the Successive Approximatlon Method

Let us take a first-order equation, e.g.
da .
7 =t h

and investigate the calculation procedure of its integral, which satisfies

the initial condition to’ X The unknowm integral evidently satisfies the

following integral equation
1
LI W B / Fx,t)de (51,
£

Inversely, the function that satisfies equation (54) also satisfies the
differential equation given above as well as the required initial condition.
Hence, obtaining the required par. :ular solution of the above-mentioned
differential equatior is equivalent to solving the integral equation (54).
Let us take an arbitrary function E;D(t) that satisfies the condition

E¥>(to) =X s and then evaluate a new function ts (t) using the following formula
t \

S0 = A, + J/'F(t‘,(:), 8.0,

to
The new function also satisfies the condition ;% (to) =X Continuing this

procedure, we obtailn a set of functions
fa«). § o, Lun .

connected together by the following relation

t
£, 0 < x°+JF@“¢'t»,t)..,'. (H9,
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We shall prove that

lan { 1) == x(f}.

rPpoo

For this purpose let us substract equation (55) from euqation (53),

term by term, and consider the difference

!

x-i, = j ey —Fe, njde

The theorem of finite increments gives
FQ P 8 =
where M denotes the upper limits of the partial derivatives F;(xlt)

in the required variation region x and t.

Consequently,

-7

M=t

RN |

We subordinate the interval t - to to the condition

M-~ b) <y, (56

where q is a proper fraction such that O <q <1. Them
PY i) <At

Applying this inequality for n =0, 1, 2, ..., n~1, n, and multiplying
the resulting inequalitiés:. term:by term, we obtain

’

\ . R :l
BT SR A N *,-““'u.'

It is thus clear that when condition (56) holds, function Zill(t) tends
to the unknown function x(t) when n tends to infinity. Therefore, if we
take an arbitrary function Z;,o(t) and apply formula (55) a sufficiently
large number of times, we obtain x(t) with an arbitre y accuracy. The
required accuracy will be obtained more rapidly, with the smaller numbers

for q, i.e. the smaller the interval t - to is and with the better choice

€t e a4 e

L,



e .

¥ LC A PETE e R e e P S Iy T .o e . e e e

- 233 -
'

for the initial approximation Zo(t). )

In the example considered in Sec. 51, we could take 75;55(t) to be
the constant value X After two successive approximations, we would
be able to find the correct values of x(t) for values of t near the
initial value to. When a few values for x(t) are obtained, it would
be better not to use the previous trail function but to constrctu by
extrapolation a talk of values for x(t). It is then possible to-conétruct
a new function, using this table, which would be closer to the unknown
function x (t). We then substitute this function into formula (55), and
proceed in the same way as we have done before in applying the method of
quadratures.

The application of successive approximations to the method of quadratures

for second-order equations can be justified in a similar way.

58. Different methods for the reduction of the number of successive

approximations

The methods of numerical integration of differential equations can
be divided into two groups. The methods of Adams and Sotrmer-and the
corresponding methods of quadratures belong to the first group, while
Cowell's method and the conventional method of quadratures belong to the
second group.

The methods of the first group make use of the differences located
in the ascending diagonal. Each value of the unknown function is
thus evaluated using only its preceding values. These methods may be
called extrapolational. On thecontrary, the methods of the second group!
made use of the differences lying on the horizontal line. Therefore, the
preceeding and the following values equivalently, participate in the
calculation of each of the values of the unknown function. That is why

these methods may be called interpolational.
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The interpolational methods lead to more accurate results, however, in
the calculations of this method, one has to make use of several successive
approximations. If the number of the required successive approximations is
not greater than two, this is then not considered as a weakness, becausc
successive approximations help in avoiding errors of calculations. However
calculations with a large number of successive approximations are not
valid. In the fc'lowing, we shall consider the method for reducing the
number of approximations.

The first method

The simplest and most convenient method to reduce the number of
apprcximation consists of decreasing the interval w. This interval may
be taken of such dimensions that the extrapolation of the values of the
unknown function becomes sufficiently accurate in order to obtain
the final values of the function f. In this case, the second approximation
will only change thedifferences and sums of the first approximation and
will be accepted a2s a final result.

The authoritive astronomer Comri mentioned only this method in his
precept for using numerical integrations in problems of celestial mechanisms(l)
end particularly warned against using large intervals during interpolations.
He wrote: "The computer should be warned against attempting to use too
large an interval, the result of which is that checking by difference,
which is essential in these methods, becomes ineffective. A safe
gulde is that the sixth difference should not exceed two figures".

Comri suggested the use of the followiag rule: '"the interval should be

such, that the sixth difference should not be more than two significant

£igures.,

(1) Planetary Co-ordinates for the years 1800-1940 referred to the
Equinox of 1950.0. London, 1933.
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The second method:

If we express in the conventional formula for quadratures,

! ol '

N !
Sl - L e —_—— - . .
v, /, TR K |,1))n,‘/u "/)

the equantities fn , fi s ++. (the presence of which makes the successive

approximation indespensible) in terms of quantifies: located in the
ascending diagonal, we obtain the quadratic form of Stormer's method
namely

) ! ]" f‘ ! v "H’

T 1
20 n-¢

. o |
\“xfz : 1.'""+*/

Formula (58) does not require successive approximations. It,yields

however somewhat less accurate results than formula (57) (cf.Sec. 52).
in order to unify the conclusions obtained from the-e two formula,

we pause midway in transition from equation (57) to equation (58). We

have

Stopping, for example on the second of these expressions, we

obtain

where

PR | \ Lol 1 ty 3 -
I R TTRLR MTRILR

noogplo

rd

r -
B . A

[
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We immediately obtain the final result for x_, since the erra@g*?qij

n )
. ALITY

0
extrapolating the values f; ’ fn s o+« Will not effect the value of

X as an result of the smaliness of their coefficients. Only the

correction O% will be alterted in the subsequent approximations. Hcwever,

this correction is very small and its evaluation is not difficult.

The method of Tietijen
(1)

Tietjen observed that the need for successi—~ approximations

results from the presence of the term 1/12 ftl in the right=-gide of
equation (58). All the other terms can be . obtained by extrapolation

and the resulting values are practiically quite accu- :te. Therefore,

taking into account that

/“-zuﬂWXVM [},

T

-
CRIGH AL T

- Y

Tietjen replaced formula (57) by ‘q;~}{y‘y,iﬁ7ﬁiﬂ*'ﬂ

. K /'.(.\’_l. r) 5 (&Y
where

. . | R § | '
‘\n' /" 240 /" ' UU‘L\U/"

(bey

The final value of Sn can be immediately obtained. The solution of
equation (59) yields the unknown value X aad in this way, only the
differences fﬁ s fi s +++ Will be altered during the successive
approximations. This method will be of practical interest only if the

solution of ejuation (59) lor X is sufficiently simple.

—

(1) F. Tietjen, Specielle Storungen in Bezug auf Polar coordinaten,
Berl. Astr. Jahrbuch fur 1877, M.F. Subbetin, On the Numerical

Integration of Differential Equations (0 cislennom integrirovanij
differencial'nyh uravnenij) Proceedings of the Academy of Science of
USSR. (Izvestija Academii Nauk SSSR), 1933, No. 7, pp. 895-902.

~
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The method of Numeirov

The same procedure waich was followed by Tietjen in developing the
method of quadratures was later on applied Ly Numerovkl) in order to
develop Cowell's method. Let us consider the principal formnla ir

Cowell's method namely

| I o

. 2 - ! - (b
T N IR VY !

which can be used together with the following equation

. S o -+
'\“1 RN et

to obtain successively the values Xp 5 Xy o5 oeee s Let us introduce the new

variible xz by adopting that

i
X ~ A, - ]~_ (it).f)

"Denoting by A s JAN 2, ... the differences of x, we obtain as a

conseqvence of equation (62) the following relation

(1) B. Numerov, Methode nouvelle de laz determination des orbites
et le calcul des ephemerides en tenant compte des perturbations,
Transactions of the Principal Russian Astrophysigzal Observacory

(Trudy Gl. Rossijsko} Astrofiz. Observatorri) ol. II, 1923.
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Thus, we obtain for the new variable

1 31

l - I'——-
a0 Te Vegago /i

A

and, as for any function,

The two equations are quite equivalent to equation (60).
In order to calculate fk = w2F (xk , tk), it is necessary to
know X Therefore, it is necessary to express the special coordinates

X obtainad in this method in terms of the conventional coordinates xk.

It is necessary for this purpose to solve equation (62), which may be written as

ur .
S S Fia,, 1) (6H3)

T2
and which corresponds to equation (59) in the method of Tietjen. et

us assume that the interval w is chosen in such a manner that the terms

. o, \
] 3 ! R ) - tHh

I . - o
210 7 *’w xsn/* T KN Kl
may be neglected. We then obtain a very simple formula for the

subsequent evaluation of the "special coordinate" x, namely

- Y — Y i
AT AR PN -/ i)

This formula is equivalent to equation (60), which may be written as

(1

The so-called method of Numerov or method of extrapolation consists in

the application of this formula.
In the method of Numerov, one does not need to conetruct the

differences of the quantities f If these differences could be censtructed,

ko

it woull be easier to calculate using formula (61) than to make a

(1) This latter name is not convenient, for the word extrapolation
has a generally accepted wider meaning,

- . it i+ 2 e o s
) .

i meim A aliiie’

e i .t s B0 1 i, =Bt e

. . s
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transition into the "special coordinates”, and the accuracy would not then
be easily controled. The guarantee against errors may be obtained only
by the use of various special control calculations.

This modification of Cowell's method may be applied when the
following ¢o conditions hold: 1) It is possible to guarantee beforehand
the ins2nsitivity of terms (64) during the whole process of integration.
(In Cowell's method and in the method of quadratures it can always be
seen which of the terms can be neglected and which cannot). 2) The
solution of equation (63) for X is sufficiently simple. The drawbacks
of Cowell's method become more severe in this case (Sec. 52).

If we proceed by dropping terms in formula (61) and finally

choosing a new variable

P 1 / ! /_, s
‘ 12777 290 B 180

) AR

we then arrive to the folloviug perfectly accurate equations

.)-"I" - j‘.

- ) - .
‘4 ST i S

In this case, Cowells method is improved to the maximum and we obtain,
as we easily see from equation (57),

- N
i.e., in nther words, the method of quadratures.

59. Laplace's Method of Quadratures and Related Methods of the Numerical

Integration of Equations

The methods of numer.cal integrations, considerad in the previous
sections, can be modified in many different ways. Let us consider the

methods given in Sec. 49 for the integration of the following equation

'
W\

g )

-
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These methods are based on the calculation of the difference
S0 XX X )—x()

by means of the successive differences of the function

IRV A R

Let us repregent this difference in the following way

( i o dhx ,
A 1 X (f;‘ l) - ,"[[‘_l —ur)== g ., ) -, K dit ) L
L4 N ek “ ‘ I “

or, ueing again equation (6),

1, | 1. 19
I’k,! —: /‘ \ 1:/‘ o, ,’ [}

o e d
o, hITH

TR w /e

This formula leads to a method of integration, which is similar to

Cowell's method in thesense that it avoids the extrarolation in the

evaluatior .f fk+1 s o+« o Summing equation (67) from k = 0 to k = n-1
ylelds

On applying this formula to the casz, when the right-hand side of

equation (6) does not depead on x, we obtain

.
n o

v 1
X, — -] Fhdt ’j Tihat

{

Consequently

A
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This formula is in many cases not convenient because it expresses the

integral not only in terms of the values of the functions, £ , f. , ...,
o 1

f fn , but also ir terms cof the values f f ++ ey Wwhich

n-1"’

correspond to values of the argument lying outside the limits of

-13 _2)

integration. This inconvenience can be avoided if we use the following

velations

Finally, we obtain the following formula of quadratures

1t . '
7o U, /) AN

HNE 5 .

which has been obtained by Laplace. This formula had been widely used
till the forties of the 19th century in the calculation of perturbations.
La_er on, it was replaced by Gauss method discussed in Sec. 56.

60. The coefficients of the Formulae of Numerical Integracion

Tn conclusion, we point out another way of calculating the coefficients
of the formulae which are applied in the numerical integration of equatioms.
When the form of a formula of numerical integration is established, we
can apply this formuia to a properly chosen specific case and obtain its

coefficients. For example, if we consider the following equation




*

X
?

$

H

R 4 o I

- 242 ~
ORIGINAL PfﬁF
da p OoF POOF. Q-
dt ‘

and apply formula {10) to its solution x = et. Choosing t, = 0, the

differences of the function q9= et will be given by

ol T RRIET A Aw
Ce e
.o Ly i he - R~ w,; w o
e 1€ —¢€ Jte®* ~1)-=¢ (e"—1
- (X 1 -
Yoo eV 1y

3 (";)'
Byt o€ 4
3 -
.";'- ’luru
(¢0!)
g 1 -t - “

Consequently, we will have for the function "= wet

where

u i * “
.-h: -)4:" e ) E/] l'_v‘:

Substituting these expressions into formula (10), we finally obtain the

following identity

(R

~
e - "o s el inaiadadisiasiiduatiionl”
+ e mtainaladntied, = - — e
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then this identity may be written in the following way
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Thus, in order to obtain the coefficients of formula (10), it is

sufficient to expand the function on the left-hand side in power series.

Similarly, the coefficients of formulae (11), (19) and (26) can be found

using the following identities

u - I7

S L
X ot 1920

the proof of which is relatively simple.
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CHAPTER IX ORIGINAL PAGE 13

LI
APPLICATION OF THE NUMERICAL INTEGRaroy OF POOR QUA

TO THE STUDY OF THE UNPERTURBED MOTION

61. Introduction -

At the beginning of the previous chapter, we pointed out that the
numerical integration of differential equations has been considered as a
method for the calculation of perturbations. It has never been appliled
to the calculation of unperturbed coordinates. The only exception is the
approach suggested by Krueger for the evaluation of a true anomaly (Sec. 62).
Only when nrumerical integration was applied to the study of perturbed
coordinates (and not perturbations) by the initiative of Cowell, the
possibility of appliying this method to the calculations of urperturbed
coordinates was frequently considered.

In this chapter, we shall consider the calculations, by numerical
integration, of the orpital coordinates r and v (or & and 7 ), and
the equivalent heliocentric ccordinates x, y and z used in the calculations
of the ephemeride.

In the calculation of a more or less long ephemeride, the method
considered in this chapter is usually preferred than the calculation of the
coordinates of a star by the conventional methods, studied in the first
volume.

62. The calculation of coordinates defining the position of a luminary in

an orbit

It is easier to apply the following equations to the simultaneous

calculation of a true anomaly v and radius vector r

do Ly o
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In order to obtain a table for the values of r and v for the moments
to , to + w, to + 2w, ... o, 1t 18 sufficient to calculate these
quantities for the moment to by conventional methods (Volume I,
Chapter III).

It may cometimes happen that the integration of the following equation

i o dhe s

dt ’ !
which is easily obtaired from equations (1) and (2), rather than
equation (1), is more useful.
(D

Krueger suggested the following particularly convenient order of

calculation. First of all, the coordinates v and r are found by Kepler's
formulae for the first three moments. Then, a table of the approximate
values of r is constructed by extrapolation. This gives the possibility
of calculating the right-~hand side of equation (1), which after
integration yields v. With these values of v, the values of r .are
reevaluated. Repeating the integration, we obtain more accurate values for
v (cf Sec. 57).

If we have to only calculate the values of the radius vector, we

can apply Legandre's formula (Sec. 5).

‘,‘:L :l"'(l . l\ (A

r a1

Integrating this equation, we obtain a table for the values of r.

We then evaluate v from equation (1) by means of a simple quadrature.

0f course, we can evaluate v using equation (2) if we have already
obtained r. However, the calculation of the true anomaly by integrating

equation (1) leads to more accurate results and requires less amount of

(1) A. Krueger, Die Wiederkehr des Olbers'sehen Cometen 1887, Astr.
Nachr. 117, 1887.
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o work., Hence, it is generally recommended to follow this procedure.
In order to start integrating equation (3), it is possible to
calculate the values of r fcor two moments, for example to ~ w and ts
W w

or to - 5 and to + 5 It is also possible to calculate r only for

one moment, but it is then necessary to calculate for this moment the

derivative
dr resine llamo sinn
AL B ")
! V£ } 4

The method of calculation of r and v for a series of different
moments, which we have suggested above, is particularly useful when the
calculation of these values by conventional formulae, is complic:ted,
and in particular, for those orbits whose eccentricities slightly
differ from unity.

In order to calculate the rectangular orbital coordinates 5 and 7’

it is possible to use the following differential equations

N et

Y d e _
B R , e P27
dt: g ‘ nr

It is, however, simpler to express the coor.inates g and ”7 in terms of the

quantity & (Vol. I, Sec. 23), defined by
G —— )
where

¢ al -, . ill ¢).

-~

and subject to the condition that O = O in the moment, when the luminary
passes by the perihelion. The coordinates E and 7 are evaluated by the

formulae (loc. cit.)'
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g(l -27). R VER V4 ST STy Upry

In conclusion, we point out that the numerical integration of equation (1)
or equation (3) may be applied for correcting or checking the c alculated
values of v or r. For example, taking as a first approximation the value
of v1 given in table XV (Vol. I) with an accuracy of 0.00005, and
integrating equation (1), we obtain a value of v with a larger number of
decimal places (Sec. 57).

63. An example of calculating the orbital coordinates using the numerical

integration

Let the orbit of a comet be defined by the elements
e AN G067, le g T00 500,
It is required to calculate r and v for the moments to + kw, where
[ TN R YO R woooM
and when time is evaluared starting from the moment the comet passes
by the perihelion.

This problem can be solved by several methods

Krueger's method:

First of all, we use the conventional formulae (Vol. I, Sec. 23)

to calculate the followin values of v and r

[ S 10000000 ro 137 To
L, 10105251 Lna e
Lot 2126497 1477,

In equation (1), the function

/ wkyor

N &&-‘F""

R LI
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=205 0 - U353 f

since the Gaussian constant, expressed in degrees,equals

ko= O3 0075, lgk 987010
In the present case, w = 2 and

Ve el i) U029 s,
The calculation of the function f for the indicated values of r and

for the two extrapolated values (printed in italics) are shown in the

following table

TABLE A
t r differences s ' /
1, T N SEIPRYINRY C U
N :
', s [ RERTEEY ot e
.
t, S R U S TR SRERTE L2
a s 2
S boobaed - T R TR RN 1T EBES!
| '; Wil )
: : remr UM (R BT Uity

Since we integrate equation (1) using the formula

S )
! Wl 1

<
1 k]

J,oo e

we immediately write in table B the aritltmetic averages of the values

of £, obtained in table A.
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{ 2 j ! |I f [ 7! | J / ‘ Red : {
1 B i 1 . . .
£, UNdsYIT — 5294 | A I BT BT
| b3t Lo
1 U ogesal | — o4l D27t 10000002
-! ; ) i i o i
| 108677 o0 |
! 101 082 ¢ ! o7 Bk R U
1 - ’
! 101070 gL
| 36 : 21269,
f, 110212348 | R R - s | 1021269
| vy976n ‘ .2181
l. 10312101 - 026 ) : + 485 | 103124350
I ousr40 ; 4
: : ‘ ‘ ! L34 | 101081 58
o ImuTBar . ‘
TABLE ¢
! o N
' 1 becvcose r idiFfersmes 1 Lo y
!, f TR 1
RI1 2 )
¢ , IR — ivlsdu
L L ans
£, 0moX 1ivio — 15 06402 | 0270/ 0UT6NT
020 . '
! L0t 0uL6 533 ; (URE R UTT 037wt

The initial value of the column of sums is defined by the condition

' | R .
Yo </, 1970 729/6"' SRR Red

which ylelds in the present case

[ TT IR

The details of the calculation are given in tables B und C in the tfollowing

way.

1. Using the extrapolated value Red = + 355, we obtain v

¥

2

= 103°.12439.
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2. Using this value for Vys We calculate r, by means%%lgl%%.gAGE B
noting that in the present case p = 1.147088.

3. The obtained valuc r, allows us to find the final value f2 = 0.57687.
This shows that the value f3 = 0.99766 wused in the integration may
not be changed.

4, We find Ty by extrapolation and then evaluate f3.

5. We write in table B the corresponding wmlue f5/2 = 0.95740.

Tgking the extrapolated correction Red = 4 314, we calculate Vae
In conclusion, we note that the accepted accuracy in calculating r
does not provide us with a fifth decimal place number for the true aaly.

For this purpose, it is necessary to find a value of r consisting of seven

significant figures. However, such an accuracy is never expected to be

necessary.

The Second method

First of all, we integrate equation (5) using the following initial

values

fy  GA54100, I RUTIRSRAY

Since & varies very slowly, th: interval w can be increased and
d g
taken as w = 4, We can either calculate and ‘7 y or find r and v

by using the following formulae

_ o P ey
rretren l/“r::“*
We can also evaluate r by using the first of these formulae and then
find v by integrating equation (1). This requires an evaluation of a

quadrature (Sec. 56), since the right-hand side of this equation will be

already known for all the moments under consideration.

e



The third method

Using the initial values

Jr

P % £ 0 T A P - By A . SO BUH 62

- o

we integrate equation (3) taking w = 4d. The true zaznomaly may then be
fovnd similarly to th~ previous method.

64, Calculation of the ephemeride by means of the numerical integration

of the equations of motion:

The rectangular coordinates of the luminary, x, y and z. required

1
for the calculation of the ephemeride may be obtained by the numerical

integration of the following equations

W £y ) d‘_'v' 4 2}' S Ke:
—_ \ - - —

2 ~— . —_ - ) "
JoB r3 dt o r Jr- r2 '

We start integrating either by calculating the coordiaates

(v._“, Voo T Ny Voo T
for moments: t° - w and to ,» or by calculating the qu-ntities

/

(oo Yo (o 20,

defining the position and velocity of the luminary in the moment to.
We _can apply for this purpose the conventional Kepler equations. For
example, if the motion proreeds by an allipse of moderate eccentricity,

we muy then apply the following formulae (Vol. 1):
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v =ul” (m)\ } ey - b oo
i i
voowl feas ey SO d

aP (co~ o) 4 W2 sl

In
4 —~-,:;' — u'/“. NUTIV SR f“’,"‘ et
"’ a
& ] s - -
v ——( af st by cos b
: r V’u 7 2
/ & c e
z —={- P s £ - bQ con
rya

— m—— e —— e

where the eccentric anomaly E is defined by the condition
FeesmB N

The following equations may be applied to control the calculation

l':'—‘y/.(; Syt o-afl cCus ),

ke y'(_z_sm Eooxx oy,

The unperturbed ephemeride is usually calcuiated for a short
time interval. The initial moment to is chosen in the middle of this
interval, Under these conditions, thec mthod of quadratures has no
advantages ov. Cowell's method since the number of integrals involved
in the integration is not large. Both methods can equally be recommended.
For the integration of equations (6). we have to calculate the

functions
[ -t v, —tl ol s

It is easierkcalculate this using a table which gives the values of

w?'kzr-3 that correspond to different values of the arguament 12 = x2 +

y2 + zz. Such a table is given in volume I. A more detailed table
has been given by Comrie (Comrie, Planetary Co-ordinates for the years

1800-1940, London 1933). On using this table, one should take into ronsidera-

tion that
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= R (B BN
The evaluation of the heliocentric ephemeride of a planet by means of
this method has already been given in volume I.
We note that it is mcre useful to calculate by means of formulas
(7) several position of the planet, rather than to calcuiate one or two
positions that are necessarily sufficient for solving system (6).
This will simplify the integration and will also render possible a

good control.

65. Other Methods for Calculating the Ephemeride by Numerical Integration

Let us assume the coordinates, X, 5 Y, and z, and velocity components

xé . y; and zé , of a luminary are known for some moment t, It was
shown in volume I that the ccordinates x, y and z of this planet at
auny particular time could be cxpressed in terms of the above mentioned

initial values by the following equations

)

2
oo
ts L "“'w - - . (')’

where 0 = it t - to), and r and r; are given by

U SO

g . . ! -
. - . . .
. , 1] - PR

» - -,
. . .
v e roerepen, OO AT DR
. -
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The dashes here denote, the derivatives with respect to 0 =

k (t - to), so that

"\ dx ol dy L lds . 1dr

=eat’ T kd T har "=

;

X

The evaluation of the heliocentric coordinates x, y and z
required to obtain the ephemeride can be made by means of formulae (8).
The functions F and G can be easily calculated by means of the series (9)
for the near moments t. For further points, it is more convenient
to apply the numerical integration than to use the final expressions
of these functions, which has been given in volume I. By differentiating

equations (8) twice, and noting that

dx ; dzy s dz s
= — Z— - Y — IR - k’-:r
g = TR gp = R -
we obtain
dF . JdG
g ==k tE, L ke g (10)
where
r: - r.’./":’r""".(;’ N 2"'(.;/"(;. (ll)

The system of equations (10), in which r is defined by equation (11),
is easily integrated by means of the methods described in the previcus
chapter.

Equations (9) show that

. 2 i dri

It is thus convenient to definz the integral curve by the initial

position and the initial velocity.
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There is ancther method for calculating the rectangular helio-

centric coordinates. Tt consists in taking formulae
(RER R A S S TS T VAN A Uao., (i

which exprese the condition that the three positions of a luminary are

located in one plane which passes through the centre of sun, and considering

that in these formulae (x1 » Y9 zl‘ and (xz, Yy 22) are the coordinates
of the luminary in the moments ty and tys and (%, y, z) the unknovn

coordinates corresponding to moment t. In this case, the quantities n,

and n, are considered as functions of time that satisfy the following

1
equations( ):
Jd*n . JH .
Ctes ke U AR Y (!
dl -
where
=t rong - 2r rnn . (14

The initial values of the functions nl(t) and nz(t) are suitably

taken as

mh)==1, my (1) =0,
n:(_{l)——‘C. ”'.-(I;:) —'—].

The integration of systems (10) or (13) is simpler than the direct
integration of the equations of motions which have been considered in
the previous section. Each of these systems involves only two equations

and: not three. However, this simplificetion is considerably mullified

(1) Banachiewioz indicated th: existance of these equations (T.
Banachiewicz, Sur quelques points fundamcntaux de la theorie des
orbites, Acta astronomica, Ser., a, 3, 1933).
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by the difficulty of equations (11) and (14) and by the indispensible

returnrs to equations (8) or (12) in order to obtain the unknown

coordinates.

The moments tl and t2 are suitably chosen not far from the

middle of the ephemeride.

R - Sl - . N
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CHAPTER X

CALCULATION OF THE PERTURBATIONS IN THE ELEMENTS

66. General Considerations:

The differential equations that determine the osculating elements in the

general case of an arbitrary perturbing acceleration have already been
given in Sec. 12. For the timebeing, we shall abandon the orbits with
eccentricities near unity. We introduce, instead of the eccentricity,

angle 67 = are sin e. Equations (37) and (38) of Ser. 12 will then give

di

— =rcosu W
g =~ reo
)
ﬁ; =rsinucosec i W'
Z; =a cos ¢sin vy +acosy(cos vtcos E) T’
d= e o L eaeec o TADY AR | i, in uW’
a = —poeosec s cos 08’ -}-cosec y (7-f-p) sin T - tg g FSinu }“}
: .“ 34 s
yﬁ»::——-iiﬁushxznhlub _ St Py
il Va ‘ Va r .
de _ |, Cospr—ply S os u\ S iy ¥ (r-fp)ysinv?” 4
dt - 2 J )

i
bty rsinu WY

e -

These equations form a system of coupled first-order equations. They

can be numerically integrated by any of the methods considered in Chapter
VI. In astronomical calculations, the method ¢ quadratures, considered in
detail in Secs. 49-51, 1is usually applied. 1In the present case, the
application of the method of quadratures is partioularly easy. Tn the

right-hand sides of equations (1), the coefficients of the perturbing

masses are very small. Therefore, they can be sufficiently accurately
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evaluated by means ~f the approximate values of the unknown elements
i,.ﬂ,’70 , M ,nand € .

We denote by t:o the moment for which the values of the osculating
elements i_, S,, (/c s, Yo, n o, €s and €, are known, or in

other words, the epoch of osculation. Let us assume that

¢ iy AL W=yt ose

In this case, quartities A i,AS)-, eess will be cdefined by the
difterential equations

dy o
r S
i Do l

|

as well as the initial conditions A i=20, Aﬁ =0, ... fort= T o
We choose a definite interval of integration, say w, and denote the
epochk of osculation to by to - —‘—;— . We try to find the values

A i,An , ..., and, consequently, the osculating elements for the

moments

et e

where k is an integer.
Since, ou one hand, we have to evaluate the right-hand side of
equation (1') mulitiplied by w in the course of integration of these

equations, and on the other hand, it is preferbale tc obtain the quantities

Ai,Aﬁ,A ‘f s +«« we shall put
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Gi=rcosu W

G ==r sin u cosec i W

fr==@C05% 5N USt-acosp(cosv-cos Er T

7 == — P COSPC § COS 0 8-1-coseC 7 (7 4-p) sin v 14~

i
+tg ., rsinulv

3 {'ur D : R

Shw . .
won = — jinpsiny §— T

Ve V'a

2: =-.-(‘2 Coszr—pty ; O L') S-i-tg ; (r~-p)sine T-i-

- tg ; rsinu W,

Taking the values of S', T' and W', obtained in Sec. 11, into consideration,
we obtain

. w 7

- ” ‘S R r
arc | AV p arc 1” (
3)
= T, W - Y
kY parc1” &Y parc 1”

where k is the Gaussian constant expressed in seconds of arc.

We shall now apply the method of quadratures, which has been
considered in detail in Sec. 50. We shaol use, in particular, equations
(17 bis) and (18) of that section. Taking for f each of the functions
64 , S, ..., we obtain the following formulae

PR TR Bt I, 191 N

W=l bl T oo La e l
e ("
-1 l ] 17 4 .“)I
P - f — . .-

/' Q-lj-f, Farin gu7esy -t e I
where . xlrl.md'enotes the~corresponding values of A i,A.YL s, ««s for the
moment t = to + nw,

The average longitude is calculated bv the following equation

(sec. 12).

L

4 [RECI P - —
| v
- - Vi— e Vir e = ——
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where its uaperturbed value equals 60 + a (t - To ). The perturbation
of the average longitude will then be given by

Anmr o zg p ALt — ) ;_‘x:-i-/’l_rf———no; gz,

X

Consequently, the calculation of A2 is reduced to che evaluation of the

quantity

'
A :::/(” —-n,)dr,

which satisfies the differential equation

d“-'.\’}.__dn

darr T w

-~
<
P

as well as the initial conditions

A= U‘ — — =0

for t = T,
The right-hand side of equation (5) is defined by the second to last
of equations (1). In order to integrate this equation, we apply formulae

(37 bis), (36) and (39) of Chapter VI. This yields the the following

formulae
] I . 31
X == - [, 4
n ./,, l} 12/,-, 2401 - UU_IHH/,‘-‘ . e
- 1 17 . P
2k I 1 e 4 _ Wl
- 21/ ; o/ : wrgsa/ 0t (t)
- l ]7 . -4 | < :;67
Jo =gl = g 967 L8O @G/ =

\
where X denotes the quantity A’}\ for the moment t = t, + nw. After
obtaining the value of A‘) » we calculate the perturbation of the

average longitude >\ for the moment t using the following formula
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Once we obtain the perturbed values

. T :
I:v‘-lo—r-.‘ztl, L A, . L.

of all the elements for this moent, we can calculate the position of

the luminary by the conventional formulae of the elliptic motion:
E—esin £ -bh—x l

rsinv=acossin K

(*
TCo>v=u(cos £ —sin ¢), J

where the semimajor axis is obtained by means of the following relation

4 " )' , ih
Mt
in which
lg 27 3000 U0k,
if n is expressed in seconds of arc, and
1R 9903 Ty

if n is expressed in fractions of a second.
The calculation of the rectangular equatorial coordinates, required
when the perturbed position of the luminary is toc be compared with the

experimental value, is done by the following formulae:

Xo=rsmasm (A ) I
y =rsindcein (oo (1
Seersine s (C-f o), i

where the Gaussjan constants a, b and ¢ as well as the quantities

A' = A —{— M, B‘ - /f * W, (,“ - (,‘-{v ur
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are defined by

singsinA =-cos &
SinacosA— —cosisiné
sin A sin B =sin Qcos € ‘ (1)
simbeor 3 cosicosQeose  simisinc | .
sincsinC ~-sinasine

S ceos e toaFeos 2siine osimieos

where € denotes the slope of the ecliptic with respzct to the equator.

If we thus disregard the simpie inte~rations, we see that the
calculation of the perturbed values of the elements leads to the calculation
of the functions (2), which depend on the compon~.nts of the perturbing
acceleration, Sy T and W as well as the coordinates r and v of tke perturbing
body. We have already considered the calculation of the latter quantities,
which can be done by means of formulae (7) and (8). We still have to
find the most convenient method fcr the calculation of the quantities &,

T and W, which depend on the components of the perturbing acceleration.

67. Calculation of the components of the perturbing acceleration

Let us consider the following zuxiilary coordinate system.
We take the axis ;; along the radius vectu. =% tvhe perturbed body in
the direction of increase of r, the axis 17 along the perpendicular
to the radius vector in the orbital plane ir the direction of increase
of the true anomaly, and the axis "¢ aloung the normal to the orbital
plane so that the coordinate system becomes right-handed. We denote
by S, T, and W the components of the perturbed acceleration in the
directions ; s 7 and Z°. We can calculate these quartities using
different approaches. The most widely used approach is the followiny,
Let us denote by m, and Z;W s 472 and Z; the mass and coordinates

of one of the perturbing plamnets. Siace the coordinates of the perturbed

2 1 0§ e h




e ot

v o

- 263 - ORIGINAL PAGE IS
OF POOR QUAJ.IM™

planet are evidently equal to (r, 0, 0), then the general expression

for the component of perturbing acceleration along any axis, namely

(sec. 3),

P S

yields in the present case

7' o= pim ’ L ".1 ‘|
1 1 \ Ny
“ x\
Wiyo Mg 7 — 7Y,
, (A )
where
e S B H

and r, is the radius vector of the perturbing planet. Taking equation

(3) into consideration, and putting

‘ m#ﬁu/J _“L)' (12)
& . p \.3 re
we obtain

.'\'x = Ryfy— - N Tl K, W "'/\,l e t13)

If we consider perturhations caused by other planets having masses

Moy oo end coordinates (:;4) ?;; Q:é ), ..., we can then calculate

by formulae, similar to equations (12) and (13), the rurresponding

components (82 . T2 ’ W2), ... and then adopt in equations (2) tnat
N - ‘S‘l.: .\ft .
rotr I
TR (LA TR

s

4
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We still have to show how
the coordinates of the perturbing
planets, ( %&,, 7,,117 )
can be found. We can find in the
astronomical annual the ecliptic
helliocentric coordinates, namely

the radius wvector r longitude

1 ]

for each of

fl and latitude bl’
the large planets. These quantities Figure 10

ace given with high accuracy in Comrie’s tahle for most of the interesting
cases.

Let us denote by L1 and B1 the longitude and latitude of the
perturbing planet relative to the orbital plame of the perturbed planet.
We shall consider that the longitude L1 is calculated from the ascending
node JU of this orbit (Fig. 10).

In the spherical triangle formed by the position of planet P., the

1
pole of the ecli tic E, and the pole of the orbit 0, the angles at the
apexes N and E are respectively equal to 90-L, and 90~ 431 —QE?. dence,

in the evaluaticn of L1 and Bl’ we may apply the following relations

Denoting by u the argument of latitude of the perturbed planet, the

quantities L. - v and B1 will be the spherical coordinates of the

1
perturbing planet that correspond to the coordinate systeuxza 3Z [~

Therefore

- I . )

i)

- r—
R ST T

pe
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G cos o iy —u
i.! ThCosA s Ly ’ o

Formulae (14) and (15) constitute the sclution of the problem of
calculating the coordinates ;;q, 471 and 7:; in terms of the given
quantities r, 1 and bl'

At an earlier date when calculating machines were not widely used,

the separation distance between the planets, A 10 was calculated not

by means of formula

. - 23 i LR . S -
Sl e o,

but by means of the following equations

A1 COS gy coN )y -3 —
‘3) COs 4, sl {,), =,

A, 5”] gy = :l~

wher- . } ( are auxiliary quantities, unnecessary to calculate

£

further.

68. Another Method for Calculating the Components of the Perturbing

Acceleration

We shall here conusider the case, when we reed o calculate the
perturbations that ocrur after a few rotations of the luminary, provided
that these pertu.bations are small. In this case, we can calculate in
another way the ccrordinates of the perturbing planet, which we shall call
Jupiter,

We shall assume that the motion of Jupiter and the motion of the

perturbed luninary proceed in the invariable pianes defined by t.e

SU. ang i,, YA

elements 11, 1

We first consider the spherical

9
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triangle -ﬂ. -n' N, (Fig. 11), formed by the ascending nodes—S2 and.)l,

of the orbit under consideration

relative to the ecliptic, and

;"/,, the ascending node N of the orbit
H//r/ of Jupiter relative to the orbit
V.. i of the perturbed body. In order
A to evaluate the angle J betwcen
o

4 the orbit and the arcs <L N and
}“./._Z_—-—';"’ 2 4 N, whizh will be denoted
7 by N and Nl, we shall apply the

the following formulae, which

“‘gure 11 can easily be obtzined from the

study of the triangle under consideration:

Let us now counsider a new coordinate system E)’ ,7I/ T\ , which
differs from the previous system k; o{’, T in that the axis é is
directed towardas the orbital point B, removed from the node by an
angle JU 8 =,3 , aud the axis 7' towara a point, removed from the
noge an angle ﬁ+ 90°. The coordinates of Jupiter in the new
coorcdinate system can be calculated by means of the conventional

formulae (formulae (8) in Sec. 10), assuming in these formulae that the

.wfﬂl N
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longitude of the node equals to
BN -\
and the argument cf the latitude equals to
NPy =1y N -0y

where ’).1 is the longitude of Jupiter in the orbit. This yields

Lo 1 COs (7 =V, ==L cos V=D —"sing, - Moo an(V-- Zicos /\

T, onteosi — N U0 dn(V—7) - (=N = O s N = eos N

:;u r, sin (o, — N, — 2 ) L

In analogy with the Gausian constants, we introduce the following

quantities
A s 40w o VY RSB eV —3) !
{cor A — s N = o S Reds s cos( V= easy Ty
A AT N, —v, oot A o0
Ce cnJ, C - —d, v,

We then finally obtain

ro A (A 1) I

v sy

i 18)
S Cante’ Loy, ]

In order to obtain the required unkncwn coordinates E wnd 7 we
rotate the rcoordinate system around the axis Z . This yields

Wooheustu -y e st i

. . . “
oo ssin(e - o cos (o !

We can now s.mplify the calculations performed by m2ans of equations (13),

(19) by an appropriate choice of the arbitrary angle ,@ . The most

N

LIRS - e
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simple formulae are obtained in the following cases

Y bt

Since, in the second case, angle ﬁ; = u depends on the position
of the perturbed luminary, constants A, A', ... will then also depend
on the coordinates of the perturbed l'minary. The corresponding formulae
are suitably applied only when it is required to calculate the functions
(2), subject to integration, of only a few orbital points (cf. Sec. 69).
The appiication of formulae (18) and (19) rather than the convent-
ional formulae (14) and (15) is useful only if the elements i, gB "
11 ,SZ p 3re approximately constant during a considerable interval of
time, and, moreover, when the longitudes A 1°* 7\ 20 o of the
perturbing planets in the orbit are known.
The influence of the small variations di, d L, ... on the
constants A, A', ... can evidently be evaluated by differentiation.
We shall not consider here the derivation of the corresponding formulae.

69. The tabulation of thecoefficjents

The calculation of the expressions given by equations (2) is reduced
to the evaluation of the quantities S, T anc¢ W, which have been considered

in detail in the previous two sections, as well as the ccefficients

(1) These formulae were given by Merton for the case = u:
G. Merton, The periodic comet Grigg (1902 II) = Skjellerup (1922 I)
(1902 to 1927), Memoirs of the R. Astr. Society; 64, Part III, 1927.
The formulae that correspond to the case = are given in:
N.T. Idel'son, Le comete d'Enke en 1924-1934, Proceedings of the
Principle astronomical observatory in Polkov (Izvestija Glavnoj
astronomiceskoj observatopii v Pulkove) vol, XV, I, 1935.

-4
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obtained by multiplying these quantities. The calculation of these coeffi-

cients is reduced to the evaluation of the following quantities

r ’
A = R &) COs |

4 o ,
I cossie N oooos s (eos c: ,

) ] IS
s . . . > ) | .
Looaie seosteose, -0, :( r Cn tepg Heh
a
L BN T RN TS bu.oo!
!

which are functions of only ?ﬁ and M. Here, we have singled out the
multipliers which depend on a, i and w, since their evaluation is
simple enough.

The calculation will be significantly simplified by constructing
tables for these coefficients. In order to reduce the volume of these
tible, w2 shall transform equations (1) by introducing a new independent

variable M, instead of the variable t, using the relation
l . “‘

In this case, it is possible to calculate the quantities (20) for a
few round values of M. Tnstead of tables of two arguments, M and

we shall then have a table of a single argument,qp . Such tables have
been constructed by Crommelin(l) for values of the argument e = sin(f
varying firom 0.37 to 0.84 by intervals of 0 01, i.e. corresponding to
the orbits of short-periodic comets. The first table gives the
values of the wefflicients, which slightly differ in form A, B, ...,

for M = 0%, 7.5°, 15°, 22.5°, ... with five figures. The second table

(1) A.C.D. Crommelin, Tables for facilitating the computation of the
perturbations of periodic comets by the planets, Memoirs of the
R. Astr. Society, 64, Part V, 1929.
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gives the logarithms of these coefficients with four figures for M = 0,

° . 20, ooy 250, 260. The first table is devoted to the calculation

1
of perturbations caused by Jupiter amd Saturn, and the second to the
calculation of perturbations caused by the four internal planets, which
have an appreciable influence only when the planet passes near the
perihelion.

In some cases, it is more useful to choose the excentricity,
rather than the mean anomaly, as an independent variable. 1In these
cases, equations (1) will be transformed by means of the relation
«“ _'\} d
7o coar
The points that correspond to equidistant values of E, are located on
the orbit more uniformly than the peincs that correspond to equidistant
values of M. This is particularly perceptible for large values of the
eccentricity. JIndeed, the series-expansion, concsidered in Ch. XII,

indicates that

if we only keep the first pcwer of the eccentricity. Hence, equidist-

ant values of E give "more equidistant'" values of v than do equidistant
values of M. This can be shown in a more convincing way by the following
table, which gives the values of the three anomalies for the case e = 0.85,

i.e. for a round value of the eccentricity of Enke's comert:

Iz [T It (I S K 1.0 v Ten 180
T N S [P LI OT'

h
Yoog o9 1% 50 1y T o o 0 o
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We obtain the most homuzeneous distribution of the positicns of the
perturbed luminary in the orbit by choosing the true anomaly as the
independent variable by which we carry out the integration. This is

easily done by using the relation

l/ ~e € o I Jd
- = \
dv n "y Je

We note that the choice of the eccentricity or the true anomaly as
an independent variable considerably complicates the calculation of the
coordinates of the perturbing planet.

70. Comparison between the formulae

As a rule, the perturbations of the elements are calculated to
within 0".0001 In the average daily motion and to within 0".0C1 for all
the other elements. In order to obtain such an accuracy, we take the
cegse of a small planet with an interval w = 40d and perform the
calculation to five decimal places. In the ase of a comet, it is
advisable to change the interval w, depending on whether the comet is
near or far from the perturbing planet and also on its dir dance to the
perihelion.

One should pay attention that the elements of the perturbed planets
as well as the coordinates evaluated by these elements should ke related
to the same equator and equinox, as the coordinates of the perturbing
planet.

In order to avoid unnecessary interpolaticns, we have to “hoose
the moments to + kw such, that the coordinates of the perturbing planet
are known for these moments.,

Let us consider the osculating system of elements a, e, i, ... for
the epoch T . Choosing the interval w, we define the initial moyment

to by the relation
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w
o= =7

-

We then calculate r, v, u, p for the moments to - 2w, to - w, to and

to + w using the given (i.e. unperturbed) elements by means of the
formulae

S—esinks .M

rSine=dcoszsink (,
reosv-=a(cos £—sinz)
U=y4w ° P =ucostg.

We then take from the astronomical annual (or from Comrie's tables) the

values of the coordinates (r1 , £ 1° bl)’ (1‘2 s é 9 9 bz), ... of the

perturbing planets and calculate the corresponding orbital elements using

the follow.ng relations:

€U Bycos Ly =cos{l, — ) cos b,
€O Bysin Ly~ sinisin b, +4-cosicos b, sSinid, - @) l (Ih
SIN By == cosiainb, — sinicos b, sin (-
Ho-ncosBicosil, — u) I
fwE Iy Cos By sl — i)
a=rnsing,.

(111

We evaluate thedistance between the unpertu.bed body and the perturbing

planet under consideration by

[

B (b — )l
=Rt — Gy, (1V)

We calculate the components of the perturbing acceleration by using the

following relations:
. *'m 1 ]
TR
VPN f

wk''my - r
Ve A

(V)
Ty K, Wy /\)l:l

Sp=Ad —
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where the values of wk''m, are given in table IV at the end of this book.
We then sum the components of acceleration caused by the action of

different planets, and obtain

We calculate the functions which are subject to integration by means of

the following formulae:

AR L [N
< @Cu e |
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“. Cos wteast =o v /) '
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We carry the integration of the first five elements using the following

formulae:
' 1 ! s . 1 N '
/ : o/ e
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We construct for w 8 n a column of second sums, the initial value of

which is chosen as

. t | . . !
’ . — o N ! KT AN Y AR
» " / . .'H'.’('/ ) I.> P ooar -2

We carry out a first integration, which yields wn as well as a secoad

integration which yields A')\ by using the following formula

b 2N l , . t v
o _J/" : 12 /"_’ '._'W/-v ) 14! /n t Y

.

In all these “ntegrations, the unavailable differences are obtained by
extrapolation.

After integration, we obtain the perturbations of the elements
A i, AS), A‘f , AT A€ ,WA n and A’/\‘ , for the four moments
mentioned above. Adding these perturbations to the initial osculating
elements, we obtain the perturbed elements for these moments. The per=

turbation of the semimajor axis can be found by the following differential

relations

In order to obtain more accurate values for the quantities 8 i,S.Q,...
we repeat all the abovc mentioned mlculations starting with the perturbed
elements and re-integrate For this purpose we use the same formulae,
with only one small modification. We calculate the average anomaly using

equations

IR
H ’ -

in which GL and n are the initial values of the elements &€ and a which

correspond to the epoch T> . This calculation repetion is continued
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until the process is established. When interval QFig ppropriately

chosen, Lhe second approximation may be considered as final. One then
continues calculating the perturbations for the next moments to + 2w,

to + 3w, ... (or to - 3w, t0 - 4w, ..., dependinz on the direction that
should be followed starting from the initial epoch). If the perturbations
are large, and the final values of tl.e diiferences of the functions S i,.e..
are significantly different from the primary values, we then should once
more repeat the perturbation calcula:ions for ~he moments to - 2w,

to - W, to’ and to + W.

The continuation of the calculation is not difficult and since rhe
osculating elements vary slowly, extrapolation gives such accurate values
for the perturbations, that it is never necessary to repeat the calculation
of 8 1,8 _Q_ s ss+y provided that the interval w is appropriately chosen.

Calculations have to be done on several separate sheets. The values of
Ty Vs eeey E; i, ooy W é;n are obtained on the first sheet. The second
sheet is subsediary to the first one. There, we calculate the coordinates
of the perturbing planets, 154, ?ﬁ) Tf} 5 +- - 3 esey the corresponding

components cf acceleration S T1 s +++ and the quantities S, T and W.

1 ’
The computations that correspond to a given moment should be written in
the same vercical column in both sheets. The integration of each of
the functions & 1,80, ... has to be done in a separate sheet

according to the scheme indica.ed in chapter VIII.

71. Particular cases for calculation of perturbations of the elements

of small plarnets

Two kinds of difficulties are encountered in the application of the

methods considered in the prcvious sections to small planets.

1- If the slope of the orbit is very small, then the computation of

the quantity

s et s vm e ooy, At 3
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will be accompanied by a large decrease in accuracy, and leads to the
inaccurate definition of the longitude £ the node.

2, 1If the eccentricity of the orbit is small, then a similar
difficulty occurs on calculating the longitude of the perihelion, which

requires the computation of

In the first case, the easiest way is to change the basic plane so that
the elements 1,_FL, 7 and € , related to the plane of the eciiptic,
are transformed into elements ‘f‘/ -Q\/ 7 and E‘ (instead of the
last two, one may take w' and Mo), related to the plane of the
equator.

In the cases when only an approximate calculations is required with
an 2ccuracy not exceeding the first powers of the mass, it is better to
introduce the auxiliary variables p and g instead of i and JL as

defined by

“p Moot ¢ "

e Clo sy g Y NET I

"he perturbations of these elements are calculated by

p TCusy H' ] Fa ’.Vt"

which can easily be deduced from equation (2). The perturbaticns of i and J2
can be found up to within quantities of the first order by means f the

relations A ccehaAp e Mg
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We uow consider the second case. in which thke eccentricity of the

orbit is small. Instead of e and 7] , we introduce the new variables

/P NHES !l reoas -, (21
Since,
drde Jooode . Nk
Jd S ,d; L M
dt e VL S or
[SELR AR SR Curn o Coon 0 h -,
d! dt Wl wl ' Ji

we then easily see according to equations (2) that

“h —hpco S f’ e ’)‘1'5’7‘ é thl’ . /'Lf t LAY u”.

. TN . . N ' i
. SRR I A A NI AN e REARHIAL

where

[ TS

The integration of these equations gives the perturbed values of h and .
Equation (21) can then be used to calculate the corresponding va_ues of

e and .

72. Some aspects on thecalculation of perturbations of the crbital elements

of comets

The calculation of the pert -bations of short-periodic elements, for
which the eccentricity is not so iarge that the use of the eccentric
anomaly is impossible, is performed by means of the formulae given in
Sec. 70. However, for a comet whose eccentricity is near unity, these
formulae should be partiaily transfermed in such a way, that instead of
elements ?’ , n and € the perturbation of the elements e, q and Z are
obtained (the time of passing by the perihelion). We shall not consider

here these transformations. After cowell's und Crommelin's work on
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Halley's comet, the perturbations of comets of this type are nct calculated
for the elements but for the rectangular coordinates by the methods which
will be considered in the following chapter.

The comet may pass sc¢ close to one of the large planets, that the
gravitation of this planet becomeg stronger than the gravitation of
the sun. In this case, it is advisable, as Laplace (Mechanique Celeste,
t.4, Livre IX, Chap. II) pointed out, to consider the planet as the
central body and the sun as the perturbing one. Let us denote by x, y and
z the beliocentric coordinates of the planet, and by m, its mass., We
write the differential equations for the comet's motion under the

influence of the sum's gravitation and planet:

d-x X v - A \

-v R2 b VT o
n’f ' r : A /l'

‘1'.": . ‘v ", '/ vo—y iV, \.

. o con! gon
de: re A k AN re ) : (-)-‘)
d*z g T » -~

H k.‘ -~ bun ( o ot
des ke, \ Al . )

and the equations of the unperturbed motion of the planet:

dixy X,
PR - oot

- R -4 ) )

d-=y.

(14"‘

d:‘i fl " | :|
e ey

) . AY) '
(LA my) . 0ot 1)

If we take the centre of the planet as the origin of a cuordinate system,
the axes of which are parallel :ic the axes of the heliocentric system, and
denote the corresponding coordiuates of the cuuet by 15 ,1? and QC',

we obtain
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Using equations (22) and (23), we obtain

where

|
i (1)
(
f
|

When the sun is t.ken as the central body, the quantity R is the

acceleration it imports to the comet, ard F is the perturbing accelerat-

ion caused by the ettraction of the planet. Equation {22) shows that

R k:. i knn,l(x'—f‘
r At

On the other hand, when the planet is
dencte the acceleration LIt imparts to

accel:ration caused by the sun by ¥

1°
(24" that
, Am, /X
N
e

taken as the central body, we
the comet by R,. and the perturbing

Then, it follows from equations

The reglon in space, in which it is more useful to take the sun as the

central body, is separatel from that, in which it is more useful to consider

the planet as the central body., by points satisiying the fcllowing eguaticn

r N
I o

r
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Putting

>

X5 yl’l’l z).
—=CCs () -
Ar, cosd, - rn “.
we obtain

Xxy o=y dzey = x00xy 4 %) b (o bon) a2yt )=
==r/(i | ucosh)
Pom(r B0 1P | (3| = A e h ),

Substituting these equations into the previors ones, we obtain

1
(-} 2utcos’-}-us):

m? .z s
! Vb Qucosh-boe)?

14-(1-§ Yucosh ; ) —

v
—2(1 }ucost)(] |-2ucosh-t u). l
Expanding the right-hand side of this equation in powere of the small

quantity u, we obtain

! ] it '
. sl o oG .
m, wlb ol A 1‘. R ' Seers b

Keeping only the first term of this expansion, we obtain

m’ ;
'\ o= ’l ( ' - ) n-~
V1--3cos-b R
This is an approximate equation for the nlane under consideration in
the polar coordinate system. The surface (25) is evidently a surface
of rotation around the polar axis 1i.e. around the radius vector of the
planet. This surface slightly differ from a sphere; the ratio of the

maximal to minimal value ofA is equal to

o>
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The sphere, drawn from the centre of the planet with a radius equal to
Ao:—‘-’]’ih: ’

is ca’led the sphere of activity of the planet. The radii’ of the spheres

of activity of some planets aregiven in the following table

Mercury cceecessescasess 0.001 Jupiter . ..ec0v0.. 0.322
Venus ..cocevvesscscecss 0.004 Saturn .....eess00. 0.362
Earth ..cveveiesescsnesse 0.006 Uranus ...eeeeeees- 0,339
MArs cevesessscssnsssees 0.004 Neptune .......00.. 0.576

Inside the spherc of activity F:R ;> Fi:R). Outside this sphere
F:R < Fl : Rl so that it is more useful to consider the planet as the
central body.

It is interesting to evaluate the ratio F:R of the perturbing force
to the gravitational force of the sun for points located on the sphere
of activity. It is easy to see that for such points

," f: .)‘- _\I 'l . -‘ . '
- ¢ =T . cdcosh) -
R My 42 \/l “r 5 cosh | r =0 ( . ) .

m .

For Jupiter, the limits within which this ratio varies are from
m, 5‘6—2_; to ml = 0.43.

We have to deal quite often with comets passing through the sphere
of Jupiter's activity. This is explained by the fact that the aphel.ons
of most of the short-periodic comets are grouped near Jupiter's orbit.
In order to make a transformation from the heliocentric coordinate
svstem to the Jove-centric coordinate system, in which Jupiter is taken as
a central body, it is necessary to find the Jove-centric coordinates at the
time t, for which the distance A is reduced to 0.3, These will be

»
denoted by LemX =y, n, Ve, e 4- 2,
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vhile their derivatives will be given by

:'. -, ‘“, -V Yo ‘*" 4= Xy,

Using the formulae obtained in Chapter IV of Volume I, we can obtain the
Jove~centric elements of the comet. The perturbations of these elements
are computed by means of conventional formulae. The sun in almost

all cases can be considered as the only perturbing body. It is
interesting to note that the Jove-centric orbit of the comet is usually
a hyperbola of large eccentricity. The eccentric anomaly appearing in
the formulae of Sec. 70 will then be imaginary (vol. I, Sec. 15).
Consequently, it is worthwile transforming these formulae, adopting

that
E- i)

We shall not consider here these complicated transformations. We find
that, in the case under consideration when the comet is inside or even
near the planet's sphere of activity, it will be more convenient to
calculate the perturbations in the coordinates using Cowell's method.
This method will be considered in the next chapter. In order to use
this method, it is sufficient to find the coordinates of the comet Xg Y,
and z and their derivatives LI and z at the time to by means
of the osculating elements (Sec. 74).

The computation of the perturbations of the Jove-centric coordinates

has been carried out by Kamienski(l)

in his study on the motion of Wolf's
comet during its approach to Jupiter in 1922. 1In cthis case, the eccentricity

of the Jove-centric orbit varied from e = 6.457 to e = 6.480, and the
L

(1) M. Kamienski, Recherches sur le mouvement de la Comite periodique
de Wolf (IX Partie), Publications of the Astr. Obs. of Warsaw
University, 2, 1926,

- e



ORIGINAL PAGE |
OF POOR QUALITY
semimajor axis from a = -0.022800 to a = - 0.022912. N
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When the comet under comsideration closely approaches Jupiter,
one has to take into account the perturbation caused by the compression
of Jupiter. Such an spproach tock place,for example with Brook's comet
(1889V), when the least distance between Jupiter's surface and the
comet became apprcximately 1.14 times Jupiter's radius (approximately
80.000 km). In considering thiscase, the interval w used in integration
has to be reduced to 0.25 hours in the vicinity of the time of approach.
For details ou the effects of the compression of Jupiter on a comet's

1)

motion, we refer the reader to the literature quoted herein .

73. Approximate Calculation of Perturbations of Small Planets

The exact calculation of Lhe perturbed coordinates of a small planet
by a numerical integration requires a large amount of work. This does not
depend on whether we are calculating the perturbations in the elements or
immediately calculating the purturbed coordinates (Secs. 74, 75). This
type of calculation is only carried out for planets, which are interest-
ing in some aspects. The analytical theory of motion of the type
developed by Leverrie and Newcome for large planets has been applied
to an even smaller number of small planets. It is not, however possibI%
to calculate the perturbations of small planets for, after a few years
their actual motions will differ so much from their unperturbed motions,

that the planets will hardly be distinguished and would thus be

(1) G. Deutschland, Der Eintluss der Abplattung auf die Attraction der
Himmelskorper nach der Theorie der speziellen Storungen, mit
Anwendung auf den Kometen 1889 V (Brooks) bet seiner Kupiternahe
un Jahare 1886 (Diss) Berlin 1909.

The results are partially given in. Astr. Nachr., 181,
1909, 1-8.
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completely lost. It is thus extremely important to have on hand a simple
method which would allow us to calculate the perturbations of small planets
with an accuracy that would identify these planets. Several methods have
been suggested for this purpose ind amongst them, the following two

approximate forms of an accurate method suggestad ly Starke(l)

» have been
widely practised.

We first of all point out that it is suffiefent to only take into
account the perturbations caused by Jupiter for the approximate
calculations of the perturbations necessary to identify these planet.

We shall limit ourselves to an accuracy within 0.0001 for the
perturbations of n and up to within 0.0001 in the perturbations of all
the other elements. We shall then be able perform all computations to
three decimal plices. The interval w can always be taken equal to 80d,
but when the planet is far from Jupiter (e.g., when the heliocentric
angular distance between them is greater than 600) the interval w may
be set equal to 160d. It is useful to take all the constant factors
for the interval 80d and complete the missing ones by interpolation
at w = 160d. Under these conditions, we shall be able to make consid-
erable simplifications in the calculations of the formulae obtained in
Sec. 70. Instead of computing v and r using equations (I), we can find
their values by consulting the special tables given in Volume 1,

Chapter III. We can always substitute in equations (II) cos b1 = 1, and,

1f the slope 1 18 small (1 < 8%), put

(1) G. Starke, Genaherte Storungsrechnung und Behverbesserung, Veroff
des Astr. Recheninstituts, Nr. 44, 1921. Berlin; Tafeln zur genaherten
Speziellen Storungsrechnung, Vercff. des Astr. Recheninstituts, Nr.
48, 1930, Berlin.
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cosBy =1, sinfy  cosisind, -sinisin(f -w), L, =4 U

-,

Furthermore, we have to replace the coefficient wk " m, in formulae (V)
by &0 kom, where k° 1s the Gaussian constant expressed in degrees.

Fo. Jupiter,

w80 b m)- 1877

In calculating using formulae VII, we use
I kwy - 1,616

This yields & n in units of 0°.0001. The increments of the other
elements will be expressed in units of one-thousandth of a degree. We
can generally neglect the differences in the calculations of

formulae (VIII) and (IV). The integration will then be reduced to a
sinple summation. Finally, we note that the perturbed value of n is

nct required, since we calculate the average longitude using formula

ool 1) 1A,

where n, denotes the unperturbed value of n. However,the quantity
w OAn =80 A n is necessary for the computation of the perturbation

of the semimajor axis. This latter quantity may be calculated by formula

1303

Ny

Alpa - 30 An,

where n is expressed in seconds of the arc.
In 1930, Starke developed another version of this method. It
requires the use of subsidiary tables, but once these tables are

available(l) the amount of work necessary will be considerably reduced.

(1) These tables are quoted in the previous foot note.

f
L (aa(.u
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Here, the average anocmaly M 18 taken as the independent variable. The

coefficients in formulae (VII), Sec. 70, are functions of . They are

o (o]

tabulated by the argument 70 for the values m = 0°, 127, 247, ... 348°,
The computation of the components of acceleration is alzo simplified by
special tables. We shall not consider here the construction of these
tables.

Finally, we remind the reader of the method of approximate computat-
ion of perturbations in the elements, suggested by Stromgren(l).
This method is similar to Storke's method mentioned above in that
both methods are designed for their use with calculating machines.
Stromgren transformed the formulae in such a way, that they can be quickly

and easily used to find the perturbed values of the directing cosines

P Py » Pos Qs Qy and Q, .

(1) B. Stromgren, Formelu sur genaherten Srorungsrechnung in Bahnelementen,
Publikatione og mindre Meddelelser fra Kobenhavens Observatorium,
Nr. 65, 1929.
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CHAPTER Xi

CALCULATION OF THE PERTURBATIONS IN THE COORDINATES

74. Direct Calculation of the Perturbations in the Ccordinates (Cowell's

Method).

We consider the motion of a luminary, the mass of which is denoted

by m and the heliocentric coordinates by x, y and z. We denote by m,
and Xio ¥y o0 24 the masses and coordinates of the perturbing planets.

The euqations of relative motion, derived in Sec. 3, yield

d-x , x ., .
gie =—80-1-m) pral
&y y o, .
gn TR AmMT L E, ()
@r . T
ge =R +m) T AF,
where \
Fooke Som (57 %5
oo ( A Tl ()

Here, the summation is over all the perturbing bodies and the quantities

rz, r, and A 4 are defined by

a a9

rrooxt

———

Ayz 4. :'." ,;-‘ x‘z _,_ },;: : :l_' ,
A](ﬁ—nthy—w?H; 2.

If it is required to compute the values of the coordinates x, y and
z for a relatively short interval of time for e.g. some decctdes, the
easiest way then is to integrate equations (1) numerically. Any of the
numerical integration of differential equations methods that have been
considered in chapter VIII, enables us to calculate the values of x, y
and z with an arbitrarily high accuracy. The calculation by reans of any of

of these methods is straightforward and elementary. This is extremely

Im——-a
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important, especially when is doing substantial work, since it enables the
use of calculating machines. Another advantage of this particular method
of computation of the perturbed coordinates, is its universal character.
The analytical methods of finding the perturbations are only valid if
perturbations are small. The methods of numerical calculation of
the perturbations in the elements, given in the previous chapter, are
only preferentially applied if the perturbations are not very large,
although they are generally valid for arbitrary perturbations. On *he
other hand, the question of the magnitude of perturbations 1s not raised
in tbe numerical integration of equations (1). Consequently, this method
is conveniently used for small planets, subject to small perturbations,
and for planets which approach Jupiter so closely that their perturbations
become particularly large. Similarly in this method, there is not
difference between comets which are far removed from planets and comets
entering the sphere of activity of a planet. Finally, the numericél.
intrgration method enables us to compute in a very simple way the positions
of such bodies like Jupiter's eighth satelite, whose magnitude of
perturbation is comparable to the value of the central force.

We have seen in Sec. 41 that the most complicated cases of motion
can be studied by means of methtods of the numerical integration of
equations. These methods had been used by Darwin, Tile, Burrau and
Stormgren long before Cowell applied numerical Integrations to solve
astronomical problems. Indeed the direct numerical integration of the
equations of motion had been applied before Cowell. Moreover, the
method which be first developed was inferior to the method of quadratures
suggested by Gauss and applied by Tile and the other previously mentioned

authors. This 1s the reason for cur rzturning later on to this method.

] 4{[‘, -
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We however, owe Cowell the introduction of the method of direct nimerical ;é
integration of equations (1) into the field astronomy as a relatively
rapid and practiecal method of obtaining the perturbed ephemeride. For
these reasons and for convenience sake, we call the method of calculating
the perturbations of the coordinates of a luminary by means of the numerical
integration of equations (1) as Cowell's method.

We have already mentioned the advantages of Cowell's method, which
in many cases makes this method the most practical way of obtaining the
ephemeride of a luminary, taking into account its perturbations. We
can also point out, that in this method the trigonometric calculations
are completely singled ovt. The only auxiliary table necessary for
these computations is the table that gives the values r-3 by values of
the argument rz,

One of the most serious difficulties of Cowell's method consists in
that all the intermediate calculations must be carried out to at least
the same number of significant figures, the final result is required to
have (In practice, one should carry cut the intermediate calculations
with a large number of significant figures to guarantee against the
accumulation of errecrs). For example, if we have to connect two
appearance times of a comet separaied by a large interval of time, if
we use Cowell's method we then must calculate the perturbed coordinates
to seven significant figures for this interval., If we apply the methods
developed in the previous chapter, it will then be sufficient to calculate
the perturbations of the elements during this interval of time., rom three
to five significant figures.

If the luminary closely approaches the sun, which is the case for
most of the comets near the perihelion, the value of the interval of

integration must then be significantly deceased. The amount of computation
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required by Cowell's method will then be more substantial than that
required, for example, for Euke's method (Sec. 76).
We finally note that Cowell's method is at least convenient for
accurate calculation only in the case when the computations will be

(1)

carried out by means of calculating machines.

75. A Compilation of theformulae used in Cowell'.. method

We denote by w the interval which will be chosen for the integrations of equ.
(1)« We have already pointed o.t in Sec. 58 that this interval should
never be chosen very large, otherwise there will be less chance to
control the computation accuracy by means of the differences. In
addition the calculations would become less practical.
It is advisable to start the computation by using a small value
fow w. If the fourth differences are then found not to affect the
calculated values of the coordinates, the interval magnitude may then
be doubled. For small planets, the interval may be set to equal 20-40-80
days, depending on the required accuracy. We have to take smaller

interval values, say 5-10 days, for comets close to the sun. If it

(1) The integrations of equations (1) can, of course, be carried out using
any method for the numerical integration of differential equations.
In particular, instead of applying the method of quadratures, we
can use Cowell's method (Sec. 52), supplemented by Numerov's
method for the reduction of successive approximations (Sec. 58).
We then obtain Numerov's method or the method of extrapolation".
A detailed account of this method, as well as an example of its
application are given in: Belletin of the Institute of Astronomy
(Bjulleten Astronomiceskogo Instituta) No. 12, 1926.

Probably, the method of qadratures (Secs. 52-54, 58) is the best
method for integrating equations (1) from the point of view of
accuracy of the results and the simplicity of computation.
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is required tu further reduce the interval, it is then advisable to
replace Cowell's method by Enke's method (Sec. 76).

We shall consider that the values of the osculating elements a,
e, 1, N s, w and Mo of a luminary at moment to are known. In order
to find the solution of equations (1) which describes the metion of
this luminary, we have to calculate the values of coordinates X, Y,
and z, and their derivatives x(') s y; and z(’) at moment t:o. For this

purpose we use th2 following formulae (Vol. I).

X aP (cosE €)1 bQ, sink l
y al(cosE—¢) {0, sinE (h
2 abl (cosE —e)-t- b0 sin L J

¢ };J(—al’rsin [:‘-}-»b()(cosl:’) ;

v ’\' . ;! 3

Y e ;V;’(—apyslll[l'r-bov cos £) } (11
2 = r;a(-—al’lsini:'-} bQ, cos £) Jl

in which
0 =acosy, r--Vxi-l-yiral gt —ecosh),
where E i3 defined by
E—esnti 4,
For checking the calculations, we use the following relation
ke asinE -x¥ 4-yy' 2z,

The directing cosines of the orbital axes, Px R Py s seey O, may be

calculated by using the following formulae (Vol. I, Sec. 25):

3]
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Ap- cos Aare = OSSN Y
By = sinQcuse; B, =:€oNicosWeo ¢ --~nise
C, sinUsing; (3 == COSICON L athi s - N1 €O,

P,“ A,COD m»}_ A‘ \Ul w; 0‘ 'f‘,' Cis w -/‘l\lllw
py =8 cosw - By sinw; Q, -
y

Ifl Cosw—/fi;sia
/}‘ - Cicovw '!‘ Casin W) ()_

~Cacsw-- Cpsine,

where € denot3s the slcpe of the ecliptic with respect to the

equator. For checking, we appl; the following relations

.ot '3
Iy . ‘e '

(i, T N N VAR “

(DO )

When the initial values Xy s Yoo oees zc') are 1lrea.: calculated,
we start inteprating equations (1). For this purpcse, we first of
all calculate for each considered moment tn = to + nw the values of the

functions

d'x wpn X )
S L SN ’
g -u- (‘,.—“' - [U.'Av.‘ R Y |
e ’ ! { (””
I’z >
N ” v Lo * y ,
I u Jee e h i | 4 j
A L ¢
IY-—- \ /ul:':”‘ '_Ju — /\’/) '
y \1 ( 22 \r X 4
A:J ure ”’I st' - ”V)
y |
|
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where the particularly singled-out quantities -
LJ X rl i L) 57" L/ zl
X = —-w-k-m‘ ra D ALY m, ;‘:‘ v o= wh -2 m i , .

1 f

depend entirely on the coordinates and masses of the perturbing planets.
The irreplaceable hand-book used for these calculatione; are
Comrie's tables: "Planetary co-ordinates for the years 1800-1940"
which we have mentioned several times before. The extension of these
tables to the years 1940-1060 is expected to appear in the near future.
Besides the coordinates ofall the large planets (except Mercury and
Plutonus), these tables also give the corresponding values of Xi, Yi and
Zi. Moreover, several other auxiliary tables are given there, and in
particular the table by which the quantity r-3 can be found from the
value of the argument r2.
If Comrie's tables are not available, we can compute the
rectangular coordiates of the perturbing planets by the values of the

corresponding ecliptic coordinates obtained from the year-book. For

this purpose, we use the following relations

X, == 1 COx CO% /1

— N ) sy .. Cy
Y, = r‘L(n(’l(\l!l 1, Cus e tg [riqm _): ‘3)
I 0 rcosh (sl sime -t b cos ),

—— e ——

where r

3 . ¢

of the planet respectively.

i and bi are the mdius vector, the longitude and latitude

The constants involved in the expressions f, g and h are given in
table IV at the end of this volume.

We apply the following formula during integration:

’ T ' 0
Vi e ,’, ,,/., - , ! / o Y
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as well as two similar formulae defining the values of y and z which
correspond to the moment t, + nw, The initial terms of che columns of

sums are defined by the following formulae (Sec. 54):
(\ I

In order to avoid some of the successive approximations at the
very beginning of the computation (cf. Sec. 55), it is easy to determine,
using formulae (I), the values of the wmperturbed coordinates for a few

moments t_, , t_y» tl > ty » t,, ... near the initial moment t One

approximation will then be sufficient to obtain the final (perturbed) values
of the coordinates and the moment. For this purpose it is also possible

to use the following Taylo¥: expansion.

il L, vl ] “
X(t, -4 aw)y =X, - x (0, — 1) 5 Sy U =L

When some of the initial values for the coordinates are corrected
and the final values of the quantities (VI) are obtained, we further
integrate quite easily by means of formulae (V)

Annotation I

When the Gaussian constants a, A, b, B, ... corresponding to the

initiai osculating elements are known, then formulae (I) and (II)

are recommended to be replaced by

X orsinasin(A o l
Yoeorsinbsm(f {-u)
Semrsinesin (G- w)

x'ir"prﬂgkq panagcos(A i ou)| '
Yoo tyr S kypsinbeon (B | ow) , ' (r

Herr Ve Dk psinccos(C )|,
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where p = a cos2 97 » quantities r, r' and u are calculated by means of

the following formulae

r--a(l—ecost), = ke\asinF,

o T4 e K
-t

Annotation II

If the luminary, whose motion is under investigation, exists at
a sufficiently largedietance from the sun, then the perturbations that
Mercury, Venus, ... prcduce in its motion, are either insensible or
quite small. In such cases, it is sufficient to only consider the
gecular parts of these perturbations. This can simply be done by
correspondingly increasing the mass of the sun.

The factor 1 + m, involved in equations (1), will be replaced by
unity, since the mass m of a small planet or comet may always be set
equal to zero. If we consider that the mass of the sun is unity, and
take into consideration the masses of the perturbing planets, then

formulae (1II) will be replaced by

/ wih Mxr N '
s — !1:.4'.."}!)7 ! { Yy (”I }
ook Mer e 2, l

where factor M has one of the following valces
M=1,00 000 14 (sum of masses of sun and Mercu.y)

= 1,000 002 60 (sum of masses of sun, Mercury and Venus)
= 1,000 005 64 (sum of masses of sun. Mercury, Venus and Earth).

= 1,000 005 96 (sum of masses of sun, Mercury, Venus, Earth and Mars).
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76. Emke's Method

Instead of finding the perturbed coordinates of a luminary by means
of the numerical integration of equation (1), it is possible to calculate

the differences

f=x—x, M=y—y, -2

between the perturbed coordinates (x, y, z) and the unperturbed (x, ¥y, z).

Since the unperturbed coordinates satisfy the following equations:

d:x ] .

g S FU-mxr
dzy .

a = R -myr:
d= . (] .
W2~—%m-¢m.rg

then by subtracting these equations term-wise from equations (1), we

obtain’
d% . " x x‘)
—_ ik -] Nl

- R Y S m)(r' 3

d, . A y ’

dt =F 0 k(l fl’)(;, r‘> } 14)
da , o z =\

dIe S R “'n'””(r "'r:/.

Thus, the calculation of the differences E » 7 and T , which are
nothing else but the perturbations of therectangular coordinates, is
reduced to the integration of equations (1).

Particular attention should be devoted to the evaluation of the
second terms in the right-hand ride of ‘equ. (4). The direct computation
of the differences in the brackets is accompanied by a large accuracy
loss. It is more convenient from the computational technique point of

view, to transfcim these equations into the following form

-

X
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It is thus clear that all three coordinates could be found if €he

difference 1 - is obtained. Since

2] |m
w| W

R e e R N R R R
B M ARSI LN G R AR sl PurA 4 I

we can thenwwrite that

)
"
where
1 \. oo ! 1N\
9'35-‘—;\(.\"}'7,‘ E): {-()":‘ Y '-)ﬂ F(:'*';'-)wl- (5}
r* i\ 2 \ 2 2
Therefore,
r 3 3.5 3.0.7
Y - . e LI 3 .
r al % -3¢ 2 9 l.'.?.ilq +
Following Enke, we adopt that
Wi, 9,3 31 o .
/=-*(\!—--2—q-;~gq-—- 94 ¢ty .. -)- (6)
This yields
r.'\
"— r 0./-
Hence,
x x_ 1 (fx ¢
rd r"--,z/'~‘).

When the differences are presented in this form, they can be computed

without any accuracy loss. The reevaluation of the following functions

d: - d:y ) =
St = " Al
Fe=w? o U dre dr:
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required for the numerical integration of equations (4), will be

carried out by means of the following equations

wk* c
Fe==X-|- Rl

,'."1'-'
G=Y- ur,J (afy—m) (v
ez 2 g,

r.)

J
wherz quantities X, Y and Z are those defined by formulae (IV) of the

previous secticn.
Quantity f, involved here and defined by equation (6), may be determined
by using table III at the end of this volume. The value of f is given
in sixteen decimal places in Comrie's tables previously mentioned.

In the following, we enumerate the operations that have to be
carried out for the application of Comrie's method.

1- Starting with given values for the osculating elements, we
calculate the unperturbed equatorial coordinates using equations

(I) and (I') for a series of moments t, = t, + hw, where h = -2, -1, O,

h
1, 2, ... . It is useful to choese the initial moment so that the epoch

of osculation takes place in the moment t = t, - —%— . In the following,

this will be assumed to be the case.
2- We use Comrie's tables to find the values of the rectangular

coordinates X5, ¥y and z, of the perturbing planets and the corresponding

i

qrantities Xi, Yi and Zi for all the moments whose perturbations intend
to calculate.
3- In order to start integrating we compute the values of

quantities F-2’ F-l’ F0 , F. and F, using formulae (IV) and (VII). In

1 2

the first approximation, we assume that

X3

Pzoge - 0, XX, 0y oy, o, g - U
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We determine the initial terms of the column of sums by the following
formulae (cf. Sec. 54; in the present case we have 5 = 7 = T= 0

. S s

= = ’t = - l— [
and 5 7 0 for the epoch of osculation to 2 ):

F ) ! ,“" ‘

U TR AL N T A IR

; 1‘ ; ld“ 7 (ViIY)
o gl Ty GFL D

we calculate the perturbations using the following formulae

] | S
—F - S e A F — L X
!2/} 240 I” Y1991 I" ()

i, = /-'”"‘ 4+ Red, Red-:
We then repeat the calculation of quantities F__2 R F-l’ FO s F1 s FZ""
using the values obtained for E; ,‘7 and & . We repeat this prozedure
until we find that these quantities do not improve further.

4— When the above-mentioned calculations give the final values'
for the quantities (VIII), we start integrating conventionally using
formulae (IX) and substituting therein, the extrapolated values of the
differences or the Red correction (Sec. 55). We add the perturbations
of the coordinates obtained thisway to the unperturbed coordinates

previously obtained (item 1). This leads us to the required values of

the perturbed coordinates:

IR S R O R N

In conclusion, we note that the calculations made by Enke's method
are more useful than the calculatioms made by Cowell's method only in
the case when perturbations }é ’ 07 and ?T are small. The values of
these perturbations can always be reduced by changing the epoch of

osculation of the elements for which we are calculating the unperturbed

coordinates. However, the calculation ~f the new osculating elements by

means of the obtained perturbed coordinates (Vol. I, Chap. IV} constitutes
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additional work which significantly reduces the vmaQﬂELfg‘ke's c
method. Thereture, this method is only applied if the perturbations are -

small and when it is necessary to evaluate them for small intervals
of time. Under these conditions (e.g., for comets only observed once)
Enke's method 1s the best.

Sometimes, in the study of the motion of comets, the two methods,

Enke's and Cowell's, can be combined. When a comet is far from the =

~

sun and is subject to considerable perturbations from the planets, it

is better to apply Cowell's method since this method is the most general
and the most independent from the magnitude of perturbations. On the
other hand, when the comet is near the perihelion, its perturbations

are generally small (because of the high speed of motion and the large
distance from planets of large masses), and the unperturbed coordinates
vary very rapidly. In this case Cowell s method is not useful because the
interval w should be strongly decreased. It is more useful then to

replace this method by Enke's method.

Annotation I

We can use Titjen's method for the reduction of the number of
successive approximations (Sec. 58) during the integration of equations

(4). Indeed, noting that on the basis of equations (VII).

o Azﬁ.hq/xn—-h;,

where

p w'h”
P (7

n

we may write equation (IX), by which we compute zgin, in the following

way
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where
“ ] | 1
S'=-~-X | - - Y L
v ]2 Y" n 'JIUI" 1951 I" °
Similarly,
1 1
ARE 7o h > ==, - 12 hyfy,
. /l ! ) Lo (N
KA A R e T 1 7EA

We immediately obtain the final values of the quantities S: R SZ and S:

owing to the smallness of the coefficients On the other

1
240 ° °°°
hand, when we calculate quantity q by means of formula (4)

1 ]/- ! - I .
. . - = L. e Y - : ' - v
7 r? .\‘" ' _2 ‘ﬂ) ‘nod (“"‘ ' '_) ""> ,"1 v <"n —-)— *n } AL ] ll

A~ W ~

we can replace the quantities % E—»n , % ? n and % tn inside the
brackets by thelr extrapolated values. This will introduce a slight

error because these quantities have small multipliers E- o’ ’7 n and tn'
The quantities E'n’ «+. standing outside the brackets can be replaced by

their values which may be obtained by formulae (8) and (9). This yields

gewaSt AN S e R,y e,
where
1 1 1

\ b

Therefore, we finally obtain for the calculation of q the following

formula

4 ema e g
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ST 4851 18]
q - T - . )
| — T B (ax,-1-By, -t-12,)

Thus calculating the coefficients &, /9 and ¢ using formulae (7)
and (8) by means of theextrapolated values, we can obtain q from
equations (TI). Then, formulae (8) and (9) yield new and more
exact values for Z , 7 and t .

n n n

In the calculation ofq by means of formula (II), we usually
prefer to extrapolate the denominator rather than find the denominator
by extrapolating the values of E‘n , 7n and ,zn'

The above-mentioned application of Titjen's method to the
integration of equations (4) was first suggested by Oppol'cer and was
called Oppol'cer's method.

Annotation II

)

In the absence of Comrie's tables the rectangular equatorial
coordinates of the perturbing planets may be calculated by formulae (3).
In this case however, it is more useful to calculate the perturbations

in the ecliptic coordinates. Forthe perturbing planets, these are

calculated by the following simple formulae

(1) We quote herein the convenient tables, published in:
H,Q. Rasmusen, Hilfstaflen fur die numerische Integration der
rechtwinkligen Koordinaten eines Himmelskorpers, Astr. Nachr.,
260, 1936, 325-376.
The following article includes a table which simplifies the
application of Titjen's method in the computation of the
coordinates by Cowell's method.
M. Th. Subbotin, Sur le calcul des coordinnees heliocentriques
des planets et des comets au moyen des quadratures,
Povlkovo Observatory Circular, No. 9, 1933, 15-25.
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] '
rX, =1, conb cost
Y. = r cus b sinl
] ¢ v

2, =1, sin b,.

’ \ LY
When the perturbations E ’ ? and t of the ecliptic coordinates

are obtained, the perturbations of the equatorial coordinates are

calculated by the following evident relatiomns

’ ’ PN . ’ v .
E—¢, n -wcos.—Dsine, I gsine i Vcosa,

L
.



-
!
i

R . S

- 304 -

PART THREE

ANALYTICAL METHODS FOR STUDYING PERTURBED MOTIONS

CHAPTER XIT

THE SERIES EXPANSINN OF THE COORDINATES

OF THE ELLIPTIC MOTION

77. Introduction

The equations governing perturbed motions are generally complicated.
The analytical integration of these equations 1s only possible when the
perturbing accelerations involved in these equations are explicit functions
of the independent variables. Usually, the independent variable in the
theory of perturbed motion is taken to be time (or, equlivalently, the
mean anomally of the perturbed luminary), or the eccentric anomaly of
the perturbed luminary, or finally, its true anomaly. The true anomaly
is often replaced by the true latitude. The perturbing accelerations
can be expressed in terms of the perturbation function in a straightforward
manner, The task of integrating analytically equations of motion can
thus be reduced to the task of expressing the perturbation function, by
a function of one of the above-mentioned variables. The first step which
has to be performed is to express the coordinates of the elliptic motion
by an expiicit function of time or, equivalently, the arerage anomally.
This willi constitute the topic of the present chapter.

The coordinates of the elliptic motion r and v, and the function
of coordinates, F (r, v), are periodic functions £f(M) of the average
anomaly M with a period of 2 . Therefore, any such function F(r,v) =

f(M) can be expanded in a Fourier series
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o 39 -
/ ! o |
J{) =, a,-!-a, cos M-} . Coocos Y| .
Abysin Mot dinkdr L 1) "
Tals series converges for z . - .iges of M since we are only consid-

1 ing: continuous functlons “G:f) .7 «Aa have continuous derivatives. It

is well kwnnwr that, v suci ~ . :, the expansion coefficients a, and
n

bk will decay so rapidly ¢o. . 1he products a, k2 and bk k“ will tend to

zero for any arbitrary co1 «tant factor & ., These coefficients are

given by

! : ! '
", / fedlycos A, S / Sy s R M, ')

Series (1) is often replaced by the corresponding Maclaurin series.

Indeed, let us put

z.ze'teap il

where i = V -1, then

2cos R oxp bl | ek (— k)

2isin Al - exp idAM - exp (- k)

Hence,

I\
2 mand

1\'1

la( (
t 2;*

FECC AT a, 10) exp ikM (@, -1 ib,)exp {(~—ikM).

We introduce coefficients a, and bk for negative indices by adopting that
a ,==a,, b = b

Series (1) will then assume the following ffnal form

M P,z

sy N @
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~,
"'l/",

where

Rrep,,
or S

l .
Pe==, (8, —1ib,.

The coefficients of the Maclaurin series (3) are given by the following

: -
Lo J (A1) d:
LN =L
{

where tlhe Integration is corried over the contour C that encloses the

well-known formula

point z = 0 in the plane of the complex variable z. Taking this contour

as a sphere of unit radius witn centre at the point z = 0, we obtain

2.
i .
I’ 9= / ATy exp{—iraly dAl (4)

*
“

This formula is 2quiv.lent to equation (2)

For these functions which we will consider later on, the integrals
(2) or (4) cannot generally be expressed in terms of elementary functions.
They are conveniently expressed in terms of Bessel functfons. Hence,
we shall start by studying come properties of these functions.

78. The Bessel Functions

Let u3 consider the following expression

Since

NI /N . N\ v/ oy _.
X N\ .\\, 3 » X NY v o by
“”’(o :) ‘““KQ Jer M)< y ) *#K,‘> SRR

“ \ -

then by multiplying these absolutely convergent scries, we obtain

3] ]
R [

() —'E\‘<‘\\),"< Iyt -
e

0

We expand this seri s in powers of z and put ' -3 -n.

- e i 4



We then obtain

O EANAEEL (6)

where n varies from -20 to +¢0 , and P from O to +¢9 if n>/ 0 and
from = n to +¢0 if n < 0. Consequently, the expansion coefficients
are given by

./ X .'*_\‘ (_ l) X g

O Nagm (2) m

if n 2 0, and

Voo—1p sa\nte
J‘"(X)'-. \ " ¢ !

a1 (31 mt 9y

Rl n o N/

if n < 0. These expansion coefficients, Jn(x) are known as the Bessel

functions of indices n. The series (7) converges for all values of x,

and can be concidered as a defini*ion of the Bessel function Jn(x).
Assuming in the latter equation n =-m, where m > 0, we obtain the

following relation
S (X) = (= 1) S (X, (8)

which indicates that it is possible to consider only the Bessel functions

tl.at have positive indices. It a}&® follows from equation (7) that

Ja(==x) (=1 J (x). )

We can obtain otuer properties of the Bessel functions by means of

equation (6). Differentiating this equation with respect to z, we obtain

X .
o 2 sy \‘,///t\;.'" '
Ppors :

Substituting here the expression (6) of the function §> (z), and equating

the coefficients of zn"1 in both sides, we obtain



X
VAR ,!J‘,(xo‘vju.qu (10

On the other hand, differentiating equation (6) with respect to x, we

obtain

1

A3

-

1z — 2 ',\‘J (x)z" - N J(x)z.
e P
Equating the coefficients of z" in both sides of this equation yields

, ]
g (x) == o M, ,&x— Jw(x)]. (11)
This equation enables us to express any derivative of the Bessel function

as a linear combinatioa of these functions. For example,

) 1
j;(x) T 9 [-,Il '(X)-—-—./nl”(x)',

which may be reduced to

- 1 ‘
Jo(x) 2+ 4[4,:hﬂ~~l&(xyy.aiAxH. (12)
We shall now show that the Bessel function Jn(x) satisfies a
linear second-order differential equation. We consider equation (10),

which yields
x
(0 =Dy @=L ) ()

() (¥) D), L,

Adding these equations and for simplifying dropping the argument x, we

obtain

: X . , .
] h J,”_!l—---..j” -1 —"Jnll’ 4 2 ‘J ..,"—2./"'-, Jfl}'.'l+‘)x'lll'

n n

"n|J

We replace the square brackets by the expressions given in equacions

(10), (11) and (12). We then obtain
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t
This differential equation enables us to study the Bessel functions .
Jn(x) for both real and complex values of the indices n. It is usually
considered as the basic equation in the general theory of Bessel

functions.
If we substitute into equation (6)
Z-.e\piy, (14)

we then obtain

explnsing) = 2 Joviespiing),
Assuming that both 'f and x are real, and equating tie real and imaginary

parts iIn the equation, we obtain

cos(ry ) ./.'\.x ! ‘r/_ Vi 1)_ . '_’J‘!\)C(h x’; Pt

SMINIA S L) RV AR I 2Ny i .y . i o

where, we have taken equations (8) into consideration. The replacement

of "f by 1,’4-% yield

conta o) ~Ji(x) - 2/00x)cos | Max)con s -

'
M . . ) - . ) . i i (“-')
sin (X cos ) = 2h(xycosm — 2 (x)cosdy b, L L]

In conclusion, we derive some simple integral representations
of the Bessel function. Applying formulae (9) to the coefficients of

the series (6), and taking into account equation (14), we obtain

Ly |
7, (%) l)'_/'l'(.:’)vxp( ne)ds,

or,

AL

!
Sy (X) == 2:/‘('.\([) (ix sin 3 —iny) e, (17)

0
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Bquating the real parts of this equation yields

J (x) = ;' /CO\ (nz—x siny)d.. (18)

by
This formula is not useful for calcuiating the Bessel fiumction Jn(x)
for large values of the index n, because the integrand will have large
maxima and minima values. Moreover, this formula does not stress the
property that the Bessal function Jn(x) ﬁehaves like x* for small values
of n and x, while this property is very important in astronomy
applications. It is thus useful to rewrite equation (7) in the

following wanner

’ .‘ (_ L1y xad
z x)-—..t"\ . .
nt ."—j L Y 7 B I B 1 g2y
.\vl o . 12 Y >
= |35 o \Y LS .fln*l)LJM‘.. A= 1 a
W L (2 ) — AR N S (2

For arbitrary integral values of n and ﬁ;, the following relatjion holds

x

/si,,z.,? cosrgdy <18 @n—aas. e

2. 8 "
K L I+ AR L)

Therefore,

J(x) =, +7 SR =1 ¢ erre -t
! ’ "5 5 c (‘-)” - l) L‘ - ,/ \”121?( o ) (‘«‘; J,‘C(‘).s P [/ .‘ »
1w o 2.

or, finally

i v

4
, / sl wcos (L co Y Yo
- S, { ' !) / ’ pre e
e

This formula isfree from the shoricomings nf equation (18) as previously

mentioned.

79. The Computation of Bessel Functions

In the problems wec are going to conegider, we have to compute for a
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giver value of x, all the functio:r s Jo(x), Jl(x), .+« that differ from

zero up to within the accepted number of decimals. We will now show
the simplest and most convenient method of doing this. We first not:

that formula (19) yields

X n

(
WX ss o ee

This inequaiity enables us to find the maximum value for n, for which

the function Jn(x) differs from zero within the accepted accuracy.

The first method

We can write equation (7) ir an unfolded form as follows

1 AN I /x 1 Xt
Ju(x) = 1 Vo X .
() (uy<z/ (- 2) ‘$y<2) oo 0)

\ I
I [ x\" 1 /x N 1 \.
JA(X)= ( ' { - AN :
%) n!\?)[ by iz mﬂﬁfuvllﬂ<:) : '} 0

These series are convenient for the purpose of the rapid calculation
of the Bessel functions when the values of x and n are not large.

It is sufficient to compute the values of only two functions, e.g.
Jo(x) and Jl(x), and chen find the values of other functions by means

of the successive application of formulae (10). For example,

\¥

R !
2 {X) S Ay (xy, Jox Jo(x)— .
j( x ! 0( RS v _(.l? J,‘Y).‘

v

2
We shoulc however point out, that owilng to the presence of factors -;—

—%~ ’ —g— s «+s» wWe will have a progressive less of accuracy, which will

be all the more significant for smaller values of x.

The second method

Let us introduce the ratio Py of two ~eighbouring Bessel functions,

defined by the relation
H(x)  pySo(x), Joaxy opi (). . L L) p,J,  (A).

Dropping the argument x for simplifyingwe obtain

»

.
b
P . |

i s S e—

[
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By= yp, !

b ik ! .

"'u“lnplp;" . Py ,l

Thus, our task is reduced to the computation of Jo(x) on one hand, and
to the computation of Py s Pys ««c P, OO the other hand., The function
Jo(x) can be computed by means of the series (20), or, if the value of
x is large, by formula (19). Let us now turn to the computation of

Pys Pye oy pn. Formula (10) leads to

or

Substituting here for k = n ~ 1, n ~ 2, ..., 1, we obtain

) dnu
7y X : )

i Y4

These formulae allow us to compute Poo1 » Ppogs toes Py in a simple
manner witbout any luss of accuracy, provided that P, is known, However,
from the same equation (23), we obtain

i 1

|

vl 2n : R4
l)u B v k"/}n .

k. n

A

s0 that p, may be represented by the following continued fraction

L]




. .
© e e amnar RS ET

ry

e b .

A P o 0 o e T 50 S opeemir e - I i‘}-

- 313 - ORIGINAL P -
OF POOR
] -
iz 2 |
X Oui 1
X ta oy r
x . %)

which converges more rapidly for larger values of n.

The third method

Adding equations (16) term by term, we obtain

F(e) 7€ 16 €083 t-Cc0ns boc conds b L,
where .
() - costx coy g1 andx cos )
Co =2 Jo(¥), G 24(v), oo (X, ( 2y0),
€ -2 (r). o,  24.(x), . - — 240N,

Computing the function F( ff ) for a series of equally spaced values
of ‘f » and applying the usuai formulae of the harmonic analysis, we
obtain Jo(x), Jl(x), cee e

Let us for example assume that J7 x), Ja(x), ... i8 equal to zero.

We then introduce the following notation

v T ot s gtk V. Frias g

4 v \ [P \ ) VL Aty

Then,

from which we obtain C0 s C CA and C6. Similarly, putting

2’

N}

AT S R Coyee M

we obtain
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Sey bde = ATECT e W 20 A
Doy, VA8 ey s AT—= 20

from which we obtain C C., and C_.

1* 73 5
For checking, we can apply any particular form of formulae (15)

and (16), e.g. any of the following equations

L) B2 )
L (a2 () L2 () -

stnx o My =24 (g o 2 (X
Ten—figure tables of the functions Jo(x) and Jl(x) were given by Bessel(l)
for values of x varying from 0.00 to 3.20 by increments of 0.01. Hansen(z)
gave six-~-figure tahles for these functions for values of x varying from

0.0 to 20.0 by increments of C.1.

80. The Expansion of the Excentric snomaly and its Functions by Multiples

of the Average Anomaly

It follows from the Kepler equation

R S 1 1 W AN (20,

that for all values of the eccentricity satisfying the following

condi:tion

Ot

(1) F.W. Bessel, Untersuchung des Teils der planetarischen Storungen,
welcher aus der Bewegung der sonne entsteht, Abhaadlungen des
Berliner Akademie 1824,

(2) P.A. Hansen, Ermittelung der abscluten Storungen in Blupsen von
Belicbiger Exzentrizitat und Neigung, Schriften der Sternwarte
Seeberg (Gotha), 1843,



R el T et

R T AT ey,

- 315 -

the eccentric anomaly F is a finite and continuous (as well as all its
derivatives) function of the average anomaly M. When M is increased by
27T , the eccentric anomaly also increases by 2 77 . Consequently, any
periodic function of E having a pericd of 2 77 will also be a periodic
function of M having the same period.

Let us consider thefunction cos mE, where m is an integer. This
function is evidently a perindic and even function of M. We can thus

assume that

-~

1
cosmb @™ j-arcon Mo areon 28 L (27)

where, on the basis of equations (2),

In partigular, by excluding M by means of equation (26), we obtain for
k=0

-t

ee e il con Byl e

~ e fa > 4'
/ Cos it b ¢ cuN Sovos 2

Ifm ;)l, each of these Integrals is equal to zero. Then,

():’ N L

If m = 1, it is easy to see that

ut - r

'

If k ;) 0, then partial integration ylelds

. . .
” sl Dol
~ud I3
¢ ., . [ P
A Gl

B / DLW AR ENTIN P22

o
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Substituting here for the value of M given by equation (26), we obtain

S !

2t ‘ . "
m ap .2 l st mbl s (fds - ke sin 5y dl =
/7

.
v

/c«»s [k myr  kesmejut: -

ft'()\ Ik s myl ke sind | dfe.

Using equation (18), we finally obtain for k > 2

¢ & A mite) -/,l,,((('t'nl.
Similarly, we can prove that the coefficients of the series

sinml! b:" an i b s 2.8

Ce (28)

are given by

We note that coefficients of the two series, given by equations (27)

and (28) can simult .aneously be cobtained by considering the expansion

of the function exp (imE).

When m ) 1, the series (27) and (28) can evidently be representecd

in the following form

’-ll‘\'

When m = 1, then the series (27) can be transformed by means of equation

(11) into che following form

i AR
cond: g O N\ , JotRe) cos Bl
Y s A

e ——
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Similarly, using equation (10), we obtain OF POOR QU
9
iy ! N\ ; Aykey s kil (30)
' amem A

Substituting these expansions into equation (26) and into the follewing

formula

rooafll- rcosih,

we obtain'

. AR
Eoar s N T e bt (31)
anoust 4’
i
’ I v, ' )
4 I y 4 ¢ » Sy cos AT, 3

We now derive an expansion for the square of the raiius vector. Since

J P ] A N
";1) L e s e
and
1]
conN M ...: : [/, - _/A' YR 1
VO 20—y Sy
‘\‘ﬂ » l o , |(‘(’ b '/L',\"’i cos i3
b .
N J, 1#e) H,.’ tie) co~ A,
— T et

We then obtain

This formula can be derived in a simpler way, if we note thst

and make use of the expansion given by equation (3C). Similarly, noting

that

w5k

e A A & oan s aodn

o s =

-
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we then obtain, using formula (31),

q

v

R wmﬂﬂﬂﬂ?‘w:ﬁ .

1o N k) e b 134)
a——

This equation enables us to find the expansion coefficients

i . A}
/:73x-\gﬁmhm
- avuntl

13))r))
We shall not derive the complicated expressious of the coefficients

81 5 8By » oo in terms of the Bessel functions. For practical purposes,

it is sufficient to expand each of these coefficients in powers of e.

These expaniions will be given in Section 82. Iu the following we shall
confine ourselves to the evaluation of g, only.

It follows from equation (35) that

RN

The integral of area

dr : ‘ -
': vl oom o ya(l el),
ey RV m ( )

can be represented in the new form:

du (:J \¢ o, .
-— ! ! J0)
dM \,)" € (b

becau

)]
®

Mo=byllma u t) M.

- e .

Consequently

l] . 1
my (1 ~c)"":-_—}dn 2 — )

*
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Evaluating this coefficient by the simple squaring of equation (34) and

ccmparing the results, we obtain

i

o
-
~

(1 [

Annotation

In the expansions derived in this section, and In most of the applic~
ations in astronomy, Bessel functions are often encountered in one of the

two following forms
N J et ‘ bt |

2 - ! .. - A .. e e -
e ik 1>!<:e) U nee e ) Ty @6
2 (ke ==

l /A.L:‘ . 3 ll B A» ,'r_‘% k'.‘(_".’ . A):}A ; k#tvl ‘

‘(k—'n!\z T TR T2k T TR 2Ry (2 1 4) T T
We point out the following particular cases, which are useful to have in

a readily available form

e, el e
SIS DR R T

) e N
- o Ve~ ¢ —~— ¢ i _‘" . ¢
¢ 2 {2¢) ‘(’ HSLARVE B 1) B )

v mu( Ge: | Sles
Sl =y \l TR >

2 de/ ded | et
i (1-ﬂ S >

2 H2He0 f 2500 By et
7, (He) (l - ! —_ ..

2
T./|(c) :!""‘

¢ 381 21 LS

:-B . 31 [ / "("" 81 ('l
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8l. The Transformation of a series in Multiplies of the Ecentric anomaly

into a series in multiples of the average apomaly

Let S be a periodic runction of E having a pericd of 2 . We 7ssume
tl: t this function is continuous md has continuous derivatives rn that it .

can be expanded in a Fourier series

I :
So- N L S co~ K :

N S R N L I (47

As we have pcinted out, S will also be a periodic function of M and
will have the same period of 27/ . Fence it can also be expranded into
the series

] ,
S e A

| -

A; cos i i ,‘11 cos O : , /)'l STUR NN (8

Our problem is to find the expansion (38) in the case when *he coefficients
of the expansion (37) are known.
Substituting for cos mE and sin mF their expressions given by

formulae (27) and (28), we obtain
Acoa, - wa!
A alulj-a:agf-.
. iR ”.”l - h,_,.)"' 4.

D and bm

Replacing a K

by the values found in the previous section, we

obtain
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4, a, - ay¢ )

. \‘ [ s N I3 Y
RA = o (A, (e - d ;.m.‘k"”

Mo (N

‘1
BBy Dmd 1y k) =y, (ke

m o1 J

Therefore, the transformation of the series (37) into the -eries (38)
is reduced to the computation of the following quantities
Jo(er, Nle),  Sate), .

Jo(2e), S (29), J.(20),. .

This can be done algebr.ically up ¢o within z given pover of e, or
numerically by means of the formulae given in Secs 76 and 79.

Cauchy had suggestad another method for treating the problem under
consideration. The method is as follows. Let us introduce the

following notation

y=cxpil, 7 =oxXpiM

We replace the expansions (37) and (38) by the corresponding Maclaurin
series

A 4X”pk »
and -

SoSa (40)

In order to calculate the coefficients Pk , we consider formula (4) which

yields

On the basis of equation (26),
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7 mexp(- k)= exp (ke the sin k)
|

]
x e -
=y fep| e e 7))
am ¢ 1
dE | -- 2 (y-+y )

Consequently

2zP, = / sy “exp %—(y——y")l |l~- s(H‘.\' ')}dE'-‘

~ [ e
v
The latter equation is nothing else but the result of application

the general formula (4) to the finding of the coefficients of expansion

of the function

ke

. - ¢ ;=1
T=5{l-—_,(iy") )

cxp

(y--y ')]

!

an powers of y. We thus obtain Cauchy's first rule. In order to obtain
the coefficients Pk of the series (40), it is necessary to expand the
function Tl in which S is replaced by the series (37), in powers cof y;

the coefficients of yk will be equal to Pk'

On the other hand, sin~e

dz

am =%

then equation (41) yields

. b d S
2P =i [ s i S‘d/"’u' -
. / /

=

. —-I. ~} ¢ =k (/S. / n ! ‘. . ¢ d.\ ,
/3 / 278 Mt / z V5 uk

However, ° "
dS ¢S dy . S
dat ’ dy dr ey dy '
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Therefore, expressing again z"k in terms of y'k, we obtain

e

21-:[).-,-- / Uy kb gee

Vil

°

where

This expression of Pk proves Cauchy's second rule. In order to obtain
the coefficients Pk of th. series (40), it is necessary to expand the
function U in powers of y and take the coefiicients of yk-l.

The functions which we usually have tc expand are almost in all
cases very simply expressed in terms of the combinations y + y-l or
y - yﬂl. The application of theabove-mentioned rules leads to the

use of the so-called Cauchy's numbers. These are the coefficients

N . in the expansion
“Psl»q P

N T B S A G L

where j and q are non-negative integers.
At the present time, all the expansions applied in celestial
mechanics are available in readily available forms. Therefore, we shall
1

not consider here the properties of Cauchy's numbers .

82, The expansion of some functions of the coordinates c¢f the elliptic

motion
We have already found the expansions of the radius of vector in a

series, (32), in multiples of the average anomaly. In the following, we

(1) See T Tisserand, Traite de Mocénique Celeste, I, Paric, 1889,

234~237, and references cited therein.
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obtain a similar expan.ion for the true anomaly.
We first of all express the true anomaly in terms of the eccentricity

by using the following formula

lgl \I/l-'-etg..’ i
Putting
/ 1
v, .l, IZ--n Le n

< 2 l--¢ !

we obtain
e owtoy,

or

exp 2y --1 ., eap(2iey -1

CXO (2 -1 Cexp(Piny
Assuming that ,B- 7{‘—;;— + we obtain

s (1bwpeap iy 1=~ enpt-—2i)

) exp (i),
o = eap i) - depti M

eap (i) -

Taking the legarithm of both sides yields

! . l
weocr o byl Lonet il Teap g,
A gt '

or

where
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T
arnd applying again formula (43), we obtain

F=0--2 {Hinv—i B2 sin p -l ]

1 .
.;?3SHIJH——

Substituting for E, sin E, sin 2E, ... in equation (44) the

expressione given by equatimns (31) and (28), we ottain the

expansions which defines the equation of the centre, namely

pe M Sin M o200 L,

where

) GG
wofs (O
w3 (5) $5) -
=y
e Y=
y 3

! N\ N7 e\
A ]:Z(y (2) - :(” (  '2> 4.
Mg “f;“::’(g)‘_. .. ", 1gfzs(3>q~ |

(45)

corresponding

important

(16)
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In the following, we give the values of Hl s F2, ++s Iin seconds of

arc where we use the logarithmes instead of the numerical coefficients.

Hy -~ 5615 155120 e [LT123650 e | 1030 124] o

N RETRR T R R0 ) ) PR
My HATESSS Fivbes - JLOZOG0GRE et LG ST e i [31T 5] e
Hy - [S800ST 2 e - - HETIN6 e 0 108288 e - (301 er

He == 8000 e - [ OSTab e T os e =t HEE T .
!/, [5.37.2 00005 Daa2odes D n2abe RO et -
/., DAtadte [ ninle o [DGIN)i0 -

/{ !‘;“‘:: Fa H Ve ' [N

; . . ! ' }

¥ o N L

f/, (1.'| 9 Ve i e

o, 00N, o

i

/! ;.", U()_}’l Py

For convenience, we write equation (22) which determines the radius

vector in the following unfolded form

Al
{ ¢ - N ;s 80, (47
At

Gy -3

) o)
ar 25 - TG ()
) o

AN WD e
g 12 ('.3 72 (J)

Snh

G. ll}.‘» (( ) - G- 1 a7 ( ¢ )

P 3
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Replacing the numerical coefficients by their logarithms, we obtain

[P S SV

"1 ¢=r~~{”.Jil\H:qrf }j&4:3:ux%'(-- p.xg“ha<§
Gy [I69897T00 e [IS28TST]er L RTINS e e |75 1T 0 |
Gy - [DSTHO80]) e — [9050 0000 0 i aler - 80 [ !

(7. s ll)':’l"'"‘\;'\;ll." 1"~”“-’”"“"If“‘ !';.:)[U_-.\]("___l\ "‘37'”', !’.'.
Gy - [OSI2SISSEC - Lo dtulen S (S !

G - [OO2S2705 e LGB e oty el et |

G = ol oster [0S T e o 07702 et

G =[O0 £ am (VO350 20 000N 1

a, . p[hb}q,~”u|uxn}w1p*l: [T ) e

Gy - [0730 e — 1000, e

Gy R0 e [10.277] -

Gyy-= 0879 er L, G {090 208 —

where we have to subtract 10 from each logarithm given here.
It is useful to note that the expansion (46) may be obtained in
another way. Indeed, substituting series (35) .nto formula (36) and

integrating, we obtain

.
L A rf‘\_: . sin (45

In the series-expansion of the perturbation function, we make use of

the expansion of the following functions

where p, n and m are integers such that p and m either take positive
values or are equal to zero. The calculation of the expansion of such

functions up to a given power of e is simple enough. We have for

example
: NEor N
. Ly ,) sermen 40
. a / * .
’ r ,,\ . t
‘1 Vo y '!‘-‘,“: ”] ¢ m (n ov)\ l
d ! ty '
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Replacing —i— and v-M by the series (47) and (46), we obtain the required
result.
The ecoefficients of the expansions of the functions (48) up to e7

(1) (2)

were given by Leverrier ~‘, Cuyley gave the coefficients of

expansion of the functions within the same accuracy.

where p=0,1, ..., 7and m=0, 1, ..., 7, and also for the functions
¢ r \ 2
( mo
a ’
wheren = -5, -4, ..., -1, 1, .c., 4, andm =0, 1, ... S.

Some of the most commonly used expansions are given in tables I
and IT at the end of this volume, These tables give the coefficients

of different powers of e in the power series for the coefficients

n,m n,mn
Ck’ and Sk’ involved in the following expansions
r\" . v . - 0
\ cos CT T TeoN (,f Teos 20 .
a! ooty :
, u
,\n . . (4%
( AR N 8T an 2

For exampoe, table II shows that

L | oou, T Yo
. ' e e NI
a /) S ( S [ Wi ) ;
1 o ! 1
4 . . . .« Y '
X>( o ! _]q{ ".,;( ‘:’( . PR win it B!
" - -
"3 Ol N s \

. e — o = RS TTRNN § A
B \.\ ¢ 18 ‘ ‘)1.”4 ‘/' 1 H !

(1) U.1.J. Leverrier, Recher _ies astronomiques, Annales de 1'Observatoire
de Paris, 1, 1885, 343-365.

(2) A, Cuyley, Tables of the Developmeants of Functions in the Theory of
Elliptic Motion, Memoirs of the R. Astron. Society. 29, 1869, 191-306,

el
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In conclusion, we give the following expansions, which can easily

be obtained from equations (47).

Annotation

The coefficients of the series (46) and (46') have a very complex
structure. It is much easier to express the coefficients of the expansion
of the equation of the centre in multiples of thetrue anomaly. In order

to derive this expansion, we consider the following formulae

These formulae lead to

Since

. .
b N TR NI I
. !

where

capdxs

e €
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then

T R PRI B Jioe

Therefore,

Replacing E by expression (45), we finally obtain

. ey
1 » ,’\ Yol S bt Lot
aan)

)t

83. Hamsen's Coefficients

Instead of separately considering the two expansions given by
equations (49), it is possible to stuedy only the following Maclaurin

series

The coefficients Xﬁ’m of this series are sometimes called the
Hansen's coefficients since Hansen was the first to give general expressions
of these quantities in the form of series-expansions in powers of /3 .
An alternative and simpler derivation of Fansen's formulae was suggested
by Tisserand(l).

The simplest way to obtain these coefficients is to apply Cauchy's

first rule. Let us express the function

8

YA
Do Yo
&:I,

il

in terms of y. Since

(1) F. Tisserand, Traite de Mechanique Celeste, 1, 1889, Ch. XV.

I

- XA
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t .
, I —econd- T~ ty-iv '
¢ 2

then, according to fauchy's first rule, the coefficient Xz’m will be
equal to the coefficient of yk in the expansion of the following

expression

| e — R K -
=8 — (s }-y")‘vxpl J (y—-;")’-—r( ; ! .x‘vkpl {,(y » '4
. A - ‘

where, we denote as previously

5 4 J— vl —¢2
Iyl—e¥ e

On the other hand, the relation

“ ¢ - l P +
MoV e W

may be rewritten in the following way

Therefore, |
X=y(l—ty lm g
Consequently,
T b)) T =" Y ,U"V”"CW)ISWy~—y_Ur
Using the binomial formula, we can easily calculate the expansion L

coefficients of



ORIGINAL PAGE
OF POOR QUAIL:

[

(] --l‘,)')" '-lfl"._.‘&'v .)-.Qﬂ;l y \! /:_., ko om

and obtain them in the following form

where F(a,b,c,x) 1is the hypergeometric function. Since,

Le . ’ , .
RS S ™ NRVEIRUGN

H
i
(SRS R
l anw .

then the unknown coefficient of yk in the expansion of the function

T is equal to

This formula enables us to obtain the coefficients of the expansion

'y

N
~
k

84. On the Convergence of the Series-Expansions of the Coordinates of

and S;’m in powers of eccentricity.

the Flliptir Motlon

In the previous sections we obtained the =xpansions of different
functions of the eccentric anomaly E in Fourier series, developed by
miitiples of the average anomaly M. On the basis of Dirichlet's theorem,
these gseries converge for all values of M and ¢ only if e €1 as in
this case where the expanded functions and their derivatives are
continuous. However, due to the complexity of the expansion coefficients,
these coefficients are usually expanded in powers of e In which terms
higher than a given power are dropped. Accordingly, we are practically
dealing with power series, developed in positive powers of e, the
expansion coefficients of which are pericdic functions of M with a

period of 2 . The radius of convergence of such a series is some
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function (f(M) of theaverage anomaly, Our task is to find the minimum
value of this function, CP (M), when the variable M varies from O to 2

Let us consider an arbitrary function F(E) of the eccentric anomaly and

investigate its dependence on e and M, implied by the Kepler equation.

N A LT (1

For a given M, this function is a holomorphic fur~+ion for all waiues of

e for which the derivative

YAV .
¢ ( ) ,:“' m/

e Ve rcan s

is finite. Hence, the general singular points of all the functions F(E)
are given by the following equation
F |

which is to be solved simultaneously with equation (51). The only
exception are those functiorns for which the product F(E) =ip E is

either zero or infinity for values of the variables satisfying condition

(52). We shall not consider these functions now. _.2 radius of couvergence

M) of all the functions under considerations will be equal to the
least of the roots e of equations (51) aad (52).

Let us now study the function qp(M). We primarily note that
AE UM R

Indeed, replacing E, M and e in equations (51) and (52) by 7T+ E, T + M
and -e does not violate thegse equations. Hence, the above-mentioned
change in the variatle M will transform earh singular point € into the
aingular point -e that has the same modulus. Consequently, the radius

of the circle of convevrgence wiil not be changed.

It is somewhat more difficult to prove another property of the
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function ‘{ (M), stating that the minimum value of this function ic ~qual

¢ (L ; "
to V¥ (— ). Ac.ording to Poincare, we consider the “unction

F(E) = cxp(2imE).

where m 1s an integer. The derivative of this function satisfies the
above mentioned conditions. The ¢..pansion of this function in a power

series can be done easily usig J~™mulae (27) and (7) which yield

“

b ¥ A o-emyll
T NI BCR N\ (—1 Lke
W2 20 P gt |k —2mp \ 2

s g \ \'

AE= Ny
k

By adopting that

F(l:,‘ ‘I'(‘”u ‘,

ard considering the sum

T(M, e)y==lr(M, e) |- b=+ M, e) (53)
Evideutly,

. '\\ 2’" (Y \‘ (_' l) _ U~ P 34
Ve 200 e g om0 e

since all terms with even powers of z are micelled. Let M = M, be an
4

arbitrary given value of cthe average anomaly, not equal to —g— . Ve

d :note by e, a real number which satisfies the following condition

1
(M) e, ] (H0)

In this case, the series % (Nl s el) is evidently cdivergent. We
shall now prove that the sum (53) will also diverge for the values of
these variuables. indeed, the particular points e, of the function

(Ml , &) cortespond to the particular points - e, of the function

%(7’ + Ml , e), although - e cannot be a particular point of (M1 » €)
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since the substitution of e by -e in equations (51) and (52) replaces K
by RLES'? Hence, the partlicular point of one of the terms of the
expression (53) will definitely be a singular point of the whol> sum
/4

sinceMl#WtM

1 2

diverges, if condition (55) applies. Comparing the terms of this series

with thecorresponding terms in theseries
. L T x
Y (_ 2»"!)“‘"'(_ 2-“!)'}'"'('}' 2.1(:). {Hu)

Evideatly, the absolute values of the compared terms will be equal.
At the same time, the arguments of the terms of V(}{i ’ el) will be
different although the arguments of all terms of the series yf'

Tr

(- 5 i el) are equal. Indeed the arguments of each term of the

latter series are equal to

™ i
-- Bh'} ﬂ?—!- Y (‘Jh.._.. 2m -}- 2‘):.‘: -~ Mmx.

-

as one ca. easily see from equation (54). Therefore once the series
’yr(M] . el) diverges, the expansion of the function (56) also diverges.
It then follows that for at least one of the functions %(i % s iel)
the series expansion in powers of the eccentricity diverges, if it

diverges for §(Ml s el). In other words,

?(ﬁ)-r?w.).

which w:s requiraed to prove.
Thus, in order to find the mialmun value of the function, it is
necessary to find the root e of the egquatiouns

l—eycos £y =0

Ea—eysink, -

te ot

orce Ml # —— . Consequently, the series yfml,el)

——

DR

&v“l )
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that has the least absolute value. We then obtain
ming(¥)—=¢,'.

These equations yield
Il.o— 'g I:.,. -s

or, putting Eo = Lé - E s

¢ pclpe A (M)
We shall only consider thecomplex roots of equation (56). The
real roots of this equation yields

1

K (‘(‘D’,:ﬂ ‘ >1

ry

and are thus not interesting to us. To each root € of equation (56)
A

there will be a correspornding conjugate root €. This equation must

thus have at least two roots. Corsidering any pair of roots & andé\

of equation (56)and construct the auxiliary functions
F=asad, ¢ scosdu,
These functions satisiy thz following ejuations

e é'

ooy L,

dut odu

Consequently,

or

d , Gl v ‘n Ay, t
4 3 (7 )
i du du

We integrate this equation from O to 1. Since at u =0

| . ' }
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da l’ !
== () T
d. 7 )
and at u = 1
d: . '
:h: =t —:3ine - 08, ch: == (032,

then on using equation (56), we obtain
!
(2.1 / w3 du =0,
)
It follows that for each pair of complex conjugate roots € and &\
"2_;? . 0.

\
because in this case Lfand(f will also be complex conjugate numbers

and thus

s v 0.

The latter equation holds true only for either real or imaginary values
of € and &\ . Thus, equation (56) has only pure and real, and pure and
imaginary roots. Since thefirs* case is not of interest to us, we shall
search for those imaginary ro.ts having least absolute vaiues. Substituting
into equation (56)
o,
we obtain
e —ashs 0
wiich yields
o S PIMGTSOI2T T L L
Since

v i

ming(ih-= e sl shy!
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then the radius of convergence of the expansion ia powers of the -
eccentricity will be equal to
D663 T 93 L, —, \ ;:'

This is the theoretical limit cf convergence of the obtained series.
Naturally, these series loose their practical value at 2 much earlier P
stage,
Annotation
We have p.oved that the expansions of the functions of the
coordinates of the elliptic motion in ti-igonometric series developed
by multiples of *+he average anomaly are convergent for all values of M

and for all values of e satisfying the condition
0- e\

On the other hand we have just seen that whken rhese expansions are developed

in powers of ©, then they converge only inside the interval
O ¢ - bl

This change in the radius of convergence is related to the fact that

when the Bessel functions are expanded in powers of the eccentricity as
Iobe\! ke
J, ke ) [ .. o R N

the accuracy of approximating them by the leading terms of the cxpansions
decreases with increasinz values of k. For example the ratio of the '
second term of this expansion to the first term equals in absolute

value to

- ""':.
200 0!

and thue increases to infinity with increasing values of k,
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85. The Calculation of the Longitude and Latitude of a Planet

Let us denote by w the longitude of a planet in an orbit. This
longitude is expressed in terms of the previously used juantities by

tte follcwing relz2tion

w=x 0. 2 w-: Q.. (H7)

Let us derote by 6 = d’ Qand b = PQ

\\\\\\ (Fig. 12) the heliccentric lenmgitude
/“-

/‘Y
L .
j:::::>.=::::fi///1b ard latitude of the planet P, The
—_— TR 2
N -
]

rectangular spherical triangle PQ

Fig. 12 yields

w - YY) cosd e u (O8N
sind sin/sin u. (5')

We make use of equation (43) in ovrder to deternine -€ from equation {58).

Since in the present case,

(TN |
1y
cosy i K

ta| ™

then

i I i
1o Qe= y tps-sindu tpd sy - .
* arc1* 873 VNI R,

Taking equation (57) inco account, we may write
I w 1A,

where

b ! ) |
.. {2 1) !
arc 17 WM e

P
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We shall call the d:.fference R between the longitude and latttude
in the orbit the recuction to the ecliptic. For a constant orbital
slope i, this quantity may be tabulated by the argument u. A table
which gives the heliocentric latitude b by the argument u may be

similarly comnstructec.
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CHAPTER XIITI

THE SERIES ~ EXPANSION OF THE PERTURBATION FUNCTION

86. Introduction. Expansions in Powers of the Mutual Slope

In order that the differential equations which define the perturbations
(Sec. 15) can be Integrated in a general and not in a particular form,
it is necessary to have an analytical expression for the perturbation
function

- htm’ 4 2
A ‘ m /\,‘y 1 I\, == k' m /\,

Lot
where '

R - | XX —{—yy } 2
U A r'

Xy
/\,'.0 '_-_\— r (1\,

in terms of the orbital elements a, e, ..., a', ', ... . In this Chapter,
we only consider the most important methods for obtaining these expressiors,
which wiil indispensibly have the form cf iInfinite seriles.

First of all, we shall consider the series expansion of the quantity

1

A hea(rrt 2P conH) B, (2)

where H is the angle between the radius vectors r and r'. Tkis guantity
is known as the principal part of the pertu.bation function. Its expansien
is the most diffiecult part of our problem. The expansions of the other
parts of equations (1) are relatively simple.

The expression of the radius vector in terms of time and orbital
elements has been studied in the previous chapter. We now consider how
to find the angle F. Referring *o iigure 11, we find from the triangle
~fL | £, and N the sides N and N

1 1
notations of Sec. 68) either by means of formulae (16) of Chapter XI, or

and the mgle J (we are keeping the
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by means of the following relations

sind sin N == sin 7 sin (W —Y)

simJcos N==cos ¥ sind —sint' cosicos (L -LQ)
‘ €os Je=gon i 2 i) s sindcos (&' —4)
wan Jsin Ny ==sin f sinn (& — Q) ]
s Jcos Ny = cos i’ sind - sin it cosicos (R —2Q), )

(3)

which are consequences of the main theorems of spherical trigometry. We
can then represent the longitudes w and w' of planets P and P' in their

orbits in the following way

o L R T

assuming that

and denoting by W and W' the longitudes which are measured from the
intersection point of the ortits., Consequently, referring to triangle

NPP', we obtain

cos H=rcos Weos Wi-bosin WainW7 con
or

cos H=rco~ W - W) -2z 5 Wan W7 th

where

J

3o=sin ).

We substitute this expression of cos H into equation (2) and write A-l

in the following way

ll t 43t s W s W (I
|

1
2o =2rreos (W = WAL 2 L0 G o cos( = w))

We only consider the¢ case In which the second term inside flw: curved brackets

is always less than a proper fraction. Since this * . is in absnlute

o P et e

L ———— 0

v 7
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values less than

43 rr
(r--ry’

than this condition will be satisfied, as it 1s easy seen, for all the
large planets of the solar system. Indeed, the maximum value of angle J
betveen the planets in orbit (occurring for Mars and Mercury) equals
only 12°30', which gives o 0,0118. On the other hand, the
difference r - r' for each pair of planets will always be greater than
a given quantity which will be the greater, the greater the product rr'.
We shall not consider the cases when the above mentioned cordition is not m
met,

We thus expand the sccond factor in a series. Applying the binomial

formula and assuming

(1) A more general methcd of expansion of the perturbation function,
which holds for arbitrary slopes but is in turn much more difficult,
has been given by Tisserand: T. Tisserand, Traite de Mechanique
Celeste, 1, Ch. XXVITT; H.C. Plummser, An Introductory Treatise on
Dynamical Astronomy, 1918, Cambri . ge;

0. Backlund, Zur Entwickelung der Storungstunction, Memoirs of the
Academy of Sclence (Memuary Akademii Nauk) VII serie, t. 32,

1884,

A detailed bibliography is given in: H.v. Zeipel, Entwicklung der
Storungsfunktion, Encyklopedie der Mathem. Wessenschaften Bd.

Vi, 2, 1912.

X,
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) 1
A, e iy cos (W =)

v '

We finally obtain
AT AT = A 2 W i W

|
rire s Yot Waint 1V .. ’
| { ‘»)

S _\T’. QoS Wl W -

These terms are sufficient for all of the large planets.
Let us denotz by H and H’' the perihelion distances of the planets

P and P' from Point N at which their orbits iIntersect. 1In this case

(AR T L | A

where v and v' are true anomalies.
Formulae (5) defines the expansion of th~ principal part of the
perturbation function in terms of the mutual slopes of the orbits. We

now consider the serond parts of the functions (1). Since

’

xx'Loyy oz o cos .

the calcula. ion of tlie-second part is then reduced to the computation

of expression

rcost! P reco.
r:: ’ A} " .

Using equation (4), we obtain
’ r ’
IRy “—*—r,[cos(W W)= cos(W W) |-sFeos (W . W)

r\? (%
rR, (,) fcos (W W)—stcos(W W) #cos(W i W) |
' J

In order to obtain the expansione of the perturbation function, given bv

equations (5) and (6), in a final form, it 1s necessary to express the
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coordinates of the planets, r, v, r' and v', in terms of the orbital
elements. For this purpose, it is rnecessary to again reconsider the
particular case in which the eccentricities of the orbits are equal to
zero, i.e. when the motion of planets P and P' proceeds in a circle.

87. The Case of Circular Orbits:

If the eccentricities of the planets under consideration zre equal

to zero, then

r==a, w=1, rod, W=\

A}
where we denote by CN ané :X the average longitude in the crbit., Putting
L=-4 -x L =2y

we obtain, instead of equation (5),

L e/ A/ B | L ()

where o, ' ' ,
/r=A;' la<-y @'t — 2aa cos (/. 1)

M -a” AT7 25 sin L osin !,
M= a3 " 058 sin £osin /07

We=ga' 37", 205 sin Lo L

N)

¢ e e s 4 v 4+ s e s & & 8

e ——— . o ——

In this way, the problem of further expansion Js reduced to the
expansion of a trigonometric series of the following type

a a
(aa')* A\, oy 0 Yrgan S o )

where n =1, 3, 5, 7, ... and S = L' - L. Moreover,

i
1 o

o
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Choosing our notations such that a < a', we can consider that

and write

n P
v o e l AT .
(I —2scos 8-y 3%) - 2\ b cos 1y, ()

since the function standing on the left-hand side can evidently te

expanded in a Fourier series. The coefficients bij') are known as the
Laplace coefficients.
Furthermore, putting
n-1
' —a: b‘;’. (10
we obtain
n ' I v_"
’ - R | . ’ .
(ea’) * 3,7 - a" 7, ) }d e cos i(L - Lj. (1
We must note that
bi’ oo b:' (': 0 ((I:l'

Substituting serie (11} in equation (7), we have to multiply each of

these series (for n =3, 5, 7, ...) by one of the following expressions

2sinLsin L'~ cos(L'- L) cos(l | L
BsintLsin? ' 2 —20cos 2L —2cos 2L 1 cosi2 L | 2L)-}
Leos (2L =2 1),
J2sin' Lse L' =9 cos (L — L) 9vcos (L'} L)}
3 cos (3L A4 L) =3 cos BL--17)+
d-3cos (L -} L)y SeosBL 1) |
Ao 3L =3 Ly —cos (8L} 3 L)

L T

Tn other words, we have to calculate a product of the type
\ wy . , l A N ,
cos VL ¢ cosi(l =L 2}.4 creosfi(l L)) |

N\ Lo ,
-*- A)\'A [", COy l[(l.,"-l..) -~ VI.

- '
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The two sums on the right-hand side of this equation are equal, and
they are found to be so when i in one of them is replaced by - 1.

Therefore

1 ey \ ,
cos ¥ W el cos i (L' —L) - N & cos [ (1= 1) o).
Using this rule, we can easily find

a’'ll = 37\ ! cos (i I)(L’-—I)-—-., 1’\‘ Jeos i) 1)L —(i—=1)1].

or, replacing i + 1 in the first sum by i,

)

' l_ N ' 1 . . l Y L]
NI/ u‘\_“ “eosith 1y l(‘ cosfu b L - Ay

We calculats TIIT, [V, ... by the ;ime method exactly.
Substituting the resulting expressions {nto equation (7), and then

coliecting together the similar terms, we finally obtain

a ) ! l‘\_:u',-'l. coL L
b N os |, DL - (-- 1 L]
NG cos i bl - 2) 2 (12)
{2 N D cos [(i4 9L - 31
+ a"‘\-“a' Ecosfli V)L —4)1)

where the coefficients of these series are given by

3 o
QA= el M () -

\:’“(lx h(

-

J og((u p‘{ 9((1 I)

Pl @18y~ .

:5 i N I Voo t IR 3
“.n':___ 1 (m___ o’ ((:' ”‘l (" tn’ l'“-,"‘(((-. ) ]“”«:v ’ c|1+-))__

25T

Iy s TR T ) 3
I G A R R R e

L
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Tormula (12) dafines the expansion of the principal part of eack
of the perturbatior functicns (1) for the case of circular orhits. 1In
order to actually perforu this expansion, we only rnecd to be able to
calculate the coeffilcients Cii) , or equivalently the Laplace coefiicients
for tae values of & = a/a' under consideration. The way to do this
calzulation will be shown ia one of the coming sections.

We now consider the second part, of Rl and R2’ of the perturbation

functions, namely
R-kMm (A ' Ry R km' (s e R,)

Consulting formu:ae (6), we write

g’y - a(l—F)cost — 1) b ateos (L' i)

T Ly , Lo , (13)
dR (=) eos (L7 Ly D aT stcos (LR L)

Comparing these expressicns with the expansion coefficients of series
(12) obtained here, we sce that the influence of the second term cf the
perturbatic 1 function R will be completely taken into accounc if wa

replace
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Similarly, in order to cbtain R', it is sufficient to replace 1in

expansion (12)

Jh - U’/)’” - '

In this way, the problem of the expansion of the perturbation function

for the case of circular orbits is perfectly solved.

Annotation:

It is important to note that the second part of the perturbation
functian consists entirely of periodic terms. This can easily be seen
from expressions (13). 'he perturbation function does not include
other secular terms except those which can be obtained from the sum of the

expansion (12) for i = 0.

38. Expansion of the perturbation fonction in powers of tle eccentricities.

Newco..' 's method

We have seen in Sec. 86 that the serturbation function R is a function

ﬂ A}
cfr, r', W= +vand W =T 4 v', and it is thus possible to

write

A S e, WAL,

In the previcus section, we have put e = 0 and e' = C. Consequently,

r, r', Wand W' have been respect’vely transformed into a, a' and

where M and M' are the average anomalies of the planets under consideration.

TIn the corresponding case, the functions £ (a, a', L, L') have been given

o . . bttt . ~ | Ta——

et |
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by formulae (12) and (13) in the form of unfolded expressions. ikk)

We shall now consider that the eccentrizities e and e' have small
values, We shall expand the expression f(r, r', W, ¥') in powers of e and
e'. In order to simplif r the application of Taylor's formula, it is
better to consider the perturbation function R a s a function of log r
and log r' and not of r and r'. Actually, the transition frow log a
to lpgr will le performed by adding an increment, whereas the transition
from a to r is done by multiplying a by some correction factor.

Hence, we assume on one hand

RO Fller lor W07,

and on the other haand

wro o lea b, lpr' lva
WL, Wil -y,

where we denote by

Jom e .”‘ ! ’.r — i

the equation of the centre for the planets under consideration.
We have proved in Sec. 82 that J’ ana f can be expanded in powers

of e, in series having the form

BN

Y T (O L A A :

in powers of e and e'. For this purpose, we apply Taylor's formula,

el e aiteisnsetutnfiubiitehing, -— — ~oaal . o - A . h
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which can be represented for the ~ase of expanding a function of several

variables in the following symbolic form

L g :
sl Aw el Ao ) |'\p<>\u i DA ..
t S/ oy

To make this formula more compact, we introduce the following notations

¢ J
V ,
0 dlze’ ! J(lga’l
J o
)
Dy Do

In these notations, we shall have the following operator equation

R exp ) o (04D, SO F g e e L L),

Since the operator exp ( ff D +‘f‘D' + fD] + f'Di) is a product of the

following two operators
e 'i/’)l)d‘k'\l”?’h, D). U

then the operator equation under consideration is the product of

each of thece operators and the function

I (lee lea, L, LD (1)

Putting

roeapth by, el - L),

we can write the function (16), reprosented by formulae (12) and (132),

in the following way
Y N P T ¢

We multiply t*e arbitrary term

R =8y, s )"""

aduintet e - -

4 L

LN e

L VORI

o aen “
LI ]

T

N,
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vf this series by the:first of the two operators given by equation (15). Since

then

o , Y] . ,
M ol b Am : Y M W
RN A AT e wlde V- YR (7

Let us now consider equations (1l4). Putting

expteD = b — 1 ., ke

oA . Y

whre k , k., ... are functions of D, s and 4, and
o 1

wooeap(h =1 i

we write equation (14) as

s

1 J/ | .
-} e \-—-p-l " —}- 4 !.J.... \ " )_*-

13

Substituting these expressions into equation (18), - - sbteain

ko*—'—'l
b ==l -1t
R TS (TR [T

LIS ] L] L o
LREE LT S LIS !

(14

e e o . o e—— —

.....

L "
where ”M- n,," (D,s) i8 an n-order polynomial in S and D. These

symbolic polynomials will be called operaturs. It is easy to see that

o s anadatl

T s o

U0 T SO [ L.

'

S S —— e o g = ¢
———
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M2 (D, —s)-- 11" (D, 5)

Thus, the term of expansion (17) that contains the factor e® will be

of the form

m oa
AD: R :: I’:.(s, YN !." . (20)

m "

where m = n, n-2, n-4, ..., -n , and

Po(s, 5) - WS (S, 8).

Multiplying expression (20) by thesecond of the operations (15),
on
and denoting the correspondiz, polynomials by rjawﬁ’ we obtain for the
1oy
expansion term of function (20) having factor e in the following form

m s . -a
Z 3 A et \ v -
R pmeee® N e NY gy e 21
' o - "
LR ] - 4

On'

N
The result of acting first by” and then by ” on the coefficient
My [y

Om,

(H {(s,S) may be representcd as the result of action of the composite

operator

N N N L I VY AR Y P AR

In short, assuming that

U;‘"‘ i, v ) /“‘n (v v )

and sepavuting the real part in expression (21), we finally obtain the

expansion of the perturbation function in the following form

A AP PR LTINS Ry AR AT | A VIR B ) 2
v .



~ 354 -

where the indices n and n' vary from O to + 6¢© , while the indices S, S°',
m and m' vary from - ©O to + &2, The coefficients P depend on the
semimajor axes a and a’ and on the mutusl slope of the orbit J. Equations
(12) and (13) indicate that the sum S + S' is always an even integer.
Moreover, taking equation (14) into account, it is easy to see that
each of the differences n - m and n' - m' is also equal to a non-negative
even integer.

Thus, the expansion of the perturbation function in powers of the
eccentricities is finally reduced to the calculation of the operatovs.
For the initial values of the indices n, m, n' and m' the calculation
of the operators is simple. With increasing values of these indices,
complexity of the calculation rapidly increases. In order to calculate
the operators in these case it is advisable to use the recurrence
relations existing between them(l).

We have seen in the previous gection that in the case
when e = e' = 0, the secular terms in the e--ansion
of the perturbation functions are entirely obtained from the expansion
of the principal term [l-l. The application of the operators can only
give periodic terms, as we have already seen in our consideration of the

above-ment ioned method cf expansion in powers of eccemntricities. This

enables us to formulate the following theorem.

(1) The methods which have been suggested for the calculation of the
operators are given in detail in the monougraph:
B.A. Orlov, Fxpension of the per:iurbtation functions by Newcomb's
method, Transactions ot the Astronomical Observatory of the University
of Leningrad (Razlozanie perturbacionnoj Funkcli po metocud N'jocoma,
‘‘rudy Astronomiceskoj otsefvatorii Leningradskogo universitata)
6, 1936, 82 - 125.
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Theorem:
The secular terms in the expansion of the perturbation functions are
obtained only in the expansion of the principal texm.

In conclusion, we note that in order to carry out the expansion
given by equation (22), it is necassary to not only know the coefficients
(10) but also their derivatives with respect to ’poa X, 1Indeed, since
o = a/a' then

i
'«’”:\'G) ”«"(’l a(::(;,x ) a(‘),xn()(l{«: 0"
Hence, we cvan consider D as the differentiation symbol with respect
to -'(a'g & and write
d' e

v TS
(d1u3)

Annotation

For an arbitrary homogeneous function %(a,a'), the order of

which is -1, Euler's theorem gives

or
i - e —b,
Thus, for any such finction, the following symbolic equaticn lolds
DD 1,
From this equatiior, it follows that
Weloou (- D=1y
Hence, the calculation of all operators

W22 D, sov)y UL YW - - 18D

mom
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is reduced to thecalculation of the simple operator FT .
~y

89, The Final Form of the Fxpansion of the Perturbation Function

in the previous secitlon, we have become aquainted with the methods
for obtaining an arbitrary number of terms for the expansion of the
perturbation functions in powers of the excentricities and mutc !
slope of the orbits. We have shown that this exzpansion has the
following form

R=YKe'e"s¥ cosst4-s'L' - mM - m' M), (23

where h, b' ané¢ f run over the values o, 1,2, ... while indices s, s’', m
and m' take the values O, * 1, + 2, ,... The sum m + m' should always

be equal to an even integer. The differences h-/m/, h'-/m'/ and
2f-/s+s'/ may be only equal to the even integers O, 2, 4, ... The
coefficients K depend on the indices h, h', s, s', m and m' and are
functions of the semimaijro axes of the orbits a and a'., The power of
each term of the expansion (23), i.e. the sum h + h' + 2f, is

equal to or exceeds by an even integer the following quantity

Expansion (23) represents the perturbation function in the form of a
trigonometric series ol four arguments. It is the simplest of all
representations of the perturbation (unction as an explicit function
of time.

In order to integrate in a simpler way the Lagrange suqations
which define the osculating elements (sec. 13), It is recormended to slightly

modify expansion (23). Noting that
M= 1=, A==

s rompeegiam 1
. =i
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then this expansion may be given the following forn
Ree XK cosipi, ' pL - gl - g1y, (24

Indices p, p', q and q' run all the integral values from -~ 08 + Q&2 |

where the differences
h—~ qi,. W—1¢q. L A B A N A
are non-negatdve even integers. We thus write
h i _'/.‘pp/]lq :;(}!, "
From this inequality, it follows thzt
fioh /Bpoopbp
It is easy to see that thedifference between the left and right-hand
sides of this inequality is always equal to an even integer. Hence,
the power ofeach term of the expansion (24) is either equal to / p + p'/
or exceeds this quantity by an evan integer.

We cannot directly apply the expansions (23) or (24) to the
jntegration of lLagrange equations. The reason is that these expressions
involve the elements [7 ,[7 and J' whick define the mutual orientation
of the orbits, while the differential equations involve the elements i,
A ,“7T , 1'y, ... . 1In order to obtain the perturbation function R in
the form of an explicit function of these orbital elements, we use the
following relations

Hezm—eQ N e 7 e = N

L= Mecntd-: =2 N, L' nt4e =2 --N.

Therefore, the argument of the expansion (24) may be replaced by

PO e-e)-s 0 (=) f-gm g’ — ()Y
— (P VL~ (P gy N— (0 )V, ‘

2

.-
R TN
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1 o] , 1
D+ 5 3N + N5 1 (V= V), (25)

where
Dwsp(nt-0) 4-p' (Wbt ) qr -2 ~ (P4 ) Qe (P’ + @)
A=—p —q =P =g,  jm—p—g4p+q.
When we are unfolding the cosine functlons having arguments of the type
(25), we find that the factors of the expressions, which do not depend

\
on /7 ,/7 and J , have one of the following forms

2 un l 7 [] . 4 un l ’ .
PR 2"’“”“\ ). o’m—?--; (N N), (26)

where © = sin % J. Using formulae (16), Sec. 68, to express these:
quantities in terms of the elements and using Euler's formulae, we

obtain from thesc equations

l l ’ '

_ Y ! I
sm:J-.\pzq.\ Ny --1 .xm;) Ly e, A N

! v !
BN 0 NP o A (RS '.."1\'1 )

] i . (2

ol N N s e e
: ! .
n-, AL N L A T

Raising these equations tec the power /9 and making a transition from the
exponentional to trigeonometric functions, we obtain the following
expressions for the quantities

o , ' !
: T (A A B 8 P T A R o

Ia terms of the orbital elements. On the other hand, by applying the
game formulse (1€), Sec. A8, w obtain after raising them to the

second power and adding in pairs

T PR



ey TR

tamnin? | ocoss Do aine e
gd==nInd ) Coss 2 + s 9 COS? ) o SISt cas () - -4y

~

i ! ; ! 1
2 ey el e e . | . ; ;
1 — 2= cos g COs? 9 ~+ sin? g Sk SIS cos (W Ly

~ - -

Rlasing these equations respectively to the powers f - lgﬁ and - ,8

and multiplying them term by term by the expressions obtained for the
quantities (28), we obtain the final expressions for the quantities (26).
In this way, the perturbation function R will be given the following

form

3 ook . ’ ks ! K
y : R 9
/\ . \ Ae C' (sm ‘)) (Slﬂ 0) COS DO» (‘2. )

Do==p(nt-e) 4 D' (1 4-2" ) gn v ¢’z st p 52

where

The coefficient A depends only on a and a'. It is easily scen that
the indices p, p', ..., s' involved in the argument D0 must always
satisfy the relation
PP L ¢ g s N0,
Indeed, the perturbation function R does not ev. .ently cepend oa the
initial point for calculating the longltude. Yet, if this initial point
is displaced by an angle/\-, then the argument Do will be changed into
A (p+p' +q+q"+ s+ s'), and since the Eunction R does not
depend on A s then this quantity should be set cqual to zero., This
means that the trigonometric series (29) is developed not by six
indices, but only by five indices.
The actual working up of expansion (29) Is an extremely tedians

job and it has never been actually anplied. The theory of motion of
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large planets, developed by Laverrier, which describes the most commonly
applied method of variation of the elerents in the analytical calculatlon

of perturbatione, is bascd on expausions occupying an intermediate place

between formulae (24) and (29).

Laverrier introduced, istead of the longitudes L and L' measured

from the point of intersection of the orbits, the longitudes in the otrbits

(using his notations}:

ont-le LY l=wr i
Assuming
Yol '
, l‘l'l
vields
Loz L ay

Similarly, notir that the longitudes of the perihelions are equal
to
and assuming
w -7 p Ut M {32)
we obtain

Il= w <! 1V '12"—-’.,. (‘-{)

Substitutling expressions (31) and (33) irtc the expansion (24), we

finally have the following expansion for the perturbstion functlon
RSN T con -1 ke MR - 0g), (:34)

This expansion constitutes the basis of all Laverrier's work,
It is easily seen that the j, j', k, k' and 2g are related by

the fcllowing relation
Jor) kR =g 0,
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This relation is a consequence cf the independence of the perturbation
function R on the initial point for calculating the longitudes.
The quantities 1\ and (2, defined by equaiions (30) and (32),
differ from @ and 7Tby the infinitesimal quantity T -7 . It

easy to show (though not undertaken here) that

(;\

g -, g : sin (¥ —

lg~~§-'.—:—»~- ~~~~~ p o -,

I—rt”— tg "—cus( f—

Pence,

(f —)- -tg !g —2- sin (&' - &) — w 2 t;\- -—sm W~ 4 ... (35)

In order to make use of the expansion (34), Leverrier was obliged
to Introduce some spccial modification into the Lagrange equatione
(Sec. 97).

90. The Initial Terms of the Expansion of the Perturbatica Function

Il order to carry out the expansion (24), it is necessary to
express the coefficients K in terms of Lhe functlons c(j) of the ratio
o¢ = a/a' that h .ve been introduced in Sec. 87, and then to compute
these functions for a given value of ¢ . We shall congid-r the latter
problem in the aext chapter. uere we shall consider the calculation of
the coefficients K in an explicit form.

We sn3ll confine ourselves to second-order terms with respect .o
e, e' and 0" . The operations describhed in the previous section will
then apply in a quite simple manner. 1t Is eac!ly seen that these
operations will lead to the following expansion for the principal part

of the perturtation functison
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O FR y (=4 | D40 cos Vot
+ ‘ e N (=2 —D) ¢,"cos(V M, +
e

- }, NV b L D) eos(V A
ananel

- lc"\_: (0 —8i4- = 3) D D7) " eos (V| 20) (36)
. i—:"::lcli RNUTY) BV I FORTRVE N

4 l; e NV e (M= WD D coy M

. 5 ,‘-'\‘|n oA o) D D] s )

; __; \‘ Yeos Voi-2L) g

N -

where, the following notation has been adcpted

) - 4" .
diiga)’

V -1l - 1),
and the summation is to be carried over the vaiues i = 0, = 1, +2....
2t e -d term of the perturbation functioun can be taken into
accouuc ., reans of the methods given at the end of Scc. 87. In
fact, the series-expansion of this term caa he immediately written
down using formula (36). Tndeed, assuming that the eccentricities

e and e' are equal to zero, thte secend part of the perturtation

funztion

rcos
r':

/\)' -
will be defined, according to the first of formulae (13), by the

following relation

a'R - a(l  yeos(l' - L) } astcos(l - L)

romy
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Comparing this expression with that given by equation (12), we

see taat the former can be corsidered @2s @ particular case of the .atter,

if we put in that latter expression

(1)

te zero.
k

and equate all the other quantities C
Applying in a similar manner formula (358), to this particular
case, we obtain in terws cf the cecond power of e, e' and o .

-

, /
x g, \1 .]'. ,.-._._],.(- — 3 tcos(l — L) -
3

)

2elcos (2L L —11')

i . ‘ ,
(C‘)S(l'.' ”) 2~('Cth(/. — 2 “) '

+ ; eeos gl L . 3' ¢ocostl AL -2

berico~ 2 2L — 10 HY Sdee con (0 11T Y A
7

. -{—("'C(h([.'-!- [ —2i0) 4 ":—e-cu-\il.’ -0 1y .-

csten Ly

~ary, the secori of Tormilae (i3), which vields
] 3 ”

. s co~lf oo , L
alk, R L2 DY v AR T SR FVVINY U Ao

indicates that the second part of the perturbation fuvnction I' can be

obtained from exprvession (12) by putting

Again using formula (24), we obtain
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N B T
./' ‘l—~' ¢ 0 «1"]01‘;(/.’ /.|§

- ‘

4-Qecosil -9 . i)

, DL
— ,ecosif 1) O s (2L — L — 1)) .

‘)

. Y |
- 5 e co~ (i - L 4 8 Geos(l JL - 211) t-
+edcos (2L —2L 11 ) —3ee cos@L - 10— 11y,

[y

o0 e o r ‘ 0o 3 ‘
. -\‘-( Co~ (I. s L =211 ) 1*-5— ¢3cos (3" — L - .2“') +
4-ztcos (L' L) -

This is the expansion of the perturbztlion function in the case when
terms of the third-ovder witb respect to the eccentricities and slopes
can be neglected. This expansion has alrcady beer pco2viously obtained
by Lagrange and Lzplace tc withir the same accuracy.

In order to chtain the perturdatiecn of the coordinates »f large
planets with an accurazy correspoading to that of the recen!. chservations,
it ie neccessary to carry out the expansion of the perturbation function
up to terms of the 7-th ovrder inclusively. Tre posegibility of doing
stch expansions was shown Sy Burekhardt. His calculatioas were
corrected and Jeveloped by Binet and de Ponteccoulznt, whe gave

expansions tunat .uncluded a considerable part with sixth crder terws. The

complete expansion of the vorturbatien Function up to 5-order toermns

=)

nc

e

usively, was first obtained i1 Pierce's work in 1849, Finali:

. (1)
§55, Leverrier

(=%
-

n publishkey the expansion of the perturtation
functiop up to the 7-order terms inclusively. The accurate expressicas

which he obtained for all tbe terms up to this limit “d not lonce thelr

——— - e > — . . . - e = - o~

(1) Amnales Je 1'Observatoire le Paris, t.1l, 1&55.
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values, even at the present time. Boquet(l) included all the 5-th
order terms into the expansion preser- .ng Laverrier's method and
notations.

The most convenient way to obtain the expansion of the perturbation
function iu the form given by equation (23) is by Newcomh's method(2>,
based on the appiication of operators as defined in Sec. 88.

Annotation

Using the formulae obtained in the. previous chapter, it is easy to

obtain the expansion of the second part of the perturbation in a general

form with coefficlents expressed in terms of Bessel functions.

91. Numerical Method for the Expansion of the Perturbation Function

In the previous scctions, we studied the methods of the accurate
calculation of the perturbation fuuctivns in the ferm of a series. Each!
term of such series is an explicit function of theabital clements and
average anomalies ¥ and M' of the planets under ccrsideration. This
form of expansions gives ilie most general solution to the probler, It
allows us to obtain the perturbrstions as explicit functions of the orbital
elements, The methods of obtaining such expansions, where all the
elements enter as letters {except the semimujor cxes, which are given
numevical valiues in order co be able to zomrute the Laplace ccefficients),
are ¥nown as the analytical methods of expansicn cf the perturbation

function.

(1) F. Boquet, Developpment de 1a fonction perturbatrice, Annales
de 1'Observatoire de Paris, t. 1%, 188E.

(2) S. Newcomb, A Development of the perturbation function efe.,
Astrcnomical Papers, Vol. V, 1885.
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The analytical methods of expansion give the perturbation fuaction,
in the form of a series iu powers of eccentricities. They can be
applied practically for only small values of eccentricities (not exceeding
0.15 or 0,20). If this condition does not gply, ther the expansion can in
practice be only obtained by means of numerical metheods although it may
converge quitce rapidly (cf. the annotation to Sec. 84). In this case, one
has to apply the rumerical methods ofexpansion in which the elements
enter from the very beginning using their pumerical values.

If the orbital elements of i1he planets under consider:tion are

given using tleir numerical values, the perturbation function may then

be represented by the series

A vosad 0y -8 a0 {3, 1

developed by nwltiples of the average anomalies M and M'., The coefficients

A and B of this series are expressed by the following well-known formulae

A, = 4',_, | , R cos (i -] 738 da12ar,
vy

[
[il.l':' ;l; , , "\)\lll(l.” ' l'.”l)ll.”d.”'.

v

These coefficients can be ohtained by means of the appscximate formulae
which replace eaclk integral by a sum of tltewalues of the integrand for
various values of the argument. These formulae way be put together in a
single formula in the tollowing way.
m ot om
A,.'%‘\':‘ Vi, = "l NN R, , '\;)!--\' T = 3 2 N

11l aat ot ] U mo

A ouw .
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where Rk " is the value of thefuncticn R for M = k = and M' = Lk U
5

Fvaluating the function R for a sufficienlly large number of specific
values of the average anomaly, we can compute the coefficients of the
expansion (37) to an arbitrarily high accuracy.

Naturally, the expansion (37) with numerical coefficilents cannot
be used in calculating the derivatives cf the perturbation function with
respect to the elements. Hence, it is not possitle to apply this expansion
to compute the perturbation of the.elements by means of Lagrange's formulae
(Sec. 15). However, this %ind of expansion is quite useful for the
purpose ofthe direct computation of the perturbations of the coordinates
(Chapter XVI). Tn this case, 3t is sufficient to have the expansions
of zﬂ{-l and AC['S if omly first order perturhatiouns are required.
For higher-order perturbations, it is necessary to also have the
expansions of z}us, A -7, cee o

Hansen was the first to pubZigk an application of the numericel
method of expansion of the perturhatioun function, which he had been
applying to the study of the mutual parturbations of Jupiter and Saturn
(1831). He used as an argument the difference M-M' between the average
anomalies and the averege anoraly of Saturn M'. 1In order to obtein the
expansion covfificients by meaus of the harmonic analysis for Mulae,
he computed 43?1, (5—3, .+«. for all the combinatiore oi the follcwing
values of the argument

WM == 1115 -k & 0 0038

-

a3k, -0, 1D

By this method he had to ccmpute 32 x 16 = 512 particular valaes of the

abor e mentioned fuactions.

Y
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92. Hansen's Mechod

The numerical method mentioned in the previous section enables us
to obtain the expansion of the perturbation function with an arbitrarily
high accuracy by means of simple and easily mechanized computations.

The only inconvenience in these computations is .n their extensiveness.

In applying numerical methods, we do not make use of the properties
of the function to be expaunded into a series. It is quite natural that
the following question crops up: can we raduce the calculation wo.k by
the aeppropriate use of the properties which we know on the analytical
structure of the expanded function?

Cauchy was the first to apply a semianalytical metlod for the
expansion of the perturbation function (1844). He carried out the
expansion analytically by one argument and numerically by the other.

This idea was further developed by Hansen (1857) who gave an expansion
method waich had been widely applied. Hill, in particular, applied this
method to the construction of the thLeory of motion of Jupi er and Saturn.
The problem consists in expanding tle quantities Z}fl, A7, A -J,...,

wher:=

Avzzpi b '8 2rcos /],

cosH o cos(e y icose -4 ) ¢ osine ) s’ I peos .

fn a d.,uble trigonomeiric series. Cousidering again a <i a', and

putting &X = a/a', we write this equation as

‘AN SN 8 ror
R =z . HE) | - B
(0 (a') ' \t/) YT a,an>/[ (48

On the other hand, the function cos H equal: in an unfolded foram, to

Cicovecont’ | Cyeososine'  Cosmocos o’ b Cosimosme,
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where OEFPOO
- coslbcos H' | smllsin il cos /
Cow —coslbaml’ p-simtbeos il cos ./
Cy== sinllcos I {-cos et cos s
C,: s s 1y cos cos N cos

Introducing the auxiliary quant.ities k, K, kl end (1 ty means ef the
following relations

NSRRI A owtlhean, 1
ot A EEVTERT| |
Aosit (U — A asaH !

Aycostll'~AY) xcosticosd, |

(4

we egasilv find that

00 / - b "o 9 ’ . B
Ccos M €O s (v - A) - s o s qor LAY

Substituting this expression into equation {38), and using the following

well-known formulae

rood(l ewus k), re=d'il o -e cos k),
FCAsSU . aioNE--¢), Somm’ al(cos 8 e,
ratle sdcos oS, Sty dcoss sk,

we obtaiu the following expression for e square of the separation

distance of two planets in terms of their excentric anom

SIS . . i
(a'\ D —feostE —F)y 4 - eestE, (it
N/ -
where
7.~ 3’
H Dy DycosE D SNy "

Iaivd i b GioosE  GGysin k!
Jeost' My o Hycost ok,



GF -
RIGINAL PAGE
37 %F POOR QUALY:
- 370 -

where the onstant coefficients have the fcllowing values

1
D,- 1 3 | rfe - ke cosA.

Oy dekcosAK —r')

i, = deksm A cos

Giss e by st Aoy s

Gy 20 smA, cos (s
( Jhrcun Ay cus g eos .

H, ~'—2(c'1 e b¢os A

My 2kcus A

H 2 smn cos S

We note that if the quantities D, f and F are known, ii is then easy

to compute the functions E' and M'. When M' is increased by 2 , the
angle F also increases by 2 7] as it is easily seen fromw the above
ecuations.

The detailed examimation of formulae (42) indicates that when the
excentricities e and e' are small, the differences E - E' and
consequently F-}M' remain within sufficiently close limits whatever
the change ian M'.

In all practical cases, the hst term of expression (41) is very
small as compared to the sum of the first two terms. This situation
enables us to write, on the basis of the binomial formulia, the following
repidly converging expansion

\'\ oo T . (1
where

v, D Teond =R
The present problem should be reduced to the expansion of th: quantities

-1 A -3 . .
A o [50 s s+ o« Lach of these quantities can be representid by a
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Fourier series
3.0 b 2aeos (B F) 2aleos il —Fy gL L (45)

g i

The coefficients of this series can easily be expressed in terms of

Laplace's coefficients., Jp fact, setting

DD 6y, 7 20, (1u)

we ob*ain

a L]

A, W - 20cos(E—F)) 2=

n
T
=1 aw o« Noveositk -
oo N

consequently,
1 " .
U | (+)
Replacing the argument of :be series (45) by the difference
o AP ~.”'——(/‘--4”’),
wve will be able to transiorm this series in the following way

LY PR TR O PR TS S ST ¥ A | NP

NN (R S ST R VY S T (45)
where

.."'n ]ﬁ”(()’l(r - ) I ‘.]‘l)

.":n (Jl_:'\)'ll‘/' A "l')‘ !

As we have already poi-.ted out we can calculate the gquantities D, f and
F for any values of M', and subsequently compute the coefficients and
by means of formulae (4€), (47) and {(49), Computing cach of these

coefficients for a series of equally-spaced values of M', and aprlying

he
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the conventional methods of harmonic analysis, we can expand each of

the coefficients B and Y in a series of the type

!

v S ]
< 1 lf,CMIJI ' lal SUVART)
i

'

Substituting such a series for each cf the coefficients of expansions
(48), and introcucing these Jatter expansions into formula (44) and
then unfnlding the resulting, product of trigomometric functions, we

finally obtain series of t'.e type

(, i NV o (B0 N S)ostitt =) e

A e o~

1i=0, 21, £2, ... o i =0,1,2, ....

The expansion (50) involves two variables, E and M', and hence
cannot be directly applied to the integration of the equations which
define the perturbations. Hansen expressed M' in terms of the eccentric

anomaly E, which be considered as an independent variable. Since,
then

where A = n'/n and C is some constant. Hence, using Kepler's equationm,

we obtain

MO wesin £ C

Substituting this expression instead of M' in formula (50} and unfolding

the functions

MULResid ) costuesim )
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ipvolved in the trigonometric series by means of formulae (15), Sec. 78,
we obtain an expansion of the type
a\" Y, |, L. . .
(3) - }_]1, i’ cos(itE—1uk) ‘\_:|:, o8| s E Sek). (B)
In the theory described above on Jupiter and Saturn, Hill

transformed expansion (50) into an expansion of the type
a’\" \;‘« . : . \! . ,
3y --,I. !, (,,.COx(l.ll— RIS AnL s, M A, (52)
v

which could easily becarried out by means of the methods indicated
in Sec. 81.
Annotation

In order to compute @ and 7’1 by means of formulae (16), it is

recommended to introduce the auxiliary angle 54/, defined by the

relation
‘ /
sin -
b
and the condition 0<f9”<< 90°
The equation
2
1oy s
has the following two roots
- lu:%_ h;a.ug{?_

Taking the firet of these roots, we will have the following equalities

f l;,';(;-, W Deus: :

- -
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CHAFTER YIV

THE TAPLACE COFFFICIENTE

93. Calculation of the Laplace Coefficients bv Means of Seriles

In order to end the question on the expansion of the perturbation 7
functions into series, it remains for us to consider the methods of
(1)

calculating the quantities Cn . It follows from equation (10), Sec.

87, that the computation of these quantities is equivalent to the

(1)
b

computation of the quantities b ,» defined by the Hllowing relation

" by Lo
il DN $27) "= 2}.‘ b” NITNA} (i

and known as the Laplace coefficients. We shall prove that the Laplace

coefficients can te computed by means of infinite series. We put

L eApiSy -

Then

-~

I R e R I L R A I (e T X1 ‘-«u ),
Consequently, equation (1) may be replaced by

1 "

1 12) (1--az ) ,l, }: .. )

n
Sance

n(n-4 ! Y .
{ ) g, e 2y (n

. ' b 3!
Co 24 240 ¢

then, we can easily obtain, by ecuating the coefficients of zi on the

right- and left-hand sides, the fcllowing formula
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Taking 1 = 0, we obtain
l " on ’
L A G K . A

It is clear that these series converge for all positive values of
which satisfy the condition

<l
Yowever, the convergence of these series iswry slow for all values
of o even for the case in which n = 1,

We make use of the conventional notation of the hypergenrmetric

function
/llgl; \ ). ,l. "
A N T PR R \ -
i SRRV
ard alse introduce the symhol
(4‘ :,-'.‘n HE R >)' | l” (( “) l
We thea writz formula (3) in the following way
“n o
i N \\ . ' .” s N 2] _\
L A RN R R "

it is well knowr that the hypergeometric function, defined by series (5)

satisfies the following relation

/."‘, . ., \).:{l ) ‘/-<A, (-"b., C;|-I.>.

Hence
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or, in an unfolded form, “t
) ) Alp-...") (n Lo 2 T g et -
. ' ve e - D ~e -1 ~ 7. I -
0, = e LU T 2 ] =) ' . -4- .
2 O K N e I
nin - )y (n My 4 .
- ¢ R . !
' (I I 4)’ ! t
where
"l
p l 3“
This se.ies converges wher p £ 1, i.e. when the value of & satisfies
the folluwing cona Ion
| - .
= =,
]
Tha advantage of applyloag series (7) rather thaa scries (3) is more
apparent for larger values of i. 1Indeed, thr raties of the corvesponding
1
coefficients i1. these two series are
1 ti . (o iy
no.h o Qe L '
This ratio tends to zero when i tends tc infirity.
If&.;> 0.707 ..., then series (7) diverges. FHowever, even in tl’s
. . i - .
case we can apply this series for computing b: ) if i is sufficiezantly lacga.
Az a matter of fact, it is possible to show that in tbhis case series (7) .

becomes an asvmptotic series. The applicatiun of the divergent series (7)
for large values of 1 will be ever mcre practical iter the epplicaticen of
the convergent series (3).

Series (7) mey be transfrramed into a more nractical and at the
3ame L2 as a convergent sz2rics by ncans of an arnalytical continuation.
Tndeed, the branch of .(he function (7) nnder consideration has ne singular
points evcept ¢ = 1 and o< = o censequently the only s ngular

points of the corresponding branch of the function

Y T S 3
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will be the points p = -1 and p = o@ . Hence, applying Tayior's

formula Lo the fuoction ¥ (p),

tp -p-n’;

FBY- (D)« ip - p)Fip,)- NG R

where £, is real and positive, we obtain & scries which has a circle
of convergence with radius 1 + P, -

We shall now give the numerical coefficients of the series which

may be u.ed for computing bilo) and b(il) in the cases, when po = 0,
1
7 and 1.

The first of these Laplace coefficients is equal to

wn LAA L9 v e,
b W0 —a) e, e )

o
! Moo o

where, for the function Flo(p), we have the following expansion

|
Py po= I' N ow
s bt oS ton St usalT e
UIAAP I VOO p o l_ GO h2)gp 1)
U RITR S I TINET p ! \,' ] il eslp - 1)
}J
'
[LEV IS R RV ! VOgad o (p t ) f S L) VL N7 TN
., ‘
. [
000N 4 f RLINYTE] (n 1;' . TNL L VIRSNY VY FTI BU
i X 2, ’
) .
SRR UM VLI B NN by NI Y LUIE NY YOS
kr 1) | r-n
¢ ORI gy COWg Y (p b I ORI Ly
. \ S,
Okwu) o (p 1
) QansaY e, (p 1
' (hoapdn(mf (o )
11
For bi ) » equation (7) yields
e 88179
»Y alvy gl (N

! 0 O8N
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where one of the following expansions may be used for the fiinction .
Fll(p):
| 1
Dy- U l Po o
+ Lol oo O Yo 3o + 07527

’

002085 543p — 00190 i p - QUITRG 0 (e 1)

~— e
'

2
S~
.
N

i
| i
+ OO8U 2R8p? l F 0.00146 840 (p ! FOI2(p 1)

—0.00026 80" QLA ST (p

ooonsst (p—
\

—_ ) e 1D = 1D e

-

A QN5 ‘"“7‘ 000001 U5 p- 1)

; 0.0000.3 11 (p .

'
i
|
'

-—

-~ 0.00001 $p* , N0 7 (p ! ) 0D 335 (p — 1)
, - !

4 0. 0000 1 p~ } 600002 (p rl,\)-. L0005 (p - 1y |
! S00000 01 1)7 |

OO 3 (p - 1)
Oyl p Iy |

The choice for rhe most convenlent serles may be oltained by consuiting
the folilowing table

« 0 019 06l 06 07t 078 082 ORS
po-u 025 050 075 1o 150 oo am

94. The recurrence relations between the Laplace coefficients

We consider equation (2), which may be used for the detcrmination of

the Laplace coefficients. This cquation may be written as

“ - - n ] (]
Nix—a(zt 2™ e ' KRS .
Differentiating this equation with respect to 2z, we obtain

| - B T
gl - )4t —ae | 27 o] /\‘jb“': "
- as

y n
Owing to equation (9), we may rewrite this previous equation in the

following two forms
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Equating the coefficients of zi in both sides of equation (10); we

obtain
Mooon Yoo
. (R

L '
1 3 b
. 2 ) Jro-n 0

This relation enables us to know all the coefficients béi) if tws of

theu, say béo) and b;l) » we kncwn . Similarly, equating the coefficients

-1 or bcth sides of equation (11), we obtain

of 2z
] o1 Gty XK
K X (Y S BT (t3)

On the other hand, it follows from equation (9) that if n is veplaced

by n + 2, then

R S CR I B S R

from which we easily obtain
(I-h

() sl V0 - )
Fliminating b'1;") from equations (13) and (14), we obtaln

Ul —_ (AR Cgn pin
n(l Il)buH 2anb, ) - - 206"

"
Similarly, eliminating bﬁ::“) from beth equations, we obtain

" 8] o, ot Y ol
il fa)bn —2anb U -=(n =20)0)

Replacing here i by i + 1 and simultaneously solving the resulting

equations with the previous one, we obtain
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In this wvay, if we obtain coefficients bii), calculate all the coeffic-

;1), and subsequently find all b;i) etc. Comhinisy this result

with the result obtained from equation (12), we couclude that it is

ients b

sufficient to directly celculate only two of tle Laplace coefficients,

iO) and b(l)

for exampic b 1 and to fird the other coefficients by applving

the relations (12) and (15). Instead of b{o) and b{l) » the computation

of which will be considered in the ollowing section, we can take as the

(11)
1

found by means of the formulae of the preceding section.

initial quantities the coefficieats bilo) and b which can easily be
The applicaticn of the recurrence relatloa (12) is not convenient

for small values of X since in this case it is accompanied by a

considerable loss of accuracy. The same may be said on the application
of formulae (15) for large values of & . However, it Is necessary

to point out that at present, one is rarely in need of computing Laplace
coefficients for there are several published tables which give ¢!«
values of these coefficients. The best of thege tahle {s by Brown

(1)

and Brouwer « Putting

(1) E.W. Brown and D. Brouwer, Tables for the development of ttc
disturbing functions with schedules for harmoanic analysis, Cambridge,
1933,
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these authors compuced lgc-_,,_.’ (for n =1, 3, 5 with eight decimals and
a4 2 2
for n = 7 with seven decimals) for the argument p = cx4::(1 - o ),
varying from 7.00 to 2,50, They took { =0, 1, 2, ..., 11.

95. The expresgion of the Laplace Coefficiznts in Terms of Definite

Integrals

Applying the well-known Fuler's formula for the computatione o¢f the

coefficients of the Fourier series to «xpression (1), we obtain

n

+) .
a?;;f.’(l-{zl—-2zcuﬁd Ceusivdy, (e

This formula is unot useful forcomputing the Laplace ccefficients with

Large values of 1, because in this casc the function cos ix changes sign .

many times. Moreover, for small values of &{ the coefficient btfj) tehaves
1ike °<e . This important property is not clear in formula (16). A more

convenient formula can easily be obtaived from formula (16). The well

knewn relation

pip~1). . . (p—it h

’ Pt - g
con"xcosixax . . os” s
1 L. L Rie ) / Cos St A da

’ .
v .

enables us to write for any function f£(t) which can be expanded by the

following unifornly convergent series in the interval -1< 1. £ 1
"y -Yalt,

the following relation
- H.// (cos V)~

0

//(cos X)COS IXNdX =2 .
. | 8% T SR |

which has been indicated by Jacobi. Applying this relation to the

integral (16), we obtain
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This integral can be computed using the formula of quadratures, shown

in Sec. 56. 7This is almost the best method of calculating the Laplace

coefficients, especially when high accuracy is required.

We can apply Landen's transformation

which yields

sinz ?m ' . } baconn A
VY4 4t Zucosw 4 a Jacosn
to equatim {17). We then easily obtain
w nen i< 2) . (II [T . )) 9
b S Dt LA =
" 1.4 (U 1) r
. /' acont PV I~asmr | s
l -~a? . teinag (18)
: I V1l—aising,
In particular, we obtain for n = 1
B e = 1/' sin e dy
' 0V aisingg’
v L]
or, as we can easily see,
bT.w 1 o / sin" ¢ ds ‘ (
b . |/ i __a;b"”:? (1Y)
vhence,
R &y 4 =
" Vi—atsingy  F 2, =0)

where F{ X , 2%;) is the complete elliptic integral of the first kind.

For 1 = 1, equation (19) yields
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! ( : ) ( ] )
) e \ .
oy l.:. L (21)

N da " siti®z  dg = A

Jb—assmFy =1

where

I:(:, :,) ’]/l — 2 sy g

is the complete elliptic integral of the second kind.

The existance of many detailed tables on the complate elliptic
integrals makes the application of formulae (20) and (21) particularly
simple, However, thc complete elliptic integrals can be esasily calculated
in a simple manner. For example, the complete elliptic integral of the

first kind can be evaluated by means of Gauss' formula

\ - ‘

Il 1,-_‘-'— ==, . 1h
‘ .3) -!,””."l 27

where M(a,b) ig the arithmetic-geometric mean of a and b, i.e. the

guantity defined by thefollowing limiting tramsition

oy

......

AMa, i win g, - hm b,

. n

96. Calculation of the NDerdivatives of the Laplace Coefficients.

Newcomb's Method

We have seen In the previous chapter that in order to calculate
the perturbation function by a series expansion, we have to not only

know the Laplace coefficients but also their derivatives with respect to .

™
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These derivatives can be calculated by means of the series which results
from differentiating series (3) term by term. However, these series
converge more slowly than series (3). Heance, this method cannot be
of any practical value.

Differentiating equation (9) term by term with respect to & , we

obtain
/’Hl
n . o ! 1 .ol . ,l-il ‘\“I'l,'
= Ra—(z e Y=l oe ) S - gy
or
1)
’,’(.,' y '___.)-,_)\‘ IS N\ ‘”’” o
2T T s T Tty T
Consequently,
l!bm n \ \
[ 14 ) v 1) . o
i ﬁ‘?(hq‘: . h" . _“xhn':),

Differentiating this relation and combining it with formulae (12) and
(15), we easily find a series of recurrence relations which enables us
to define the derivative of auy order. These formulae, which have been

(1)

used by Leverrier , are however not very practical.
On the other hand, as we have already pointed out in Scc., 88, what
enters the expansion of the perturbation function is nct the Laplace

coefficients, but the quantities

n 1 |
ol 2y ! N
n

"

and tbeir derivatives with respect to 180 , i.e.

(1) Annales de 1'Ohservatoire de Paris, t. 2, 1856,
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The most convenient and the moet accurate method for the computation of
quantities (23) and (24) is the method suggested by Newcom])(l). It
consists in the @&velopment and the improvement of the method of computing
Laplace coef{ficients which had been previously suggested by Laplace. In
the following, we give a brief account of this method.
It follows from equation (6) that
n
( Y ‘1) -'.-""'-" b non
¢ 1’ f-'(-- S A ST N
" i) '

Newcomb introduced the following, more general function

oy
) .yukll > gl l‘.’""""'”"

n 2] i
A, A .
'F(Q‘ﬁ‘j-'.z"l' bavitga l,")- (25)

so that

We note that equation (5) yields
d‘l\ F(A B Cx). = Agl"(,t LB41,C4 LX),

from which it follows that

(1) S. Newccmb, Development of the Perturbative Fuunction and its
Derivatives in sines and cosines of multiples of the eccentric
anomalies, and in powers ofthe eccentricities, Astronomical
papers, 3, Washington, 1891,




- 386 - ;
ey,
1’001‘:5 24
A D Q{r.’of?
DE(AB,Cya): 200 7 FASR 1,8 11, Cf-1;23). 4

Applying this formula, we casily represent the derivative of the function

(25) with respect to log ©& in the following form:

DES - b2k Y= 1) i

Applying to both sides of the latter equation the operation Dk, we

obtain the following relation

g oy , :
Dtk U Qi 4= DU D, (26)

(i L300 0 i k-40,1,2,. . )

2 Ci’j , and so on, if

which enables us to first obtain D Ci’j , then D
we know the quantities (25). 1In this way, the quantities (24) become
known,

In this way the problem under consideration 1s rcduced to the comput-
ation of the quantities (25). We divide this protlem into three parte and
solve them using the linear relations occurring between any three hyper-

geometric functions F (A, B, C, %), the‘parameters of which differ by

integral values. For example, using series (5) it is easy to obtain that

Col DR B Con 0 B A I R L | 1xy
b I)“. A ! I)\/ | 1,/" ' .’,(_' i~_" ) - ) 27

Formula (25) ylelds

/

-1, R no,
(" /./(‘:[, .;'I'/ l,lf/,l'!

2 noi-2o vy =0 n n
n / Aoy +l <3': L oieb, Loy l,ﬁ)
TR L e e A [ B SV I "
N A ] Y .
(200 ey 2 " UL IV A B P B B ;’;z!),

- WA
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where

/rg . y
L___.)nl(_” ’)k?'l!j-l} :“H‘.‘tlu n
- (Li:y

) s 2
2 N

Therefore, substituting into equation (27)

n , n . i N . ,
A="§'4‘1. B tif -1, Ceidj, v —a,

we obtain

Citypm -0 — 20 j i) e Q= n - Nact a0, (28
Putting

R
" n

pn P (2(”
n

we can rewrite this equation as

[}
v L (10)
n ’_ ()‘[l)lnvl,l

L]

where

P,,ﬂg(ﬂi?LV cne=)a - (M—n i a
" U I R A
Hence, 1if we know the quantity (29) for 1 = k, we can {ind its values

k,3

for i =k -1, k-2, ..., 2, 1. 1In order to compute P

, We can use the
following continued fraction which lmediately follows from this same

formula (30):

H
pl’ A
L
TR (4)
‘ (&Hll.‘

wher~ for simplification it has teen adopted that

Pyt oo ot

L} 7y L
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Computing in this manner quantities (29) for 1 =1, 2, ..., k and

knowing, the value CS’J . we can easlily use equation (29) to obtaia the

values of Ci’j for ¢11 of values of i under consideration.

We shall now calculate the quantity Cz’j by first noting “hat

the quantity

is very practically computed by means of formulae (20) and (22). Once

we know C
we ave going to deduce.

On the basis of formula (25), we obtain

gn n
fld 22/"/'(T, NI N B WY A 3;1’>

\

o N EE N '
A MRy / 1:/-<{f- Sl B P R R ;;;a=\
/

n '__],: 4 ) ) "
(TA R ' fno n
G M by (g g ).

where
n o,
11 2’“(” ->(§-'/+l) {:‘"Hlﬂ,
o O . — 1 .
2 (Lj-+ I

Hence, putting

n n ,
A cybu B L O e

and, aotiang that

CEOAB Gy CEA 4 LB G BAlA Vo 1,6 Liay: 0

we obtatn

~n
i0,0) , C{“’z), ... by means of the recurrence relations which
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This is the required relation, which enabtle: as to find C C

I

0
when tle quantities Cl’o and pi’j are already computed.

It remains for us to consider the computation of the guantitias in
0,]

terms of C1 » we derive a new recurrerce relaticn. From equation (25),
we obtain
(] n /] , ,
o N/ <?; W IV l,u->
. Sy n n ., .
v >u,,—_,-;-;|1,, AR WERIE
") g PN a2 o, " ,
Cys N ! g 2t} {z vy, ) bod 2 -2asy
where

Applying the following properties of the hypergermetric functions, which

can be easily checked t, means of equations (5),

T L T T S S T T DA SR AR

we obtain

(n . My R P I O e TR TP

from which it follows that

by ac,

nln—~(n . 2ya)-lnin i p

ner

T(
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This formula completely solves the problem of computing the

0.3
]

0,]
5

Q)

[ -
quantities C;’j , s ++s by the vaiuves C which have already

been found.
Hence, in applying the Newcomb's method, we have to carry out the

following operationms.

(1) We compute the quantities pi’j for the largest of the values of
i = k and for all the requitred values of n and j by weans of the
continued fraction given by equation (31).

(2) We find all the other values of pi’J by means the relation (30).

0,0 _,(0)
1 by
0,]j
1

(5) Ve obtain Cg’J 5 Cg’J » +++ bv means of equation (33).

P
(6) We calculate all the C;’J values by means of equation (29).

(3) We find the quantity C by means of equations (20) and

(4) We compute all the values C by using equation (3Z)..

(7) We finally use equation (2€) to fird the quantities required for
expanding the perturbation function, namely,

LN 1T}
d (n

Dc " .
(d1ea)

"

Annotation:

The continued fraction (30) rapidly converges only for srall
values of ©{ . Tor this reasons, lansen, suggested that this fraction
should be replaced by

P! r
" | ~~a,

by
] ,

R QuArr

Ca

i,

e
F

..
. . >
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and a1 and bm+1 are obtained from a and bm by the replacement of
j and n into j + 2 and n-2. This formula is a particular case of the

following expansion which has been obtained by Gauss:

FAE S 1LC ) I
(A B C0n) [T
1 B
l""‘a:.\'
1 —fn
| —
where
A C—8 B _ B¢ 1L —A
e e T4 Co 2
L AFICH B g BA2CH2—4
LI -- V2

U2 CH3 Y A S S Gy |

..... P R P S

S
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CHAPTER XV

ANALYTICAL METHODS FOR OBTAINING THE PERTURBATIONS

JF THE ELEMENTS

97. Transformation of the Differential =quations which define the Orbital

elements
The perturbation funct{ions that correspond to the case, in which the

motion of two planets is being considered, are given by
R==lm'R, |, R kmR,

where Rol and Roz are defined by equation (1), Sec. 86.

Leverrier noted that

mad - bl m), niaa k(1 }om)

and, hence, expressed the perturbation functions as

m' m
. Cpad Voo R |
K . ”’n‘zkm,- N LA R, (h

We already mentioned in Sec. &9 that Leverrier had applied the following

1)

expansion of the pertuvrbation function'

' Al ) .
a /\)“ . \ At‘.h’. N J'I CON l)
! dmani
‘ ' ' ’
a’/\’, 0 N vere s con D, ("

where

D: -}, E-j"}.’ l "m-] At —pc,

(1) In this chapter, we shall keep as much as possible Leverr¥ier's
notations. We only note that he denotes the quantities J, , ,
by , R , and regpectively.

3

and
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where the difference T - U depends only on i, i' and S~ 4 as can

be seen from formula (35) in Chapter XIII, then

oR ok 0RO
oz B (»a' Jde ’ Jw ‘

Therefore, the Lagrange equations (41) given in Sec. 13 may te written

in the following form

da  2m" oW

dt 1y m e Jr

d- wmo e m s e
avrm™ { 1 Mo sy o g
de m dR, m’ R

it T T em™ S e g™ sty b

d= n' R, il

dr 1 ;_mndclg de T tg?wu dt

g m’ .0,’\’".‘

PRI L cosec i

di m' . R s s o 1o i ((!I\’m_‘ ; OR,
a7 [m Ra3CC7 COSCET oy 141 UAEESIRTTN o o

where, we denote as usual the angle of eccentricity bv f.

b )

)

Since the

expressions given by equation (2) do not explicitly involve i and JL,

we then have to eliminate the derivatives of R

. with respect to these
0,1

M \
quantities by replacing them by derivatives with respect to T . IZ-T

and 6° . Taking into acc .unt equation (3), we obtain
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In order to calculate the derivatives of 'l’\,%‘-rand J with respect to i and S1
it is sufficient to apply the differential formulae of spherical trigonometry
to the triangle JLN ﬂ. (fig. 11) formed by three nodes. This yields

the following set of equations

dJ - Cos(z— Wdi - cons’ W) andain (- 2R Q)

sinJdd(z - W) —cossmiz—L)di Fsin(s— L )di —smicosg - ) - -L)

SINJd (=2 yz= - - singz-= D)di-] cos s (<~ 1) simi'cos(x’ W)W - L),

from which the required partial derivatives are easily obtained. For
example,

(=) _sints—t) gosSam (5o ,/‘ s (= -— L)

oi ’ sing ! st J L
Substituting these partial derivatives into expressions (5), and then
substitut.ing the resulting expressions into equations (4), we obtain
a set of integrable differential equations in their final foim.
Leverrier introduced the auxiliary quentities L, A, Pl' esse « Tand v

by means of the following relations

M R s AR RN IR ;
o Uem ary " S bFtom L ' }
dby - ol Ji i’ On I
ar o m™ e N B RC) |
df, m e di, | R nd TN !
a o em M Wt himeon e i (s

AT 1 m nu /ol

Ty m RRARRTIE

dV m'’

/» Al
d“o.l | (,l\u -)

J
- nasecs W
m A ( drg '

-
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This enables us to give to the final equations that define the

elements the following forms

da dl dip &\
de " odt’ dr: " dr
d:  dP, | APy, 0 AW
T Py TR SN,
de dP, 1 2 dL
dt T oar TR0
Ao APy 0 t O
Ca -|- ¢ gjz-ainld‘
di . dap, dT , d
TH =y '.-—-“ ~1- b 'n"‘"-l: -
&t sin (5~ )71 cos( )(dr * d‘:/>
Ly Jr, dT de
G- coslr—wy Y c—u 4570
sini-g cos( ) a1 )\111 ' dr |

Because the slopes of the planetary orbits 1, i', ... are small,

Leverrier introduced instead c¢f i and /1L the following elements

Poatgism, g teicoy V.

The differential equations which define these elements can be written in

the fcllowing way

. dp dr, . AT dV i di
NIt - ;" - - - S
R COST gy 17 l\dl { (//> bRty (
Xy
.y . dP, dr uv i di '
cos |/ - | - . $ " - " [ -
osi sin = {-cos (‘” ! ‘”)-{ gy s

The use of the elements p and q is convenlent not only because their
perturbations:are small while the perturbations of _f. may Increase as much

as possible due to the presence of a small factor in the denominator

of the last of equations (7), but alsc because these quantities can in
particular, be ecasily expressed in terms of the perturbations of the

Lheliocentric latitudes (Sec. 100).
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98, The Perturbations of the Elements f

Let us denote by 6;7\, 8,&,, 612_ s »+¢ the first order perturb-
ations of the mean longitude “A and the elements a, €, +o. » Assuming' .
that the elements involved in the right-hand side of equations (7) are constants

and that they properly define the integration constants we obtain

u L, Vi \
\ o 2 i .
e /)l i /_-';.2 . ' [ s il 4.

‘ 9
/),—;&tg Locas o )

-

P.o-ety l, s Y

Substituting expressions (2) for RO ] into equation (6), and integrating, )
1

we obtain

2m' ¢ \ /o

L ::(l ) m——f

Nete™ s cosD
3mi'u \ I
(1 ;- m) i mad(f b 1)

P . . P

A\ am - Nelev s s D),

where we denote by/u- the ratio of the mean motions n/n’. Introducing

these expansions into equations (9), we obtain the first-order perturbations

of the elements in theform

“we N Acon D oy N i o ]
st e I’
“e \‘, [con X \Y P an D ' (1w
ool e
where
Doocgeg| e ke Me oo et
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Combining in these series the terms for which j = j' = 0, we obtain
the secular perturbations. The remaining terms give the periodic
inequalities. Denoting the.secular part of each of the perturbations, :
say S a, by [Sla] , we obtain -
[oa) - 0, fur] 0, ' v

\ , . . ! .
l’:‘I| -2 ["l" '/‘d '/" !" g |',l 0 S l"al‘w'! .

* 8 & e ¢ e « w4 s o« s s e s s

Let the secular term in the mean longitude be equal to

l';,'ll 1.
Then, the mean longitude will be calculated up to within the frst

powers in mass by the formula

) o=nti o, | wperiodic Lerms

In this way, if we define the mean motion of the planets by means of
the longitudes obtained from the chservations in two epochs which are
divided by a long intervai of time, as it usually occurs in practice,

ve then do not odbtain n dut the quantity

We calculate ay by means of the relation

noud- Rk,
which is similar to equation

nmas - (Lo,

that relates the unperturbed mean motion to the semimajor axis. Since
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then, disregarding errors in the order of m'2, we obtain the following
equation

RN

[y, 2 2 ,
7} a,\l S o (1

\

Thus, defining n. from the results of these observations, we

1
determine n and a by means of equations (12) and (13). These quantities
should be substituted into equations (10), which determine the first
order perturbations.

In the calculation of the second- and higher-order perturbations of
the mean longitude, we have to use the quantity defined by equation (11).
In other words, n should be replaced by n + o = n,. Hence, it is
better to write from the very beginning n, instead cf n in all the
arguments of D than to take intc consideration a considerable part of
the second-order perturbations in the first approximation. 1In doing

this, we must Le aware that the replacement of n by n, can only be done

1
in the argument of D. As far as the coefficient of equations (4) and
(6) are concerned, the quantity a will always have values given by

equation (13), while n will only be a notation for the guantity
VL oma . .

It is useful to point out that the mean motion of a planet which is

given by the tables of the elcments fs n This meane that the tahular

1.
values of the mean motion includees the constant parts of the perturbationms.
Conforning with this, the value of the semimajor axi: that are given by the

tables and which are equal to 81 in our notations shculd be replaced

during the computation of the perturbations by
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L] ‘.
“w M
A, -
: o,

Within the limits of the accuracy accepted,

5\
e e} Aay) - lua b- .,u'- Mooy, L
1

2

Hence, the corresponding correction to 1g 2, is equal to

2
A ':' 4, i .’,

’

Carrying out the calculation of the first terms of formulae (19), it is

easy to find that

rd, |l Mm : Mg //,,-"' (n

) 4

Similarly, we obtain for the other planet
Nedl ! Y (v Doy 3
Ay L\ D). : (15)

It is assumed in the derivation of these formulae that the ratio®® =
al/ai is less than unity. For each planet, we should take the sum of all
those correctinuns, which correspond to all perturbing planets.

In order to illustrate the influence and character of the periodic

perturLations, we list the perturbations produced by Venus on the metion

of the sun, and calculated by Leverrier by means of equation (10).
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We have only listed in this tabkle the 44 arguments, for which at least

Leverrier conputed all the terms exceeding

1
0".001 and his table included 123 arguments.(')

one term exceeds 0".05.

We note that in the cinse when Earth Is one of the planets under

consideration,

In this case, argument D becomes

(1) The coefficients whose values were less than 0".001 were rerlaced
by dashes.
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v. The perturbations of the Element¢ . :cond Order with Respect fo
Magses):
e have been able to express ' . -ans of equations (10) the first
order peoturbetcions for plar - 7ell as for all planets P', P", ...
under considerarnion. We now - . :lar the calculation of the second order

corrections, For this purpos.., we have to replace the elements a, e, ...,

' ) 1
2

s e', ..., a", e", ... of 271 the planets in the expresslon (1) of the

perturbation function by

Tn this way, equations {4) lead to the following equations for the

calculatior of the perturbations of the second order

dnyu R OR, R ‘ !
ni: TV B I BT B
dt 1 - m 0 ! f NTER T ! ' !
’J'.”' ('/\-“ . !n'p' ')/\'” .
{1 ,. a DY/ BN/ * B 1)
Iy m o1, 1i-m hy

Substitutiag here expressions (2) and (10), and doing the necessary
multiplication of the series, we obtain on the right-hand side a

series developed in coslnes and sines of arguments of the type

jm-|-,‘p LR R [l b 4.

(Jn t-2'n" { J'n" 0 L )| const,

Consequently, the integratiom of :quations of tne type (16) introduces

ey g, SRS

FAANN
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divisors of the form jn + j'n' + j"™a" + ... . 1If these exists a zroup
of integers j, j', j', «.., the absolute vaiue of each is notr iaige, for
which the sum jn + j'n' + 3"a" + .., is small, then the corresponding
second~order perturbation will DLe particulariy large. The period of
this verturbation, which is equal to 360/(jn + j'n' + i"'n" + ...), will
be quite great.

A3 a re-ult of the cecond approximation, we obtain for cach element an

expression of the type
A AT AT ::: Heos( 1 y) | I:: B o't 1-q).

The computatlon of the second~order perturbations of the elements is
quite tedicus since it involves a large number of terms in equations of
the type (16). This difficulty beccnes more significant when we carry out
tne calculation of thlrd-order corrections. 1In the following chapter, we
shall see that it is much ecagier to calculate second- andé higher—order
perturbations in the coordinates.

When leverrier studied the wotion of Mercury, Venus, Earth and Mars,
he could confine himself to the calculation of a few secoad-order terms.
For other planets, and in particular for Jupiter and Saturn, omne has to
take into consideratior not only a large nunber of second-order perturb-~
ations, but also some third order pcerturbations. Leverrier's worx on the
carculation of the prcurbations of these planets nas beecn continued by
Gaillot.

100. The transformation of perturtations of the cicaents into perturbations of

coordinates. Constructicn of Tables.

After calculating the pertuirbations 5;131 , ees B ljk oL the 2lements
and the mean longitudz, w2 can derive general expressions for the coordinates

of the planet. We first consldec¢ the longitude in the nrbit w. It is equal

~
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for the upperturbed motion, to
AV 19

wbere we denote by £, the equation of the centre {Sec. 82)

P S STLIN AR N IR U A

Here,
I/I - Je - B ,l‘ L. . // _'l ) ]l
i i
The mean anomaly is equal to

1‘11 ’ . |’9

Hence, replacing in ecustion (17) A , I and e by

and confining ourselves to yuantities of the first order with respect
to mass, we obtain in the first appruximation the following expression
for the perturbation cf the longitude

ure oty :II.COn(: -m) M ocos (= i —

- ://,.w;)('~ Yy g uHcos 2 Y L 'a|ﬂ i

v l(.’l/|
i e

, oM

s —1) Py
e

om0 7)o }-i,r . (.,
This formela is usually only applied to tlte inclusion of the short-
periodic perturbation of ;\ and the periodic perturbations of 71 and
¢ . The other perturbstions uf these elements will te btest of all
taicen into account in the following way.

Formula (18) enables us to compute a table giving the equation of
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the centre f by the avgumeni ¥ for gome definite values of e. For
example.. computaticns By Miweombh Shkaw th=+ for Earth {for +the mean

S G007 s M T2 N a2
[TV ST B TR VS . IENTTIE I A

When we use this iable, we make the argument (19) out of the values of

7\, that have already been corrected for the long-periodic perturbations,
and the values of JJ , in which the gecular parts of the perturbations
have been included. Tn this way, only the pericdic perturbations of 7] and
the short-periodic pevturbations of A remain to the share of the
corrections Sp}\ and & T, invoived in formula (2C}. On the otner
hand, the influence of the secular part of ésie, whicl we have denoted

by f% 1e] » 1s expressed by the following relaticn

dbi

e P -}l"ﬂl

‘ ¥4 det

This can be taken into account quite separately by means of special tables,

which give these quantities in terms of the argument M, For Earth

¢ XL R e A R D U B | NN D N B
G bon ~ o/ (T A

where T ie time given in centuries apd measured frem the zbove-mentioned
initial moment. Hence the influence of the secular pcrturbations of
the eccentricity on the equation of the centrzs is taken into consideration

by the quantity

/] (- 1772007 -0 02 7 s M= 0750 s 23—
VAT VAN IR
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In Newcomb's tables for the motion of the-earth (Astronomical
Papers, Vol. Vi), the quotient obtained by dividing this quantity by
T + 6.0030 T2 is given by the argument M, It is worthwhile ncting
that the term proportional to T2 expresses the contribution. of the
second-order secular perturbatiors.
Thue, the quantity Esle appearing in equation (20) may be
understood as the aggregrte of only the perlisdic terms.
The computation of the sum of the periodic terms involved iIn
equation (20) is simplified by constructing especial tables, each of
. N\ AN
which give the sum of theterms that depend on a given ergument J A +J A
The most impertarnt terms will be found by ithese tables. The
sur of the remaining terms cf equation (20) movy Le obtained by means of

\
a table with two entrances corresponding tc the arguments Aand A

Let us now consider the perturbations of the logaritha of the radius -

vector. For the perturted motion, this logarithm is given by (Sec. 82)
fer doa oAy A vo M AL e 2 L (20

where Ao , A1 s +e. are functions of e. Consequently,

fher - ddva A ing ey 2 200 -y

Ery sy =, X oan Q¢ ) ce et kR
)

/
'lu‘.. (1 ‘I\“"" l!.‘.‘

oot b, )
‘(!4 ' (!l' u’( ’ i o “~)

Formula (21) enables us to construct a table, which gives the values
of the logavithm of the radius-vector for given values of e by the

argument

17 " -,

BV
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For Earth, such a table has been constructed by Newcomb on the basis

of the followlng formulge

lpr 000003057 -—0 0072711 cos M
— 000001 8 co Y
— N0 L 4 cos 3 Y
— 0.00000002 co~ 441,

In constructing this table, we agree to include in M the iong-periodic

parc E;n7\| for which & special table may be constructed together

with the secular part £ & T . The influence of the secular part
6/\

of Ov A or -lgr can easily be taken into account by nmeans of a special

table. If we take the sun as an exemple, we find that the sum of the

terms of equation (22), which correspond to the secular part of E;le,

are equal to

Newcomb constructed a table, from which we find the quotient resulting

"
fron the division of this quantity by T + 0.C030 T°, by the argument M.

The sum of the periodic terms, which remain in formula (22) after having

made all the simplifications, is partially computed for each of the
perturbing planets by means of tables having a single antrance. The
remainder can be taken from a table having two entrances.

We shall finally co-nsider the determiration of the heliocentric

longitude (2 and latitude b. We have seen in Sec. 85 that

I w--R, sy b s smoa, (23)

where

, .
'[,»u|2u]- l‘,tu‘f>UlIu- . . th
ae R

e

.

Alfl s
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is the reduction to the ecliptic, and «<hereby u is devoted as the

argument of latitude

ue==tw - Q. (25)

In this' wa¥,taking an arbitrarily given value of i, we can coastruct
two tables, which give by the argument u, the values of R and b. Putting

as before,
P tpisiny, gestpicos

we obtain

sin b coNi(e e pcos ).
According to the generally accepted rules, we take within argument
(25) the values of w which include all the perturbations. Therefore,
when we compute E;lb, we can consider that in the latter equation,

increments are only given to 1, p and q. Whence,

cosi . CL ‘
LAY b(~|n L8 g Contrelp)—tp b i o )
VO

The secular perturbations of {L are taken into accouat by including them
in the argument (25). The influence of the secular perturbaticns of i

are are evaluated by means of the following formula

! bt |y,
which can be reduced for all the large planets to the following form

|% b} Asmu- T
This formula can be replaced by a table haviag u as an argument. Tt is
hence necessary to include by means of equation (26) the influence of
orly the periodic perturbations of i, p and q. This can be done in

anelogy to the prevlous cases.

»

LT

i
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We can take into consideration the influence of the secular
perturbation of Y onthe reauction to the ecliptic, given by equation (24),
in a very simple manner. The periodic perturbations of 1 do not
significantly change R. In order to show this, we write down for Mars,

the expressions of these quantities

A Lo “:'/’ Vo . o, Lo,

These expressions constitute the basis of the corresponding tables given
by Newcomb.
Annotation

We have considered thederiv: “ion of the formulae, that define the
first-order terms in the perturbations of the coordinates. The second-
orcder termc can be obtained exactl, in a similar way. However this
requires a great ;eal of tadious work.

The tables constructed by Leverrier give the perturbations of the
coordinates r, é'and b for Mars, Earth, Venus and Mercury. As regards
the other planeis, for which second-order perturbations play an important
rcle, Leverrier has only given tables which enable us to find the
osculating elements for these planets at any moment. In order to find
their coordinates, we have to apply the conventional formulae of the

elliptic motion.

101, The computation of the secular terms by Gauss' method

The ccoefficients of the secular terms in the equatioms, which define
the perturbations of the elements of a given planet, must be calculated
more accurately than the coefficients of the other terms because the
influence of the scular terms increases with time. The method of

computaticn, developed in the previous sections, produces the coefficients
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of all perturbations with thesame accuracy. This accuracy is defined by
tne greatest powers of eccentricities and mutual slopes of the orbits
which are kept in the expansion. Gauss suggested (1818) an alternative
method for calculating the first-crder perturbations, which enables us
to find them Independentiy from the other perturbations. This method
does not imply the expansion of the perturbation function in a series.
Hence, it can be equally applied for any eccentricity and for any
slope of thz orbit.
In section 12, we obtained equations (37) which express the

derivatives of the elements in terms of the components of the perturbing
accelerations. These formulae are of the comporents of the perturbing

accelerations. These formulae are of the form

!
J!

d , (27)

B BT U P N O A ST AN
i

Foos X ll',

where

1
T S L A T2
l‘ l/ 7] /\' l ¥ N l/ Y

and S, T and W are the components of the perturbing accelerations.

When the perturbing acceleration is caused by the gravitation of a
single planet, P', the components S, T and ¥W are equal to the
devivatives of the perturbation function in the direction of the
radius vector and in the two directions perpendiculsr to the radius
vector., One of these perpendicuiar dir;ctions is taker in the orbital

nlane and the other in the normal direction to this plane (Sec. 11).
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We have already pointed out in section 88 t the second part of

the perturbaticn function dces not produce secular terms. We can

therefore replace the perturbation function by its principal part
m ATt ()]

where ZS is the distance between planets P and P' and m the mass of
planet P'. Using the series expansion of the perturbation functior which
we have already studied, we can write each of equations (27) in the

following way

di Tdi \
N N M-l Mo Q X0
di ;m] b cos (M- h (=

where we denote be}f%?] the constant term of the expansion. Assuming
as before that the mean motions n and n' are incommensurable, we can

set the quantity jn + j'n' equal to zern only in the case in which

j = 3i' = 0. After integrating, we obtain

. d A .
I_..lo';'i ,|I+\‘ L sin (M- AT 1 O

~/II jI

This means that the computation of the first-order secular perturbations
i1s equivalent to the computation of the coanstant terms in expansions of
the type (29).

It follows from equation (29) that

di 1 . e i '
l Jd! l 4 7:."/ / At dMdm;

In other words, the unknown constant term 1s obtained by averaging the
quantities (27) over the variatles M and ¥'. The variable M' which
appears in expressions (27) depends only on Sl s Lo Wl . Hence, we

shall first integrate with respect to M' and then with respect to M.

Putting

W
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T R e ,
- , Sy / S d (30)

.
1] !

S,
and similarly defining T0 and Wo’ we finally obtain

0

’dil

.t
= > R% P
l‘“ _'/ reosu s, dm

" : L'; :-c } ' 'al)
Id sz_/ sin u.s},d.‘ll-{Af_ / cos v conlyl,dtl

We shall first o all consider the computation of iIntegrals (30). On the
basis of the above-mentinned arguments concerning the replacement of the
perturbation function by its principal part given by equation (28), we

can consider integrals

N [ s, ,.,'5 ".Td T

-

/ Wd M, ()

“

as components of some force of gravitation, which corresponds to the

prtential

This potential has a quite simple mechanical interpretation. As a matter
of fact, let us imagine that the mass of planct P' is distributed over
the orbit of this plaunet in such a way, that each element of masg dm'
which will be distributed over one of the linear elements of the orbit,
will be proportional to the time interval <t during which the planet

passes this linear element. Accordingly,

dm’ dt
m
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where we denote by P' theperiod of rotation of planet P',

However

dt  n'dt_dm’

P T o

and, consequently

m' _‘.‘.:[,M’-’_ ‘wia’
‘ ’ a "" A

This is nothing eise but the potential of the elliptic ring produced

by distributing the mass of planet P’ along its orbit in the above~-
nertioned way. In this manner, our problem {s reduced to the :lculation
of the components of +he force ot gravitation induced by z material
elliptic ring, the density of which is defined Ly Kepler's law. We

shall not do these calcuviations here. We only point cut that the unknown
integrals (32) can =asily be expressed in terms of elliptic functions;

Ve have thus found the way to calculate the values of integrals

pes o e

(32) and consequently the quantities So . TO and WO iu any arbitrary

-

point of space. We shall now consider the computation of the quantities

given by equations {(31). The integrals involved in these equations can

o nermar g v

be calculated numerically. Ve calculate each of the integrands, for

example r cos u WO, for different values of M, and then take the mean

)

values of the given quantities. Let us, for example, consider the
expansion
reost Wy ooag bagcos b aseos 230 L

oy s M by s 2000, L (¥4

We apply to it the conventional methods of harmonic analysis. Ve

denote by é , % s sees ?k—l the values of the functions (33)

that correspond to
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In this case,

i - 1 , _
Y RN T PR B U ) -G, =4y, . .
Idll Jy k( NI UTE TR X i

The series (33) converges so rapidly, that even for small values of k,
the secuiar perturbations are obtained w»ith a high accuracy. 1Tt 1s easy
to show that the error obtained in calculating the eccentricities and
mutual slopes of the orbits will va of the order of k-1 for the
secular perturbations of A . _(Z, e and 7 , and >f the order of k for
the secular perturbations of the mean longitude of the epoch.

Instead of tne variable M in the integrals (31), the eccentric
anomaly is often {ntroduced by means of the following relation

dM Y cens BdE,

That is to say, the averaging over M is replaced ty the averaging over
E. As we have already pointed cut in Sec. 69, points corresponding to
equidistant values of E are distributed along the orbit more uniformly
than polints (34) in the case in which the value of the cccentricity e
is significant., We should note, however, that the advantages of applying
E as an independent variable are not. above reproach. Considering the
uniform distribution of points along the orbits, the parts of the orbit
over which tle planet rapidly passes and those over which it passes
slowly, have equal weights. Hence, we should not ccnclude that the
replacement of M by the variable E will significantly reduce the value
of k.

An interesting generalization of the restricted three body protlenm

(1)

was given by Fatou . He considered the motion of the material point P,

1) P, Fatou, Sur le mouvement d'un point materiecl dans un champ de
gravitation fixe, Acta Astronomica, Ser a, Vol. 2, 1931, 471+462,
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having an infinitesimally small mass, in the fileld of gravitation of . K
the cent+val body S and somc material elldiptic riungs having the above- 1 ;
mentioned density distributioms.
102. Lagrqgge's Differential Equations for the Determination of -

Secular Perturbations. \

When we 3tudy the motion of a planet during a felatively short
period of time, Jin the order of a few centuries, we can confine ourselves
to first-order secular perturbations. 1In this case, the secular
perturbations are best of all calculated by means of Gauss' method.

This method enables us to obtain the secular perturbations of the
eccentricities and of the slopes in a simple way with an arbitrarily
high accuracy. If we are interested in longsr periods of time, we have
to apply the wethods developed 1n sections 98 and 99. By these methods,
we are zble to obtain the second-, third-, ... etc. order secular perturbat-
ions. Naturally, the amount of wrk required by these calculations
rapidly lucreases with increasing order of perturbations. nPractically,
we can hardly calculate the perturbations of orders highe